ENRICHMENTS IN FINITE FILTERED SPECTRA

GIOVANNI ROSSANIGO

ABSTRACT. This note studies enrichments valued in finite filtered spectra. For a stable category
with a bounded t-structure, the Whitehead tower of a bounded object is a finite filtration, and this
induces a canonical Filﬁ“(Sp)—enrichment on the subcategory of bounded objects. As a consequence,
mapping spectra carry finite spectral sequences whose F1-page is described by the homotopy objects.
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1. INTRODUCTION

Filtered objects are ubiquitous in homological algebra and stable homotopy theory, as they encode
extension data and naturally give rise to spectral sequences | , Section 1.2.2]. This note studies
the finite part of this theory, with the goal of computing hom-spectra in stable categories; equivalently,
it studies enrichments valued in finite filtered spectra.

Starting from the Day convolution symmetric monoidal structure on Fil(Sp), we show that if C
is a presentable stable category, then Fil(€) admits a natural enrichment in filtered spectra. We
then isolate the full subcategory Filﬁn(Sp) of finite filtered spectra and prove, by a finite dévissage
argument, that it is symmetric monoidal. A large class of categories enriched in finite filtered spectra
is provided by the following:

Proposition 1.1 (Proposition 2.33). Let C ¢ Cat™ be a stable category with a bounded t-structure.
Then the Whitehead tower provides a Fil™ (Sp)-enrichment of C.

As a consequence, the hom-spectra of € become the target of a spectral sequence which has only
finitely many nonzero columns, hence converges strongly and collapses at a finite stage. This spectral
sequence is relatively easy to understand:

Proposition 1.2 (Proposition 3.2). Let C ¢ Cat™ be a stable category with a bounded t-structure.
Then for every x,y € C there exists a functorial finite decreasing filtration F* on the Homye(z,y) such
that:
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(1) The filtration is multiplicative, in that if f € FPHompe(2,y) and g € F/Hompe(y,2), then
go f e FP*"Hompe(z, 2).
(2) There is a strongly convergent spectral sequence

Ef’q(%y) = H Extég(wr(x)77rr+p(y)) = Tprghome (2,y)
reZ
and its induced filtration on mohome(z,y) = Hompe(z,y) is precisely F*°.
(3) For every p >0, the quotient FPHompe(x, y)/Fp+1Homhe(x, y) is a subquotient of

I_; Extdo (mr (), Trap(y))-

(4) The first piece of the filtration

F'Hompe(z,y) = ker(Hompe(z,y) - H Homee (7, (x), 7, (y)))

nezZ

is the kernel of the homotopy maps.

This may be viewed as a generalization of [ , Proposition 1], a result used by Olander to
compute the Rouquier dimension of quasi-affine noetherian regular schemes.

1.1. Organization. The paper is organised as follows. Section 2.1 recalls basic facts on filtered
objects. Section 2.2 constructs the Fil(Sp)-enrichment on filtered categories. Section 2.3 discusses the
associated spectral sequence. Section 2.4 introduces finite filtered spectra and proves that bounded
objects in a stable category with bounded ¢-structure admit a natural enrichment in Filﬁ“(Sp) via
Whitehead towers. Section 3 applies this construction to the induced filtration on 7y of mapping
spectra.

1.2. Notation and terminology. We will refer to “oco-categories” simply as “categories”. If we want
to emphasise that a category has discrete mapping space, we will call it a “l-category”. Given a
category C we let hC denote the corresponding 1-category.

Notation 1.3. Recall that a category C is called stable if it is pointed, admits finite limits and
finite colimits, and a commutative square is a pullback if and only if it is a pushout. Equivalently,
C is pointed and every morphism admits a fibre and a cofibre, which canonically agree. We let
home(—,-) : €°P x € - Sp denote the mapping spectrum of €. This is a bi-exact functor. Recall
that a functor is ezact if it preserves finite limits and colimits. We let Cat™ be the category of stable
categories and exact functors.

Notation 1.4. Let € be a stable category. A t-structure (Csg, C<o) on € will be graded homologically”.
That is, we imagine C as linearized in the following way - — e,,1 — e, —> ¢, 1 - .... We will
think of objects in Cs,, as existing to the left of n, whereas objects in C,, will exist on the right. In
particular, we will call these objects n-connective and n-coconnective. The inclusions of the connective
and coconnective objects admit a left and right adjoint respectively, that is 7<, : € 2 C«y : i<, and
isn : Cop 2 C: 7oy, Let €Y = @9 Csq denote the heart of the t-structure. We will denote by m,, : € - C°
the functor 7¢g7s0[—n] for any n € Z, and refer to m, as the n-th homotopy group of the t-structure.
Finally, we will denote by
e =UCsn, € =C,  C=cnec

n>0 n>0

the full subcategories of € spanned by the bounded below , bounded above and bounded objects.

1Recall that to switch to the cohomological convention it suffices to define €™ = C<_,, for every n € Z.
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2. FILTERED CATEGORIES

2.1. Filtered objects.

Notation 2.1. Let C ¢ Cat®™ be a stable category. We let Fil(€) := Fun(Z°P, ) denote the category
of filtered objects in C. We will denote filtered objects adding a subscripted dot (that is, by F,). In
the case where the category is given by Sp, we will refer to filtered objects in Sp as filtered spectra.

The category of filtered objects in a stable category is clearly stable. It also admits “additional
shifts”.

Notation 2.2. Let C e Cat®™ be a stable category. For every n € Z and every F, € Fil(€), we denote
by Fe(n) the shifted filtration defined by

(F.(n)),- ~ Frn.

In other words, the transition maps of Fy(n) are those of F, shifted by n. Since the shift by n is
induced by the translation Z — Z by n, it is clear that (n): Fil(€) - Fil(C) is an equivalence.

Notation 2.3. Let € € Cat™ be a stable category and let « € € be an object. For r € Z, let
(r,z) € Fil(€) be the filtration

12

<
(r,x)n:{x e (>0->0->z->2—>...)
0 n>r

where the first non zero object is placed in degree r. We will refer to (r,x) as the r-step filtration of
x.

Lemma 2.4. Let C € Cat™ be a stable category and let r € Z. Then there exists an adjunction
(r,-): € =2 Fil(€) : ev, where the right adjoint evaluates at r.

Proof. Let ¢, : * - Z°P be the inclusion of the object r. Since Fil(€) = Fun(Z°P, C), precomposition
with ¢, defines the evaluation functor ev, = ¢} : Fil(€) — € given by F, —» F,.. Since € admits finite
colimits, the Kan extensions along the functor » — Z°P exists. In particular, the functor ¢; admits
a left adjoint given by left Kan extension Lan(¢,.) : € — Fil(€). It remains to identify this left Kan
extension with the r-step filtration.

Let x € C. For every n € Z°P, one has

(Lan(e,)(2))n = colim(xyop (Z°7),,) -

Since * has the unique object r, the indexing category is empty if there is no morphism r - n in Z°P,
and is contractible otherwise. Now a morphism r — n in Z°P exists if and only if n < r in Z. Therefore

r n<r,

(Lan(er)(2))n = {

0 n>r

with identity transition maps whenever both sides are nonzero. This is exactly the filtration (r, z).
O

In the case of spectra, we obtain the following consequence.
Corollary 2.5. Let r € Z and X, € Fil(Sp). Then there is a natural equivalence
homFil(Sp) ((T7 S)a X') = X’f

of spectra.
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Proof. Notice that
hompysp) ({7, S), Xo) = hompygp) (Lan(s,)(S), X,) = homg, (S, ¢, (Xs)).

Here the first equivalence is by definition, the second one by Lemma 2.4. Since ¢} (X,.) = X, and S is
the unit of Sp, this gives homg, (S, X,) ~ X, and hence the claim. O

Lemma 2.6. The step filtrations generate Fil(Sp) under small colimits.

Proof. Let £ ¢ Fil(Sp) be the smallest full stable subcategory closed under small colimits and con-
taining all step filtrations (r,S). Since Fil(Sp) = Fun(Z°P,Sp) is a presentable stable category, it is
enough to show that the right orthogonal £+ is zero. Let X, € £* so that homg;gp) ({7,5), Xe) = 0 for
every r € Z. Use Corollary 2.5 to deduce that X, ~ 0 for every r € Z. This implies X, ~ 0 objectwise
and so £* =0. Thus £ = Fil(Sp), which proves the claim. O

Notation 2.7. Let C ¢ Cat®™ be a stable category and let F, € Fil(€) be a filtered object. For r € Z,
we let o<, F, denote the filtration defined by

(O-STFO)TL = {

0 n>r,
cofib(Fry1 —> F,) n<r.

In other words, o<, F, is obtained from F, by killing the tail above r. Notice that o, assembles into
a functor Fil(€) — Fil(€), and for r < s there is a natural transformation o<, - <.

Notation 2.8. Let € e Cat™ be a stable category and let F, € Fil(C) be a filtered object. For r € Z
we let gr,.(F,) denote the cofibre

gr, (F,) = cofib(Fy41 —» F})

and we will refer to it as the r-graded piece of F,. Notice that taking the r-graded piece assembles
into a functor gr, : Fil(€) - C.

Notation 2.9. Let C € Cat™ be a stable category. For r € Z and z € C, let §,(x) € Fil(C) be the
filtration concentrated in degree r, that is

0-(2)n = {

T n=r,

0 n=%r,
with all transition maps zero. We will refer to §,(x) as the r-delta of x.

Lemma 2.10. Let € € Cat™ be a stable category and let r € Z. Then there exists an adjunction
gr, :Fil(C) 2 C: §,.

Proof. Let j, : (A1)°P < Z°P be the functor sending the unique non-identity arrow of (A!)°P to
r+1 — r. Then restriction along j, defines a functor j; : Fil(€) = Fun(Z°P,€) - Fun((A')°P,€),
and for every F, € Fil(C) one has j:(F,) ~ (Fr+1 - F,.). It follows that gr, = cofibo 5. Now the
functor cofib : Fun((A!)°P,€) — € has right adjoint s : C - Fun((A!)°P,€) defined by x + (0 — ).
Moreover, j* has right adjoint given by right Kan extension (j,). : Fun((A!)°P,€) - Fil(€) so that
gr, = cofib Oj: n (j'r)* ©8.

It remains to identify (j,)« o s with d,.. For € €, the object s(x) is the arrow 0 - x on the edge
r+1 — r. Its right Kan extension along j, is the filtration with value x in degree r and 0 in every
other degree, namely 6, (z). Thus (j,)« o s ~ 0, and hence gr, 4 J,. O

Lemma 2.11. Let C ¢ Cat™ be a stable category and let F, € Fil(€) be a filtered object. Then for
every r € Z there is an exact sequence

Ocro1Fe =0 Fg > (7“, gI‘T(F.))
in Fil(€).
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Proof. Since Fil(€) = Fun(Z°?, @), cofibres are computed objectwise. Fix n € Z. If n > r, then
(0<r-1Fe)n = 0 = (0<-Fo)n, so the cofibre is zero. Assume now that n < r. Then (o< —1F¢)n
cofib(F,. — F,,) and (0<,F,), ~ cofib(F,.+1 = F,,). The map between these two objects is induced by
the composable maps F,.,1 — F,. - F,,. Applying the octahedral axiom produces an exact sequence

cofib(F,. - F,) - cofib(F,.+1 » F,,) - cofib(F,41 — F}.).

By definition, cofib(F,.; — F,.) ~ gr.(F,). Therefore, for every n < r, the cofibre of the map
(0<r—1Fe)n = (0<rFo)p is canonically equivalent to gr,.(F,), while for n > r it is zero. These identifi-
cations are natural in n, hence the cofibre filtration is precisely the step filtration (r, gr,.(Fs)). O

2.2. A monoidal structure and enrichments. We now observe the existence of a symmetric
monoidal structure.

Remark 2.12. By | , Section 2.2.6], the category of filtered spectra Fil(Sp) is presentably
symmetric monoidal for the Day convolution associated with the additive monoidal structure on Z°P.
Explicitly, given two filtered spectra X,,Y, € Fil(Sp), their tensor product is given by

(Xo ®Day Y;)n = COlimi+j2n Xi ®sp Yj
The unit object is given by the O-step filtration (0, S).
We now construct the claimed enrichment.

Construction 2.13. Let Ce¢ Prgt be a presentable stable category. Then C is a module over Sp. Let
- ® —:3p x € - C be the module action. Let ® denote the composite

Fun(Z°?, Sp) x Fun(Z°?, €) - Fun(Z° x Z°?, Sp x €) - Fun(Z°?, Sp x ©) Lan, Fun(Z°?, )

where the first functor is given componentwise, the second one by the monoidal structure on the
integers and the third one is left Kan extension. In formulae,

(X. ® F.)n o~ COlimi+j2n Xi ® Fj

for X, € Fun(Z°P,Sp) and F, € Fun(Z°P,C). It is easy to see that ® preserves small colimits in each
variable separately and equips Fil(€) with the structure of a Fil(Sp)-module in Prl“t. In particular,
for F, as above, the functor — ® F, admits a right adjoint homgd(e(F., -). Letting F, vary produces
a functor

homfl!(-,-) : Fil(€)°P x Fil(€) — Fil(Sp)
which equips Fil(€) with the structure of a Fil(Sp)-enriched category.

Remark 2.14. Let C € Cat™ be a stable category. Taking the ind-completion Ind(€) and then
applying Construction 2.13 produces Fil(Sp)-enriched category Fil(Ind(€)). This enrichment restricts
to Fil(€) via the fully-faithful inclusion € < Ind(C).

Remark 2.15. Let C € Cat™ be a stable category. To produce an enrichment of € in Fil(Sp) it
suffices to produce a functor € — Fil(€). There are plenty of such functors, and in general, they
produce non-equivalent enrichments. For example, the constant-filtration functor and the functor
2~ (n,x), defined for n € Z, are not equivalent. Notice that the various x — (n,z) provide equivalent
enrichments.

Lemma 2.16. Let C ¢ Pri‘t be a presentable stable category. Let F, € Fil(€) and r € Z. Then there
is a natural equivalence

<T,S) ®F, ~ F.(—T')
in Fil(€).
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Proof. Tt is enough to compute the value in degree n. By the definition of Day convolution, ({r,5) ®
F,),, ~ colim;, s>, (r,S); ® Fj. Since (r,S); ~0 for ¢ >r and (r,S); ~ S for ¢ <r, this colimit reduces to
colimtjon i<r Fj. The condition that there exists 4 < r such that i + j > n is equivalent to j >n —r.
Hence ({r,5) ® F,),, =~ colim;s,_, F;j. Now this colimit is taken in Z°P. The full subcategory on the
objects j > n—r has terminal object n—r, since for every j > n—r there is a unique morphism j - n—r
in Z°?. Therefore colimjsy,_, Fj ~ F,,_,. and it follows that ((r,S) ® F,),, ~ Fn_r = (Fe(-7)), and
hence the claim. O

We shall now identify this enrichment.
Lemma 2.17. Let C ¢ Prgt be a presentable stable category and let X,,Y, € Fil(C). Then for every
n € Z there is an equivalence
hom{ (X.,Y4),, = hompyey(Xe, Yo(n))
of spectra.
Proof. Consider the n-step filtration (n,S) and compute
homf (X, Ya ), & hompysp) ((n, S), homf' (X,, )

=~ hompy(sp) ((n, S) ® X, Ys)

= homFil(Sp) (Xo(-n),Ys)

=~ hompj(spy (Xe, Ye(n)).
Here the first equivalence is by Corollary 2.5, the second one by adjunction, the third one by

Lemma 2.16 and the last one since the shift by n is an equivalence. O

2.3. A spectral sequence. In | , Section 1.2.2] Lurie generalises the spectral sequence asso-
ciated to a filtered chain complex in ordinary homological algebra to a spectral sequence associated
to a cofiltered object in a stable category (notice our different convention of decreasing/increasing
filtrations).

Remark 2.18. Let C € Cat™ be a stable category equipped with a t-structure. Given a filtered object
X. € Fil(€), Lurie constructs a spectral sequence E}*? = 7rp+qgrp(X.). If € admits sequential colimits
and C is closed under such colimits and if X,, ~ 0 for n >> 0, then | , Proposition 1.2.2.14]
states that this spectral sequence converges

EP = 7rp+qgrp(X.) = Tpiq colimzon X,
of the colimit in €Y.

Example 2.19. The hypotheses of | , Proposition 1.2.2.14] are certainly satisfied for Sp with its
accessible natural ¢-structure.

We apply this philosophy to the Fil(Sp)-enrichment.
Corollary 2.20. Let D be a Fil(Sp)-enriched category and let 2,y € D. If hom (2, 4), = 0 for n >> 0,

then there exists a convergent spectral sequence
EY(z,y) = 7rp+qgrphom%(a:, y) = Tpsq(colimzor homh (z,7).)
in spectra.
We are left to construct Fil(Sp)-enriched categories for which the filtered objects vanish in high
degrees and for which the target of the spectral sequence can be easily described. Regarding this last

problem, Lemma 2.17 suggests that the most well-behaved filtrations are the finite ones, that is, the
ones that become constant for small indexes and zero for high indexes.
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Definition 2.21. Let € € Cat™ be a stable category and let X € Fil(C) be a filtered object.

(1) We will say that X, is bounded above if X,, ~ 0 for every n >> 0.
(2) We will say that X, is bounded below if X,+1 — X, is an equivalence for every n << 0.
(3) We will say that X, is finite if bounded above and bounded below.

We will denote by Fil*(€), Fil™(€), Fil™ (€) the full subcategories of Fil(€) spanned by the bounded
above, bounded below and finite filtered objects.

Remark 2.22. Let € € Cat®™. It is clear that the subcategories of bounded above, bounded below
and finite filtered objects are stable full subcategories of Fil(C).

Notice that the bounded above condition controls the convergence of the spectral sequence of
Remark 2.18 (it is an assumption!), whereas the bounded below condition controls the target of the
spectral sequence (since it makes the colimit constant). Therefore:

Lemma 2.23. Let C ¢ Cat®™ be a stable category equip it with a ¢-structure. Assume that € admits
sequential colimits and C.g is closed under such colimits. If X, ¢ Filﬁn(e) is a finite filtered object,
then the spectral sequence

EPY = Tp+q8T,(Xe) = Tpiq colimzer X,

converges strongly. To be precise, the spectral sequence collapses at a finite stage.

Proof. If X, is finite, then there exist integers a < b such that X, ~ 0 for p > b and the transition maps
Xp+1 = X, are equivalences for p < a. It follows that gr,(X,) ~ 0 for p ¢ [a,b], so the E1-page has
only finitely many nonzero columns. Moreover,

colimgop Xg ~ X, ~ Xq1 -,

hence the filtration is eventually constant in low degrees, and the spectral sequence converges strongly
to 7. (colimgzer X,). O

2.4. Enrichment in finite filtered spectra. As before, the goal is to find categories which are
enriched in finite filtered spectra. We start with the following finite devissage result.

Lemma 2.24. Let C ¢ Cat®™ be a stable category. Then every F, € Filﬁn(@) may be obtained by
finitely many extensions from the step filtrations (r,gr,.(F,)).

Proof. Choose integers a < b such that F,, ~0 for n > b and F,;; - F), is an equivalence for n < a. For
every r € {a—1,...,b} consider the filtered object o<, F, € Fil(€C). Then o.,-1F, ~ 0, since for n < a-1
the map F, — Fj, is an equivalence, and o, F, ~ F,, because Fp,1 ~ 0. Since Lemma 2.11 implies that
for every r € {a,...,b} there is an exact sequence

Ocr-1Fe = 0o Fo — (Ta ng(F.»,

starting from o,-1Fe ~ 0 and iterating these extensions for r = a,...,b, one obtains o, Fy ~ F, from
the finitely many step filtrations (r, gr,.(Fs)). O

The analogue of Lemma 2.24 for bounded-above or bounded-below filtrations is not finite anymore.
Rather, such a filtration is recovered as a sequential colimit of finite truncations, each of which is
obtained by finitely many extensions from the corresponding step filtrations.

Corollary 2.25. Let C ¢ Cat™ be a stable category and let F, € Fil(€). For a < b, define a finite
truncation F,[a,b] € Fil(€C) by
0 n>b,
F,la,b]~{F, a<n<b,
F, n<a,
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with the evident transition maps. Then F,[a,b] € Fil™(€) and

gr.(F.) a<r<b,
0 otherwise.

gr,.(Fola,b]) = {

Moreover:

(1) If F, e Fil*(€) and F,, ~ 0 for n > b, then F, =~ colim,_,_o, Fu[a,b].

(2) If F, € Fil"(C) and F,,41 — F,, is an equivalence for n < a, then F, ~ colimy_, o Fe[a,b].
In particular, every object of Fil*(€) or Fil (@) is a sequential colimit of finite filtrations, each of
which is obtained by finitely many extensions from the corresponding step filtrations (r, gr,.(Fs)).

Proof. The first assertions are immediate from the definition: F,[a,b] is zero in degrees > b and
constant in degrees < a, hence finite. Its graded pieces agree with those of F, on the interval [a,b] and
vanish outside that interval. By Lemma 2.24, each F,[a,b] is obtained by finitely many extensions
from the step filtrations (r, gr,.(Fs[a,b])}, hence from (r,gr.(F,)) for a <r <b.

For (1), assume that F, € Fil"(€) and choose b such that F},, ~0 for n > b. There are evident maps
F,[a,b] - F.[a-1,b] induced by the transition map F, - F,_1. For every fixed n, once a < n one has
F,[a,b] ~ F,,. Thus the natural map colim,_,_ F},[a,b] - F,, is an equivalence for every n and hence
the claim.

For (2), assume instead that F, € Fil"(C) and choose a such that F, .1 — F,, is an equivalence for
n < a. There are evident maps Fy[a,b] - F.[a,b+ 1]. For every fixed n, once b > n one has: if n > a,
then F,[a,b] ~ F,; if n < a, then F,[a,b] ~ F, - F, is an equivalence by assumption. Hence the
natural map colimy_, e Fiu[a,b] = F, is an equivalence for every n, and therefore the claim. O

We can now discuss the monoidal structure.

Proposition 2.26. The Day convolution restricts to symmetric monoidal structures on Fil* (Sp), Fil~(Sp)
and Fil™ (Sp).

Proof. Compute first the tensor product of step filtrations. For every a,b € Z and every spectra
FE, F € Sp, one has
(a,E) ®pay (b, F) ~ (a+b, E ®gp, F).

Indeed, if n < a + b, then the indexing category {(i,7) |i+j >n, i <a, j < b} has a final object, for
instance (a,n —a), and therefore ({a, E) ®pay (b, F')),, =~ E ®gp, F'. If instead n > a + b, the indexing
category is empty, so the n-th term is zero.

For the actual claim, notice first that the unit is the step filtration (0,5), hence it belongs to
Fil™(Sp) and therefore also to Fil*(Sp) and Fil™(Sp). To show closure under tensor product in the
three cases it is better to work separately.

(1) Consider the finite case. If X,,Y, € Fil™(Sp), choose integers a < b and ¢ < d such that
X, ~0forn>b Y, ~0for n>d, and X,,;1 > X,, Yni1 — Y, are equivalences for n < a,
n < ¢, respectively. By Lemma 2.24, both X, and Y, are obtained by finitely many extensions
from the step filtrations (7,gr;(X.)) and (j,gr;(Ys)) with @ <7 < b and ¢ < j < d. Since
Day convolution preserves colimits separately in each variable, it is exact separately in each
variable. Therefore X, ®pay Y, is obtained by finitely many extensions from the step filtrations

(i+7.gr;(Xe) ®sp gr;(Ya))
via the above computation. In particular, all graded pieces are concentrated in the finite
interval [a+c¢,b+d], 50 Xe ®pay Y € Fil™ (Sp).
(2) Consider the bounded above case. If X,,Y, € Fil*(Sp), choose integers b,d such that X,, ~ 0

for n >b and Y, ~0 for n > d. Then for n > b+ d there are no pairs (4,5) with i +j >n, i <b,
and j < d. Hence (Xe ®pay Ye)n ~ 0 for n > b+ d, and therefore X, ®pay Ye € Fil"(Sp).



ENRICHMENTS IN FINITE FILTERED SPECTRA 9

(3) Consider the bounded below case. Let X,,Y, € Fil'(Sp). Choose integers a,c such that
Xp+1 = X, is an equivalence for n < a and Y,41 — Y, is an equivalence for n < ¢. By
Corollary 2.25, for every b > a and d > ¢ the finite truncations X.[a,b] and Yi[c,d] lie in
Fil"™(Sp), and

Xo ~ colimp, 400 Xo[a,b], Y, ~ colimgo,4e0 Ya[c, d].
Since Day convolution preserves colimits separately in each variable, one obtains
Xe ®Day Ye = colimy, g(Xo[a,b] ®pay Yo[c,d]).

Each term on the right belongs to Filﬁn(Sp) by the finite case, and its graded pieces are

concentrated in degrees [a + ¢,b+ d]. In particular, each X,[a,b] ®pay Ye[c, d] is constant in

degrees < a+c. Since this lower bound is independent of b and d, the colimit is again constant
in degrees < a + c¢. Therefore X, ®pay Ys € Fil (Sp).

Putting everything together shows the claim. O

Notice, however, that Filﬁ“(Sp) is not a presentable category, since it lacks small coproducts. In
particular, the enrichment strategy of Construction 2.13 and Remark 2.14 via tensoring and restriction
does not apply for the general small stable category. However, it still makes sense to enrich over
Fil™(Sp), and t-structures are useful in this sense.

Notation 2.27. Let € € Cat®™ be a stable category equipped with a ¢-structure. Given an object
x € C, (co)truncating the functorial exact sequence Ts,x - & — 7<,_12 produces the following two
filtered objects:

(1) The Whitehead tower of z, that is
W(x)= ("= Tont1® = TonT = Ton_1T —> ... ).
(2) The Postnikov tower of x, that is
P(x) = (= T<nt1Z = T<n® = Tap-1Z —> ... ).
Notice furthermore that they extend to functors P,W : € — Fil(C).
Remark 2.28. Let € € Cat™ be a stable category equipped with a ¢-structure and let = € € be an

object. Then the Postnikov and Whitehead towers are related by taking an opposite, in that the
Postnikov tower of = € € is the Whitehead tower of z°P € C°P with respect to the opposite t-structure.

Remark 2.29. Let @ e Cat™ be a stable category equipped with a ¢-structure and let z € € be an
object. Then:
(1) If € C*, then x € G, for some r € Z. In particular, Tspipz ~ 0 for all n € N. Thus the
Whitehead and the Postnikov tower become constant on the left, in that
W(x)=(+->0->T0x > Tt~ ...), Plz)=("—»2—>2T> Tz —>...).
Thus W () € Fil*(€) is bounded above.
(2) If © € €, then x € @y, for some r € Z. In particular, 7<,_,z ~ 0 for all n € N. Thus the
Whitehead and the Postnikov tower become constant on the right, in that
W(x)=(>Tor1 > >2—>...), Pa)=(">Tgnr—>Ter—>0-—>...).
Thus W(z) € Fil™(€) is bounded below.
In particular, if z € €, then the Whitehead tower W (z) € Fil™ (@) is finite in €, and dually, the
Postnikov tower P(z) € Fil™(@P) is finite in CP.

Lemma 2.30. Let C ¢ Pri‘t be a presentable stable category with a t-structure. Let X, € Fil(C) and
y € C. Then:
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(1) If X, e FiI (€) and y € €*, then hom™ (X,, W (y)) € Fil*(Sp).
(2) If X, e FiI*(€) and y € €, then hom™ (X,, W (y)) € Fil"(Sp).
In particular, if X, € Fil™(€) and y € €, then hom® (X,, W (y)) € Fil"™ (Sp).

Proof. Consider first (1). Since X, € Fil™(€), there exists a € Z such that X, ;1 > X,, is an equivalence
for every m < a. Since y € CF, there exists d € Z such that y € Cc4. Use Corollary 2.25 to get that
for every b > a the truncation X.[a,b] € Filﬁn((i’) is finite and X, ~ colimp_, 400 Xe[a,b]. Apply now
homgl(—7 Wi(y)) to get

homg (X., W (y)) = lim homg'(X.[a,b], W (y))-

Notice now that each filtered spectrum hom® (X,[a,b], W (y)) is bounded above, with a bound in-
dependent of b. Indeed, by Lemma 2.24, the finite filtration X,[a,b] is obtained by finitely many
extensions from the step filtrations (r,gr,(X,)) with a < r < b. Since hom&'(-, W (y)) is exact in
the first variable, it is enough to prove the claim for a step filtration X, = (r,z) with > a. Now
Lemma 2.17 and Lemma 2.4 give

homgl(<rv l’), W(y))n = homFil(G)(<r7 I)’ W(y)(n>) = hOme(l’, W(y)T-WL) = hOme(:E, Tzr+ny)

for every n € Z. If n > d—a, then r+n > d since r > a, hence 7>,y ~ 0. Therefore hom%l((r7 ), W(y))n ~
0 for all n > d—a. This bound is uniform in  and b, so each hom™ (X,[a,b], W (y)) belongs to Fil* (Sp)
with the same upper bound. Taking the limit, one gets homf (X,, W (y)) € Fil*(Sp).

Consider now (2). Since X, € Fil*(€), there exists b € Z such that X,, ~ 0 for every n > b. Since
y € €7, there exists ¢ € Z such that y € Cs.. By Corollary 2.25, for every a < b the truncation
X.[a,b] € Fil™ (@), and X, = colim,_,_o X4[a,b]. Hence

homg' (Xe, W (y)) = Jm homg' (X.[a,b], W (y)).

Now each filtered spectrum homb (X,[a,b], W (y)) is bounded below, with a bound independent of a.
As above, it is enough to consider a step filtration X, = (r, z) with r <b. For every n € Z one has

homfeﬂ <’I",’I), W(y))n = hOHle(l”szny)-

If n<c—b, then r+n < ¢ since r < b. Therefore both 7,1,y and Ts1n41y are equivalent to y, and the
structure map home(x, Torinst1y) = home (2, Toriny) is an equivalence. Hence homgl((r, x), W(y)) is
constant in degrees < ¢ —b. This bound is uniform in r and a, so each hom® (X,[a,b], W (y)) belongs
to Fil~(Sp) with the same lower bound. Passing to the limit yields hom® (X,, W (y)) € Fil"(Sp). The
“in particular” part is a consequence of (1)-(2). O

Proposition 2.31. Let C ¢ Pr\ft be a presentable stable category with a t-structure. Then the
bifunctor homy (z,y) := hom (W (), W (y)) restricts to bifunctors
(€7)°P x €* - Fil"(Sp), (C*)°P x @~ - Fil™(Sp).

In particular, its restriction to (€?)°P x € lands in Fil™ (Sp), providing a Fil™ (Sp)-enriched structure
on €" via the Whitehead tower.

Proof. By Construction 2.13, the category Fil(€) is enriched in Fil(Sp). Since the Whitehead tower
defines a functor W : € — Fil(€), the composition (z,y) ~ hom& (W (z), W (y)) produces a bifunctor
C°P x € — Fil(Sp). The claim then follows by Remark 2.29 and Lemma 2.30. d

It is possible to start form a small stable category with a bounded t¢-structure and obtain the
analogous result.
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Remark 2.32. Let € e Cat™ be a stable category with a ¢-structure. Then [ , Proposition 2.13]
states that Ind(Csg) € Ind(C) determines the connective part of an accessible t-structure on Ind(C)
which is compatible with filtered colimits and such that the inclusion functor € — Ind(@) is t-exact.
Moreover, if the t-structure on € is bounded below, then the t-structure on Ind(C) is right complete
(and hence right separated).

Then:

Proposition 2.33. Let € e Cat®™ be a stable category with a bounded ¢-structure. Then the White-
head tower provides a Fil™ (Sp)-enrichment of €P.

Proof. By Remark 2.32 the ind-completion Ind(€) carries a t-structure. Apply Proposition 2.31 to
deduce that Ind(€)® inherits a Fil™(Sp)-enrichment. Restrict it along the inclusion € - Ind(€)". O

Definition 2.34. Let C ¢ Prgt be a presentable stable category with a t-structure. We denote by
(€, W) the Whitehead Fil™(Sp)-enrichment on € of Proposition 2.31 for W := hom} .

3. THE my-CASE

We can use the theory developed above to deduce interesting consequences on the homotopy cate-
gory of a stable category with a bounded t-structure. We begin with a preliminary result.

and let X,,Y, ¢ Filﬁn(G). Then for every p € Z there is a natural equivalence

grphomfél(X.,Y.) ~ [ home(gr, X., gr,,,Ys).
reZ

Lemma 3.1. Let C e Prl

st

r+p

Since X, and Y, are finite, the product is finite.

Proof. Consider the filtered hom-object homgl(X.,Y.) € Fil(Sp). The n-th component, for n € Z,
of this filtered spectrum is computed via Lemma 2.17 as hom™ (X,,Y,), =~ hompi(e) (X, Yo(n)).
Therefore the gradient piece may be computed as

grphomgl(X.,Y.). ~ cofib(hompy(ey (Xe, Ye(p + 1)) — hompye) (Xe, Yo(p)))-
Since homp; ey (X, —) is exact in the second variable, this gives
gr,homg (X.,Ys)s = hompy e (Xe, Q4 (Y2)),
where Q% (Y,) := cofib(Ye(p + 1) — Y,(p)) is the cofibre of the shift Y(p + 1) - Y,(p). The goal is to
compute it, and it suffices to do it pointwise. But for every n € Z,
Q5 (Ya) = cofib(Yripe1 = Yaip) = 88,4, (Ya)-

Moreover, the transition maps of Q5 (Y,) are zero. Indeed, the map Q¥ ,(Ys) - QP (Y,) is induced

by the commutative square
Yn+p+2 — Kl+p+1

| !

Yn+p+1 E— Yn+p
and the induced map cofib(Yy,4p+2 = Ynupse1) = cofib(Yoipi1 = Yaip) is zero because it comes from two
composable morphisms. Using the delta of Notation 2.9, it follows that Q% (Ys) ~ @,z Or(gry4pYe),
where the sum is finite because Y, is finite. Putting everything together and using Lemma 2.10 yield

gr,hom{' (X,, Ys) = hompy ey (X, Q2 (Ya))

= H homFil(C) (X, 6, (grr+pY-))
reZ

= H hom@(ngX., grr+pY;)7
reZ
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as claimed. O
We can now prove a generalization of | , Proposition 1].

Proposition 3.2. Let C ¢ Cat® be a stable category with a bounded t-structure, and let z,y € C. For
every p € Z, define FPHompe(x,y) = im(moWp(x,y) - mo colimzor We(z,y)). Then:
(1) There is a canonical identification g colimzer M, (z,y) ~ Hompe(z,y). In particular, F* is a
finite decreasing filtration on Hompe(,y).
(2) The filtration is functorial in (z,y) and multiplicative, in that if f € FPHompe(z,y) and
g € F1Hompe(y, ), then go f € FP*"Hompe(z, 2).
(3) There is a strongly convergent spectral sequence E{"(z,y) = Tpqgr, We(,y) = Tpighome(z,y)
and its induced filtration on moghome (x,y) = Homye(x,y) is precisely F*°.
(4) One has a natural identification

EY (2,y) = l; mghome (7,(), w4 (y)) = l;Exté‘i (mr (), T ap())-

(5) For every p >0, the quotient FPHompe(z, y)/Fp“Homhe(x, y) is a subquotient of
[ ] Extlo (7 (), 7rap (1))-
reZ
(6) One has
F'Hompe(2,y) = ker(Hompe(z,y) - [| Homee (7, (2), 7 (y)))-
neZ
Proof. By Proposition 2.33, the Whitehead tower provides a Filﬁn(Sp)—enrichment on C, denoted by
Wa(z,y) = hom™ (W (2), W(y)). Consider first (1). Since W (z) is finite, choose integers a < b such
that gr, W (z) ~ 0 for r ¢ [a,b]. Since y € € is bounded, pick ¢ € Z such that y € Cs.. If p < ¢—b, then for
every < b one has 7 +p < ¢, hence Ts,4py = y. By Lemma 2.24, the finite filtration W (z) is obtained
by finitely many extensions from the step filtrations (r, gr, W (z)) for a <r < b. Since homf (-, W (y))

is exact in the first variable, it is enough to check the claim for a step filtration. For every r and every
p one has, by the step computation in the proof of Lemma 2.30,

homg' ((r,u), W (y))p = home (u, Tor4py).
If p < c—b, this becomes

hom' ((r, u), W (y))p = home (u,y) = hompye) ((r, u), const(y)).
By finite dévissage, it follows that
Wy (2,y) = hompye) (W (), const(y))
for p «< 0. Since const : € - Fil(C) is right adjoint to colimzoer, one gets
homp; ey (W (), const(y)) ~ home (colimzer W(x),y).

As colimgor W (z) ~ x, this gives Wy (x,y) ~ home(x,y) for p < 0. Since W,(x,y) is finite, its colimit
is computed by any sufficiently negative stage. Therefore colimzor W (2, y) ~ home(x,y) and passing
to mo proves (1).

Consider (2). Since € is enriched in Fil™(Sp), composition is a morphism W, (y, 2) ®pay We(z,y) =
We(z, z) in Fil(Sp). Now for fixed p,q € Z, the pair (g,p) contributes to degree p + ¢ in the Day
convolution, hence there is a canonical map Wy (y, z) ® Wy(x,y) - Wpie(x,z). Therefore, if f and
g are represented by classes in moW,(z,y) and moWy(y, 2), then go f is represented by a class in
ToWpq(, 2). This proves

F9Homye(y, 2) o FPHompe(z,y) € FP""Homype(z, 2),
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that is, that the filtration is multiplicative. For (3), notice that, since W, (x,y) is a finite filtered
spectrum, Corollary 2.20 and Lemma 2.23 yield a strongly convergent spectral sequence EV(z,y) =
Tprq8T, Me(2,y) = Tpiq colimzer We(x,y) = mpishome(z,y). By construction, its induced filtration
on mohome (x,y) is exactly F*°.

For (4), apply Lemma 3.1 to W (x) and W (y). Indeed, since gr, W (z) ~ ¥"7,(x) and gr,.,, W (y) =
X7, (y), one gets

grpW.(z,y) o~ H home (X" m,(2), 8" P, (y)) = H home (X7Pm, (), mrep(y)).
reZ reZ

Apply now mp.4 to get

Ef’q(x, y) = 7Tp+qgrpW'(z’y)
~ [ mpeghome (S7Pm, (2), mrip(y))

reZ

~ [ mohome (X7Pm, (), 7P 974 (y))
reZ

= H mohome (X7, (), Tr4p(y)) = H Exté(é (7 (2), mrip(y))
reZ reZ

and hence the claim. For (5), one has FPHompe(z, y)/Fp+1H0mh@(:c,y) ~ EPP(z,y) and EL:7P(x,y)
is a subquotient of E{""(x,y). Using (4) yields EY ™ (x,y) = Extho (7, (2), mrip(y))-
Finally, consider (6). For p = 0, the previous computation gives
EYO(x,y) = [T Homes (mn (), 7 (1))
neZ
On the other hand, if p <0 and A, B € €%, then Ext%, (A, B) = mohome (A, ¥PB) = 0 by orthogonality
of the t-structure. Hence EV' P (z,y) =0 for p < 0. It follows that the edge morphism Hompe(z,y) -
E?’O(:v,y) in total degree 0 has kernel equal to F'Hompe(z,y). It remains to identify this edge
morphism. By construction, it sends a morphism ¢ : z - y to the induced morphisms on the graded
pieces of the Whitehead towers gr, W (z) — gr,W(y). Under the identifications gr, W (z) ~ X", (z)
and gr, W (y) ~ X", (y) this is exactly the family
(Wn(‘P))nEZ € H Homee (Wn(x)ﬂrn(y))
neZ

and therefore
F'Hompe(z,y) = ker(Hompe(z,y) » [] Homes (w0, (), m0 (1))

neZ
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