FINITE METHODS FOR STABLE co-CATEGORIES

GIOVANNI ROSSANIGO

ABSTRACT. We survey a collection of finite methods for stable co-categories, aimed at studying
generation and dimension.

CONTENTS
Introduction 2
1. Stable categories 2
2. Idempotent-completion 9
3. Verdier sequences, semiorthogonal decompositions and recollements 20
4. Calculus of subcategories 32
5.  Generators 42
6. Projective classes 51
7. Strong generation and descent 62
8. The Rouquier dimension 74
9. The smooth (or diagonal) dimension 84
10.  Orlov’s conjecture 88
Excercises 91

References 95



FINITE METHODS FOR STABLE oo-CATEGORIES 2

INTRODUCTION

The goal of these notes is to understand the notion of dimension of a stable category, or rather,
the possible different notions of dimension, and the consequence of having finite dimension. We want
to see how finiteness control produces representability results.

Linear overview.

Prerequisites. In these notes “category” means “oco-category”. If we want to emphasise that a
category has discrete mapping space, we will call it a “l-category”. These notes assume that the
reader is reasonably familiar with the basic notions of higher category theory. This includes: limits
and colimits; cofinality; adjoint functors; Kan extensions and the pointwise formulas to compute them;
the Yoneda embedding and its universal property. We assume familiarity with commutative algebra
of categories.

Material. There is nothing new in these pages. All the material is extracted from | 1,1 1,
The bibliographic references are probably rather incomplete. My apologies to everyone who does not
receive the appropriate credit.

Notation. We adopt the use of universes, which we call small, large and very large. We let Spc
denote the large category of small spaces and Cat the large category of small categories. With Pr"
we denote the very large category of presentable categories and left adjoints. We use the homological
indexing convention for ¢-structures.

Disclaimer. I wrote various parts of these notes in the process of learning the notion of dimension(s)
of a stable category, and decided only afterwards to put them together into a fully developed document.
In order to make things more readable, I added some introductory sections (like ).

1. STABLE CATEGORIES

In this chapter we collect the basic background on stable categories that will be used throughout the
text. We begin with pointed categories and the definition of stability, and we discuss the formal prop-
erties that make stable categories behave as a convenient replacement for triangulated categories. We
then review the main examples coming from spectra, module categories, and quasi-coherent sheaves.
We conclude with a brief discussion of ¢-structures, mostly to fix notation and conventions for later
use.

1.1. Pointed categories. We begin by introducing pointed categories.

Definition 1.1.1. A category is called pointed if it admits an initial object @ and a terminal object
+ and the canonical map @ — * is an equivalence. In this case we will denote by 0 the initial/terminal
object and refer to it as the zero object.

Notation 1.1.2. Let € be a pointed category. Given objects x,y € € there are unique morphisms
x — 0 and 0 - y to and from the zero object. We will denote their composite by 0: z — y, and call it
the zero map.

We let Cat®® denote the non-wide non-full subcategory of Cat spanned by the pointed categories
and functors preserving the zero object. Let Cat” denote the non-wide non-full subcategory of Cat
spanned by the categories with a terminal object and functors which preserve the terminal object
and similarly we let Cat? be the non-wide non-full the subcategory of Cat spanned by categories
with an initial object and functors which preserve the initial object. Then Cat®" identifies with a full
subcategory of both Cat* and Cat?.

There is a universal way to turn a category with a terminal object into a pointed category.
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Construction 1.1.3. Let € ¢ Cat” be a category with a terminal object * ¢ C. We define its category
of pointed objects C, via the following pullback square

C. — Fun([1],€)

| [

f———C

Objects of €, are objects x € € equipped with a map * — x from the terminal object. It is clear that
C, is a pointed category (with zero object given by the point) and that the forgetful functor €, — C,
given by evaluation at 1, is an equivalence if and only if € is pointed.

Lemma 1.1.4. The full inclusion of Cat®" ¢ Cat* into pointed categories extends to an adjunction
incl: CatP* 2 Cat™ : (-),.

Proof. This is an application of | , Proposition 5.2.7.4]. In particular it suffices to construct a
natural transformation ¢ : inclo (=), — id of functors Cat™ — Cat” such that (ce)«,¢e, : (Cx)s = Cu
coincide for every € € Cat®. To achieve this, it suffices to define ¢ : €, — € to be evaluation at 1
for every € e Cat®. Indeed, since an object of (C,), is a morphism id, — (* - x) in C,, it must be
unique, and both functors send it to (* — x). O

The above adjunction can be lifted to an adjunction of 2-categories.

Remark 1.1.5. Let C,D € Cat® and assume that D e Cat" is pointed. Then post-composition
with the forgetful functor €, — € induces an equivalence Fun* (D, €,) - Fun(D, C). Here Fun*(-,-)
denotes the full subcategory of the functor category spanned by those functors that preserve the
terminal object. Indeed, by the Yoneda lemma it suffices to show that Homga (€, Fun*(D,C,)) -
Homc, (&, Fun® (D, €)) for all € € Cat. By currying and uncurrying, this is equivalent to show that the
map Homg,+ (D, Fun(&, C,)) - Homgye+ (D, Fun(€, €)) is an equivalence. Since Fun(&,-) preserves
pullbacks we deduce that Fun(&,C.) ~ Fun(E,C),, so this is an instance of the adjunction from
Lemma 1.1.4.

Remark 1.1.6. Let € € Cat” be a category with a terminal object. If € admits pullbacks, then C,
admits pullbacks and the forgetful functor €, — € preserves them. Similarly, if € admits pushouts,
then C, admits pushouts and the forgetful functor €, - C preserves them.

1.2. Stable categories. We now turn our attention to stable categories.

Definition 1.2.1. A category is called stable if it is pointed, admits finite limits and finite colimits,
and a commutative square is a pullback if and only if it is a pushout.

Notation 1.2.2. Let C be a stable category. We will say that a nullsequence x — y — z is exact if

the associated square
T—>y

|

00— 2
is an exact square, that is, it is both a pullback and pushout square.

Definition 1.2.3. A pointed category A is called semiadditive if it has finite products and coproducts
and the canonical map z 1y — x x y is an equivalence for every z,y € A. In this case, we will refer to
biproducts in A as direct sums and denote them by x & y.

Remark 1.2.4. Let A be a semiadditive category. Then for every pair of objects =,y € A the set
mo Hom 4 (z,y) can be equipped with the structure of an abelian monoid. Given morphisms f,g:xz - y,

their sum f+g is defined as x - z®x Jes, y@®y — y via the obvious diagonal and codiagonal maps. It
is a rather tedious exercise to check that this operation is indeed unital, associative and commutative.
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To get on mg Hom 4 (x,y) the structure of an abelian group it is sufficient to define, for every morphism
f:x -y, its negative — f : z — y by requiring the shear map

id - id 202> 20z2
0 id/)’

to be an equivalence for every z € A.

Definition 1.2.5. A category is additive if it is semiadditive and every shear map is an equivalence.

We let Cat®? the non-full non-wide subcategory of Cat spanned by the additive categories and the
functor preserving direct sums.

Lemma 1.2.6. Every stable category is additive.

Proof. Let C be a stable category. Since € is pointed and admits every finite product and coproduct,
to check that it is semiadditive it suffices to check that the canonical map xuy — xxy is an equivalence
for every z,y € C. For that it suffices to note that the squares

00—z 0—0
N
0—x Y=Y

are pullbacks, so their product is also a pullback. Since € is stable, this square is also a pushout,
thus showing semiadditivity. For additivity, notice that the shear map on x fits into a map of exact
sequences
sz L> x
idl shcarl lid
T2 T 5
This implies that the shear map is an equivalence. O

Lemma 1.2.7. Let C be a pointed category with finite colimits, and let D be a pointed category
with finite limits. Then a pointed functor f: € — D carries pushouts to pullbacks' if and only if the
canonical map 7; : f(z) > Qp f(Zex) is an equivalence for every x € C.

Proof. The implication (=) is by definition, so consider (<«=). Assume that the canonical map 7, :
f(z) = Qp f(Zex) is an equivalence for every x € €. Consider a pushout

w—>2x
-
z—>y
in C. Applying f to the commutative diagram
w > X > 0
l | .
z >y > cofib(w - 2) —— 0
l l | |
0 — cofib(w - z) > Yw > Y
l | |
0 > 2z > Dy

in which every square is a pushout, produces maps f(w) — f(z)x () f(2) = Qf (Bw) = Qf (Ex)xqf(ny)
Qf(Xz), and by the 2-out of-6 it follows that f carries pushouts to pullbacks. O

IThat is, it is reduced and 1-excisive.
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Lemma 1.2.8. Let € e Cat™P" be a pointed category with finite colimits.

(1) The suspension functor ¥ : € — € is fully faithful if and only if every pushout square in C is
also a pullback square.

(2) If the suspension functor ¥ : € — € is fully faithful, then every commutative square
w—>x

I

22—y
for which the induced map cofib(w — x) - cofib(z — y) is an equivalence, is a pullback.

(3) The suspension functor X : € — € is an equivalence if and only if € stable.

Proof. Consider (1). If pushout squares in € are pullback squares, then the pushout Xz of the
cospan 0 < x — 0 shows that z is a pullback of the span 0 — Xz < 0. In particular, Home(y,x) ~
QHome (y, Xx) ~ Home(Xy, Xx) so that ¥ is fully-faithful. Conversely, assume that ¥ is fully-faithful
and consider the pushout ¥ of the cospan of functors constg « id — constg. To check that the identity
is the pullback of the span consty — X < consty apply Home(z, —) for every x € € and notice that the
resulting square is a pullback. Since Home(x,-) is reduced, Lemma 1.2.7 implies Home(x,—) that
sends pushouts to pullbacks, which precisely means that pushout squares in € are pullback squares.
Consider (2) and consider the map of cofibre sequences

Home (t,w) — Home(t,2) — Home (¢, cofib(w — x))

! ! I

Home(t, 2) — Home(t,y) — Home (¢, cofib(z — y))
Since X is fully-faithful, by (1) the above can be regarded as a map of fibre sequences. Thus w =~ z x, 2.
For (3), if € is stable, then the square defining Q and ¥ are exact, implying that X is invertible.
Conversely, if ¥ is an equivalence then (1) implies that pushout squares in € are pullback squares so
that it suffices to show that € admits finite limits, and that pullback squares in € are pushout squares.
Given a span z — y < z define w = cofib(X 71z - X~ tcofib(z — y)). Then this object fits canonically

into a square
w—>x

o

zZ—>Y
and the induced map on horizontal cofibres is an equivalence. Thus (2) implies that w ~ z x, z so
that C has finite limits. To conclude that pullback squares in € are pushout squares notice that Q is
an equivalence (since ¥ is), so that an application of (3) to C°P concludes. O
Corollary 1.2.9. Let € be a stable category. Then a commutative square

w—>2x

Lol

z2——y
in € is a pushout if and only if the induced map cofib(w — ) — cofib(y — z) is an equivalence.

Proof. The implication (=) holds in every category, whereas the implication (<=) follows from
Lemma 1.2.8 and stability. ]

Corollary 1.2.10. Let f: € — D be a pointed functor between stable categories. The following are
equivalent:

(1) The functor f preserves finite colimits.

(2) The functor f preserves suspensions.

(3) The functor f preserves finite limits.
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(4) The functor f preserves desuspensions.

Proof. The implications (1) = (2) and (3) = (4) are by definition. The converse implications follow
from Lemma 1.2.8. Finally, (2) is equivalent to (4) since ¥ and €2 are mutually inverse functors. 0O

Definition 1.2.11. We will say that a functor between stable categories is exact if it is both left and
right exact.

Definition 1.2.12. We will denote by Cat™ the non-wide non-full subcategory of Cat spanned by
the stable categories and the exact functors between them.

We conclude this section by discussing some examples.

Example 1.2.13. Let Ab be the category of abelian groups and denote by Ab? the category of
graded abelian groups. A generalized cohomology theory is a pair (E*,0) consisting of a functor
E* : Spc® - Ab” and a natural isomorphism 9 : E* — E**! o ¥ such that:

(1) For every small collection of pointed spaces (X;)er, the inclusions X; = v;;X; induce an
isomorphism of graded abelian groups E* (V1 X;) = [Lier E*(X)).
(2) The functor E* sends cofibre sequences to exact sequences of graded abelian groups.

The natural isomorphism 9 is called the suspension isomorphism, and conditions (1)-(2) are also
called the wedge aziom and the exactness axiom. The famous Brown representability theorem [ ,
Theorem 1] implies that every generalized cohomology theory can be represented by a spectrum E, that
is by a sequence of pointed spaces (E,, )neny with equivalences E,, - QE, 11 for every n € N. Conversely,
every spectrum E determines a cohomology theory by declaring E™(-) = mo Homgp,, (-, E,). Spectra,
together with the relevant notion of morphism of spectra, can be organized into a stable category Sp,
defined as the colimit
. b3 b
Sp = colim(Spc, — Spc, — ...)
in Pr, or dually, as the limit
. Q Q
Sp ~ lim(... — Spc, — Spc,)
in PrR, the category of presentable categories and right adjoints. This category is related to spaces
through an adjunction X3° : Spc 2 Sp : 2.

Example 1.2.14. Let A be an abelian category. Consider the 1-category Ch(A) of unbounded chain
complexes in A, with chain maps as morphisms. Recall that a map of chain complexes is a quasi-
isomorphism if it induces isomorphism on homology groups. Let W be the class of quasi-isomorphisms.
The derived category of A is the localization D(A) = Ch(A)[W™!]. Since taking the homotopy
category furnishes a left adjoint h : Cat — Caty to the inclusion of 1-categories into categories, the
homotopy category hD(A) identifies with the ordinary derived category of A. Regarding stability,
[ , Proposition 1.3.5.9] shows that if A is Grothendieck abelian (that is, it is presentable and the
collection of monomorphisms is closed under small filtered colimits), then D(A) is a stable category.
The zero object is given by the zero object of Ch(A) and the suspension functor ¥ is represented by
the shift in Ch(A), that is C' — X.C defined by (2C),, = C\,—1. The exact sequences of D(A) are given
by the image trough the localization of short exact sequences in Ch(A).

Notation 1.2.15. Given a commuative ring A, we let D(A) denote the stable category of A-modules,
constructed via the previous example. Notice that D(A) e CAlg"8(Prk®) is a rigidly-compactly
generated stable category, that is, it is compactly generated by the dualizable object, when equipped
with the closed monoidal structure given by the derived tensor product.

Example 1.2.16. The previous example may be generalized to [Es-ring as follows. In subsection 2.3
we will construct a closed symmetric monoidal structure on Sp, the smash product, which is com-
patible with colimits and for which the sphere spectrum $ ~ X°(*) may be identified with the unit.
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Commutative algebra obejcts therein CAlg(Sp) are called [Eo-rings. Given an Eo.-ring A € CAlg(Sp),
the category of A-modules Mod 4 € CAlgrig(Prl“t’w) is a rigidly-compaclty generated stable category,
whose compact/dualizable object are the perfect ones Perf,. Furthermore, every classical ring A
identifies an Eoo-ring HA, the Eilenberg-MacLane spectrum of A, and Modg 4 ~ D(Mod?) identifies
with the stable derived category of A-modules. In the following, we will suppress the funcotr H, and
denote by Mod 4 = D(Mod?) the stable derived category of A-modules.

Example 1.2.17. Let X be a quasi-compact quasi-separated scheme. Then the derived stable cate-
gory of quasi-coherent sheaves on X is defined as the limit
Coh(X)= i Mod 4.

Q © ( ) Spec(l%ﬁX oda
If X has affine diagonal (in particular, if it is separated), then QCoh(X) is the usual derived category
of sheaves of Ox-modules with quasi-coherent cohomology constructed in | , Chapter 08CUJ. In
any case, the above definition mathches the intuiton that “a complex of quasi-coherent sheaves on
X should be a famliy of complexes of modules on each affine piece, plus the gluing data” It follows
formally that QCoh(X) e CAlg"#(Prk*) is a rigidly-compactly generated stable category.

Example 1.2.18. Let X be a quasi-compact quasi-separated scheme. The category QCoh(X) con-
tains two small idempotent-complete stable subcategories that we wil study in the following chapters.
Namely:

(1) The full subcategory of perfect complexes Perf(X) is defined to be the full subcategory of
compact objects of QCoh(X), or equivalently, the one spanned by the dualizable ones.

(2) The full subcategory of bounded coherent complexes Coh(X), whose construction is fairly
techincal (see [?, text]). If X is noetherian, Coh(X) is identified with D% (X), the full
subcategory spanned by the bounded chain complexes with coherent cohomology.

In general, there is an inclusion Perf(X) ¢ Coh(X). Furthermore, these subcategories are also
idempotent-complete, a property that we will study in Section 2

1.3. t-structures.

Definition 1.3.1. Let C ¢ Cat™ be a stable category. A t-structure on € is a pair of full subcategory
(€50, C«p) such that:
(1) The pair is orthogonal, that is, for every = € Csq and every y € Cg it is home(z, X7 y) = *.
(2) The pair is stable under shifts, that is, £Csq € Cso and X7 1Cp € Cup.
(3) The pair admits truncations, that is, for every x € € there exists an exact sequence x»; - x —
) with T>1 € Eezo and T<o € 650.

Notation 1.3.2. For n € Z we set Cs, := ¥"C5¢ and C«, := X"Ccy. We denote by iy : Cspp = € and
i<n : C<p = C the inclusions. Observe that we use a homological indexing convention.

Lemma 1.3.3. Let € ¢ Cat™ be a stable category with a t-structure (Csg,C<p). Then there are
adjunctions 7, : € 2 Cqp, iy and isy : Cop 2 C: 7y, for every n e Z.

Proof. The case n = 0 and n = 1 is treated; the general case follows by shifting. To prove the
adjunction 7«9 - i<g, consider an object x € € and choose an exact sequence r>; - * — x<g, with
Zs1 € Cs1, <o € Cco as provided by the t-structure axioms: For y € Ccg, applying home(—,y) yields a
fiber sequence
home (2<0,y) = home(z,y) = home(251,v).

Since 51 € Gy = XCs and y € Co, orthogonality implies home(zs1,y) ~ *. Hence the map
home(z<0,y) - home(z,y) is an equivalence. This identifies  — z<o as a left adjoint to the in-
clusion iy : C<op = C; it is denoted by 7«q.


https://stacks.math.columbia.edu/tag/08CU

FINITE METHODS FOR STABLE oo-CATEGORIES 8

For the adjunction is; 4 751, take 2z € Cy1, applying home (2, —) to the same cofiber sequence gives
a fiber sequence
home(z,x51) = home(z,2) - home(z,z<).
Since z € Gy and z<o € C<p, orthogonality implies home(z,2<0) ~ *. Therefore home(z,z51) —
home(z,x) is an equivalence. This identifies © — x5 as a right adjoint to the inclusion i»; : C»1 = C;
it is denoted by 7. O

Definition 1.3.4. Let € € Cat™ be a stable category with a t-structure (Cs0,C0). The heart of the
t-structure is defined as the intersection €% = Gy N C<o. For each n € Z, we let 7y : € - C° denote the
functor 7<p 0 Tsg = Top © T<, and we let 7, : € - € denote the composition 7y o 37",

Proposition 1.3.5. Let C ¢ Cat™ be a stable category equipped with a t-structure (C50,Cc0). Then
the heart €Y is an abelian 1-category.

Proof. For a,be C® and m € Z one has m,, home(a,b) ~ mg home(X™a,b). If m > 0, then X™a € Cyy
and b € Cp, hence home(X™a,b) ~ * by orthogonality; similarly, if m < 0 then ¥™a € C._; and b € Cy,
hence home(X™a,b) ~ *. Therefore 7, home(a,b) =0 for m # 0, so €Y is O-truncated (its mapping
spaces are discrete), and the sets Homeo (a,b) := mp home(a,b) are abelian groups.

Since € is stable, finite biproducts exist, and €Y is closed under them; hence C° is additive. Let
f :a - b be a morphism in €°. Consider the fiber and cofiber sequences fib(f) - a — b and
a — b — cofib(f) in €. Since a,b € Csp, one has fib(f) € Csg, and therefore Tofib(f) € €Y. Define then
ker(f) = 7<ofib(f) € €. Dually, since a,b € Ccg, one has cofib(f) € C«p, and therefore Tsgcofib(f) €
CY. Define coker(f) := spcofib(f) € €Y. The universal properties of ker(f) and coker(f) follow by
applying home(z,-) and home(—,z) for z € €° and using orthogonality to identify maps to/from
fib(f) and cofib(f) with maps to/from their truncations. Finally, consider the canonical morphism
coker(ker(f) — a) - ker(b — coker(f)) in €Y. Its fiber and cofiber lie in €y N C<_; =0, implying that
the above map is an isomorphism. Therefore CY is additive and has kernels and cokernels, and the
coimage is equivalent to the image. O

There are several conditions one can impose on a t-structure. We list some of them.

Remark 1.3.6. Let C be a stable category and let (Cs,Cso) be a t-structure.

(1) We will say that the t-structure is:
o Left bounded if C = UpezCsy.
e Right bounded if C = U,czCqp.
e Bounded if left and right bounded.
(2) We will say that the ¢-structure is:
o Left separated if Nyez Csn ~ 0. In other terms, the t-structure is left separated if there
are no oco-connective objects.
e Right separated if Nyez C<n ~ 0. In other terms, the ¢-structure is right separated if there
are no oo-coconnective objects.
e If both left and right separated hold, one often says that the t-structure is non-degenerate.
(3) Another set of conditions is completeness. For x € C, the maps 7<,,& - T<,,—12 assemble into the
Postnikov tower -+ - 7«1 = T<ox = T<_1x = --~. We say that the t-structure is left complete if
the canonical map
- lim 7¢,x

n—+oo
is an equivalence for every z € €. Dually, the maps 7,2 — x factor through 7_¢,.1),
yielding a direct system 7s9x — T>_1Z = Ts_ox — ---. We say that the t-structure is right
complete if the canonical map

colimy, 100 TopnT =
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is an equivalence for every x € C.

It is not hard to see that left complete implies left separated, and right complete implies right separated.
The converse implications are not true in general; see | , Proposition 1.2.1.19]. Assume now that
@ e Prl is presentable.

(1) We say that the t-structure is compatible with filtered colimits if Cso is closed under filtered
colimits in €. Equivalently, each truncation functor 7, preserves filtered colimits (and hence
so does T¢y, since it fits into the truncation triangle).

(2) We say that the t-structure is accessible if Csg € € is an accessible subcategory and the inclusion
150:C50 = € is accessible (equivalently, 75¢ is an accessible functor). In practice, accessible
t-structures are the ones for which the connective part is generated by a set of objects.

Example 1.3.7. Let X be a quasi-compact quasi-separated scheme. Then QCoh(X) admits an
accessible t-structure which is right and left complete, compatible with filtered colimits, and compatible
with the tensor product (in the sense that the monoidal unit is connective and that the tensor product
of two connective quasi-coherent sheaves is connective). Furthermore, it is compactly generated by the
perfect connective objects Perf(X)sq = Perf(X)nQCoh(X)so. Finally, the heart QCoh(X)? identifies
with the abelian 1-category of quasi-coherent sheaves on X. If X is noetherian (or more generally
coherent), then the ¢-structure restricts to a bounded ¢-structure on Coh(X).

2. IDEMPOTENT-COMPLETION

In this chapter we study idempotent-completion for stable categories. We begin with retracts and
idempotents, and we recall the universal property of the idempotent completion. We then discuss
the resulting symmetric monoidal structure on Catperf, together with the basic formalism of rigid
2-rings and their modules. As an application, we record the first representability result of these
notes via the linear Yoneda embedding. We conclude with a brief discussion of lax additivity in the
(00, 2)-categorical setting.

2.1. Retracts and idempotents. We now fix terminology concerning retracts and idempotents in
a (higher) category, and we record the basic relationship between retract data and idempotents that
will be used repeatedly.

Definition 2.1.1. Let C e Cat be a category.

(1) A retract datum in @ consists of objects x,y € € and morphisms z — y — = together with a
specified identification r o ¢ ~ id,. In this situation we say that x is a retract of y.

(2) An idempotent on y € C is an endomorphism e : y — y together with a specified identification
eoexe. .

(3) Let e:y — y be an idempotent. A splitting of e is a retract datum =z AN y 5z with roi ~id,
such that i or ~ e as endomorphisms of .

Notice that, contrary to 1-category theory, the splitting of an idempotent is an condition involving
an infinite amout of data. Triangulated categories in which every idempontent splits are known as
Karoubian categories. Here is the general definition.

Definition 2.1.2. A category C € Cat is idempotent-complete if every idempotent in € admits a
splitting.
The basic properties of retracts and idempotent are summarized by the following.

Lemma 2.1.3. Then:

(1) Every retract determines an idempotent. Thus retract data canonically determine idempo-
tents; a splitting is precisely the extra structure exhibiting a given idempotent as coming from
a retract.
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(2) Splitting of idempotents is unique.
(3) Retracts are preserved by functors.

Proof. Let @ be a category. For (1), if 2 - y — « is a retract datum, then e :=ior is an idempotent
on y since
eoe=(ior)o(ior)~io(roi)or~ioid,or=ior=ec.

For (2), let e:y — y be an idempotent. Suppose e admits two splittings z LN y Szand 2’ 5 Y 5ol
Then z ~ 2’. Indeed, consider the composites © — y — 2/ and 2’ — y — z. Using roi =~ idy,
r'oi' ~id,, and ior ~ i o7’ ~ e, one checks that the two composites x - ' - z and 2’ - z — 2’
identify with id, and id,, respectively. Hence = ~ z’.

For (3), let f:C — D be a functor and let = be a retract of y in €. Apply F to a retract datum

z -y 5 2 and to the identification 7 o4 = id, to deduce that F(x) is a retract of F(y) in D. O

Lemma 2.1.4. Let C € Cat be a category. Then € is idempotent-complete if and only if every
idempotent in hC splits.

Proof. This is immediate from the definition plus the fact that retracts in C are retracts in hC. O
Retracts interact well with additive categories.

add

Remark 2.1.5. Recall that an additive category € e Cat is closed under direct summands if

whenever x @ y € C then x,y € C.
The next result shows that retracts are not far away from direct summands.

Lemma 2.1.6. Let € € Cat®® be an additive category and let B € € be a full subcategory. Then B
is closed under direct summands if and only if it is closed under retracts.

Proof. For (=), let >y — x be a retract in C of y € B. Then the diagram

|

0 —— cofib(x - y) —— 0

in which every square is exact, shows that y ~ x @ cofib(z — y), and since B is closed under direct
summands, it follows that z € B. Conversely (<=), the retracts t >z @&y - 2 and y > z & y - y show
that z,y € B. O

Lemma 2.1.7. Let C e Cat™ be a stable category and let B € € be a full subcategory.

(1) If B is idempotent-complete, then it is closed under retracts.
(2) If C is idempotent-complete and B is closed under retracts, then B is idempotent-complete.

Proof. For (1), if x LA Y 5 2 is a retract in C of y € B, then the composition o7 : y - y is idempotent,
thus it splits in B as y LA y with ior ~ pog and id, ~ gop. Since (z,4,r) also satisfies these
properties and since the splitting data is unique, it follows that  ~ z is in B. For (2), let f:y >y
be an idempotent of B. Then f is idempotent in € and thus it splits as = AN Y 5 2 with f~iorand

id, ~ ro4. In particular, since B is closed under retracts it follows that = € B, making the splitting
data of f in C a splitting data in B. O

Definition 2.1.8. Let C € Cat®™ be a stable category and let B ¢ € be a full subcategory. The thick
closure Thicke(B) is the smallest full stable subcategory of € closed under retracts containing B.
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Remark 2.1.9. Let C e Cat™ be a stable category and let B ¢ € be a full subcategory. If € is
idempotent-complete, then Lemma 2.1.7 implies that Thicke (B) is idempotent-complete.

We close this subsection with an example of idempotent-complete category.
Proposition 2.1.10. If C admits all small colimits, then € is idempotent complete.

Proof. See | , Corollary 4.4.5.16]. O

2.2. The idempotent completion functor. We now show how to turn a category into an idempo-
tent one.

Construction 2.2.1. Let € € Cat be a category. Let PSh(€) = Fun(C°, Spc) be the presheaf category
and let &e : € —» PSh(C) be the Yoneda embedding. Define €' ¢ PSh(€) to be the full subcategory
spanned by retracts of representables, that is by objects P for which there exists X € € and maps
P - Xe(X) - P whose composite is equivalent to idp. We call € the idempotent completion of €.

Proposition 2.2.2. Let € € Cat be a category. Then inclusion Xe : € — €% is fully faithful and
the category @ is idempotent complete. Furthermore, precomposition with the Yoneda embedding
induces an equivalence

(Xe)* : Fun(€%, D) - Fun(€, D)
for every idempotent complete D.

Proof. The Yoneda embedding is fully faithful, hence so is its restriction to Cf. The presheaf category
PSh(C) admits all small colimits, hence is idempotent complete by Proposition 2.1.10. Since C! is, by
definition, closed under retracts inside PSh(C), it is itself idempotent complete by Lemma 2.1.7.

For the universal property, let D be idempotent complete and let F': € - D be any functor. By
left Kan extension along X we obtain F : PSh(C) — D, and since D is idempotent complete the
functor F carries retracts of representables to retracts of the corresponding values of F. Thus F
factors essentially uniquely through €, yielding an extension €' - D. Conversely, any functor €' - D
is determined by restriction to € because every object of C! is a retract of some e (X). O

Remark 2.2.3. Let C e Cat®! be an additive category. The functor Xe : € = @' exhibits € as a
dense subcategory of C¥, that is, every object of C! is a direct summand of an object of €.

We now study idempontent-completeness related to stable categories.

Definition 2.2.4. We let CatP®™ ¢ Cat™ denote the full subcategory spanned by the idempotent-
complete stable categories.

Definition 2.2.5. Let f: € - D in Cat™ be an exact functor. We will say that f is a Karoubi
equivalence if the induced functor f%: G4 — Db is an equivalence.

In other terms, f is a Karoubi equivalence if it is fully faithful and its essential image is dense, in
the sense of Remark 2.2.3, that is every object of D is a retract of some object in the essential image

of f.

Proposition 2.2.6. There exists a Bousfield localization (-)': Cat™ =2 CatP*™ : incl at the class of
Karoubi equivalences.

Proof. Functoriality follows from the universal property in Proposition 2.2.2. The adjunction is ob-
tained by applying the same universal property objectwise in Cat™, noting that exact functors are
preserved under the Kan-extension construction used in the proof of the above mentioned proposition.
Finally, the localisation statement is a reformulation of the fact that f is inverted by ()" if and only
if f is a Karoubi equivalence. O

We record a convenient strengthening of the above (proved in [ , Proposition A.3.4]).
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Remark 2.2.7. Let € € Cat™ be a stable category and let K(@) be its Grothendieck group. Define
the minimalisation Cupiy € € to be the full stable subcategory spanned by objects X with [X] =0 in
Ko(C). We call € minimal if Cpi, = C.

Then localising Cat™ at the class of Karoubi equivalences yields both a left and a right Bousfield
localisation. The left-local objects are the minimal stable categories, and the right-local objects are
the idempotent complete stable categories. Moreover, the left and right adjoints of this localisation are
given by €+ Cpiy and € — @, respectively. In particular, an exact functor is a Karoubi equivalence if
and only if it induces an equivalence on minimalisations, and if and only if it induces an equivalence
on idempotent completions. Consequently, the functor (=)! : Cat™ — Cat®®" preserves both limits
and colimits.

We conclude with analysing the big variant.
Proposition 2.2.8. There exists an equivalence Ind : CatP™ = Prift’“’ : (=)¥ of categories.

Proof. 1t is clear that the ind-completion and taking compact objects sit into an adjunction Ind :
CatP™f 2 Prly“ : (-)¥, thus it suffices to show that unit and counit are equivalences.

Let C e Cat’™ and consider the unit € - (Ind(€))¥. It suffices to show that every compact object
of Ind(@) lies in the essential image of X e. Let X € Ind(€) be compact. By definition of Ind(€), the
object X can be written as a filtered colimit X =~ colim;e; &e(c;) with ¢; € €. Consider the identity
map idy : X - X =~ colim; &e(¢;). Since X is compact, idx factors through some stage, so there
exists 4 € I and a map u: X - Xe(¢;) such that the composite X - Xeo(c;) — colim; Xe(¢;) = X is
equivalent to idx. Thus X is a retract of Je(¢;) in Ind(C).

Because X ¢ is fully faithful, retract data on Je(c¢;) correspond to retract data on ¢; in €. Since C
is idempotent-complete, this retract is represented by an object ¢ € € and an equivalence X ~ e (c).
Therefore every compact object of Ind(€) lies in X e(C), and we conclude that the induced functor
C — (Ind(C))* is essentially surjective. It is fully faithful since Je is fully faithful, hence it is an
equivalence.

For the counit, let D € Pry* and consider Ind(D*) - D The inclusion i : D¥ — D extends (by the
universal property of ind-completion) to a colimit-preserving functor € : Ind(D“) — D whose restriction
to D¥ is 4. It suffices to show that e is an equivalence. First, ¢ is essentially surjective since D is
compactly generated by D%, and € preserves colimits and contains D in its image. For full faithfulness,
it suffices to check it on compact generators: given ,y € D* the equivalence Homp,q(pw)(j(z),7(y)) =
Homope (z,y) ~ Homqp (z,y) shows that ¢ is fully faithful on the subcategory of compact objects. Since
both source and target are generated under colimits by these compact objects and € preserves colimits,
it follows that ¢ is fully faithful on all objects. Hence € is an equivalence. O

2.3. The monoidal structure on CatP®f and a representability result. The title is self-
explanatory.

Remark 2.3.1. Lurie constructed a symmetric monoidal structure on Pr characterized by the fol-
lowing universal property: given two presentable categories € and D, their Lurie tensor product is a
presentable category C ® D with a functor € x D - € ® D such that for every presentable category &,
precomposition with it induces an equivalence

Fun*(€® D, &) - Fun™ (€ x D, ).

Here the superscript L, L denotes the full subcategory spanned by those functors € x D — & which
preserve colimits separately in each variable. It follows from this universal property that the symmetric
monoidal structure is also closed. To be precise, for every pair of presentable categories € and D,
there exists a natural equivalence

Fun“(€® D, &) ~ Fun™"(€ x D, &) =~ Fun" (€, Fun" (D, &))
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in & e Pr®, so that Fun®™(—,-) exhibits the internal hom. Since Fun"(Spc, @) =~ €, it follows that the
category of spaces Spc is the neutral element for the Lurie tensor product.

We will need a stable version of this observation.

Remark 2.3.2. Let X5° : Spc — Sp be the suspension spectrum functor. Notice that a presentable
category C is stable if and only if the canonical map ide ® £3° : € - C® Sp is an equivalence. In
particular, since Sp is a stable category, the inverse of the equivalence Sp — Sp ® Sp makes Sp into
a commutative algebra of Pr. It follows that the category of stable presentable categories and left
adjoints can be realized as Prgt ~ Modsp(PrL) and that taking spectrum objects — ® Sp : pPrt - Prgt
defines a symmetric monoidal functor.

Remark 2.3.3. By Proposition 2.2.8, there exists an equivalence Ind : Cat?®’ 2 Prls* : (<), The
symmetric monoidal structure on Pr; may betransported along the above equivalence to a symmetric
monoidal structure on CatP®f. Concretely, for A, B € CatP*! define

A®B:=(Ind(A) ® Ind(B))" e Cat"™",

where ® on the right-hand side denotes the tensor product in Prl“t. With this definition, ® is charac-

terized by the expected universal property: for all A, B, € ¢ CatP™™, restriction along A x B - A ® B
induces an equivalence

Fun®(A ® B, €) ~ Fun™**(A x B, €) ~ Fun™ (A, Fun®(B, €)),

where Fun®®*(A x B, €) denotes the full subcategory of functors which are exact in each variable. In
particular, this equips CatP with the structure of a symmetric monoidal category for which compact
spectra Sp® furnishes the monoidal unit.

It follows by construction that a commutative algebra object in CAlg(Catperf) can be identified
with a small idempotent-complete stable category equipped with a symmetric monoidal structure
whose tensor product is exact in each variable. This motivates the following.

tpcrf

Definition 2.3.4. A commutative algebra in Ca is called a small 2-ring.

We also remind the relevant features of commutative algebra objects and modules.

Remark 2.3.5. Let A ¢ CAlg(Cat®®") be a commutative algebra object. Let Mod4 (Cat”™) be the
category of modules over A in CatP* and regard it as a symmetric monoidal category with the induced
relative tensor product ® 4. This symmetric monoidal structure is also closed, and the internal hom

may be identified with the pullback

Fun% (-,-) — Fun®™ (-, -)

! {

Fung(-,-) —— Fun(-,-)

where Fung(—,-) denotes the category of A-linear functors. Objects of Fun’y'(-,-) will be called
A-linear functors. Similarly, let Modlnd(ﬂ)(Prlft) be the category of modules over Ind(A) in Pr;,
and equip it with the relative tensor product ®,q(4). Again, this symmetric monoidal structure is
closed, with internal hom Fun{“nd( a)(—;—) defined similarly. Objects of this category will be called
Ind(A)-linear functors.

Since the ind-completion is symmetric monoidal, the definitions of linear functors immediately
imply the following.
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Lemma 2.3.6. Let A ¢ CAlg(CatP®™") be a commutative algebra object and let M € Mod 4 (CatP®')
be an A-module. Then precomposition with the Yoneda embedding & : M < Ind(M) induces an
equivalence

£ Fun%nd(ﬁ)(Ind(M),N) - Fung (M, N)
of A-modules for every N € Mod,g(a) (Pr;).

Our next goal is to prove a representability result. We begin with the construction of the enriched
Yoneda embedding.

Construction 2.3.7. Let A € CAlg(CatP") be a commutative algebra and let € € Mod 4 (CatP™™")
be an A-module. Let z € C and consider the action functor — ® = : A - €. By definition this
functor preserves finite colimits and hence it admits an ind-right adjoint C(z,-) : € - Ind(A). The
functoriality of these cosntruction produces a functor

& 4 : € - Fun®™(€°P,Ind(A))
which is given on objects by x — C(-, z).
In general the above functor is not fully-faithful; dualizability is exactly what is needed.

Definition 2.3.8. A commutative algebra in CatP*™ is called small rigid 2-ring if every object in it
is dualizable. We let CAlg"®(CatP*") denote the full subcategory of CAlg(Cat”™) spanned by the
rigid commutative algebras.

We recall the following folkore result.

Lemma 2.3.9. Let A € CAlg"8(Cat®™) be a rigid commutative algebra.
(1) Taking duals defines a symmetric monoidal equivalence (-)": A — A°P.

(2) Let Ce Modlnd(A)(Pr;) be a presentable Ind(A)-module. Then the action of A on € restricts
to the full subcategory C“ c € of compact objects.

Proof. Consider point (1). Since A is rigid, every object a € A admits a (chosen) dual a together
with evaluation and coevaluation maps ev, : a ® a¥ - 14 and coev, : 14 — a¥ ® a satisfying the
triangle identities. Define the functor (-)¥ : A - A°P by taking duals. Since for dualizable objects
there are canonical equivalences (a ® b)Y ~b¥ ® a¥ ~a" ® b", the functor (-)¥ is symmetric monoidal.
Moreover, () is adjoint to itself: the unit 7, : a - (a¥)¥ and counit &, : (a¥)" — a are the usual
double-dual maps. Dualizability implies 1, (equivalently &,) is an equivalence for every a, hence ()"
is an equivalence of symmetric monoidal categories.

Consider point (2). Fix a € A. The action endofunctor a ® — : € - € preserves colimits (because
the Ind(A)-action does), hence is a left adjoint. Since a is dualizable in A, the functor a ® — has right
adjoint a¥ ® —. In particular, a¥ ® — preserves filtered colimits (indeed it preserves all colimits), so
a ® — preserves compact objects. In particular, the A-action restricts to €* c C. O

The following result has been proved many times in the literature. We recall the proof for com-
pleteness.

Lemma 2.3.10. Let A e CAlg"#(CatP") be a rigid algebra and let € e Modlnd(ﬂ)(Pr;’w) be an
Ind(A)-compactly generated module. Then € is dualizable, and the dual can be identified with
CY ~ Ind((C¥)°P).

Proof. Set €V = Ind((C¥)°P). First of all, point (2) of Lemma 2.3.9 implies that the Ind(A)-action
on C restricts to an A-action on the small idempotent-complete stable category €“. Hence (€¥)°P
is canonically an A-module as well, and therefore Ind((€¥)°P) inherits a canonical Ind(A)-module
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structure. In particular, €¥ € Modpy,q( A)(Prl“t’“’). To prove dualizability of € with dual €Y, it suffices
to construct, for every module B € Mod,q(a) (Pr;)7 a natural equivalence

eY ®Ind(ﬂ) B~ Fun%nd(fl)(e7 B)7

where ®1,,4(4) denotes the relative Lurie tensor product. Because Mod,q(a) (Prl.“t) is closed symmetric

monoidal, for every B and B there is a natural equivalence

(1) Fung, g4y (€” @mmaca) B, €) = Fung 4y (€¥, Fungq(4y(B,€)).

Since taking opposites is compatible with Ind(A)-linearity, there is a natural equivalence
Fun%nd(ﬂ)(ﬁ, C) =~ Fun%nd(A) (C°P, BOP)P,

Plugging this into (1) and using the closed structure again (and currying-uncurrying) gives a chain of
natural equivalences

Fung,ga)(C” ®maca) B, €) = Fungj, g ) (€Y, Fung, g4y (€7, BP))
= Fun%nd(ﬂ) (cor, Fun%nd(ﬂ) (CY,B))
= Fun%nd(ﬂ) (Fun%nd(fl) (€Y, BP)P,€).
Yoneda then implies that C¥ ®,q(a) B ~ Fun%nd(ﬂ)(ev, B°P)°P. By using Lemma 2.3.6 twice it follows
- Funb gy (€7, BP)P = Fun((€)°P, B) = Funf3 ((€*), B) = Funbyy (€, B)
thus concluding the proof. O

Corollary 2.3.11. Let A € CAlg"®(CatP*") be a rigid algebra and let M, N € Mod 4 (Cat?*") be two
A-modules. Then there exists a natural equivalence
Ind(M°P ® 4 N) ~ Fun (M, Ind(N))
in Modlnd(A)(Pr;’w).
Proof. There are equivalences
Ind(M @4 N) =~ Ind(M°P) ®pq(a) Ind(N)

~ Ind(M)" ®naa) Ind(N)

= Fung, g4y (Ind(M), Ind(N))

~ Fun% (M, Ind(N)).
Indeed the first one follows since Ind : Mod 4 (CatP™™) — Modyq( A)(Pr;’“’) is symmetric monoidal,

the second one by Lemma 2.3.10 since A is rigid, the third one by definition of internal hom and the
last one by Lemma 2.3.6. O

Remark 2.3.12. Let A ¢ CAlg"8(Cat®™") be a rigid algebra and let € ¢ Mod (Cat’™) be an
A-module. Then Corollary 2.3.11 implies that the functor & 4 : € = Fun (€°?,Ind(A)) of Construc-
tion 2.3.7 is fully-faithful and exhibits the target as the ind-completion of the source.

This motivates the following.

Definition 2.3.13. Let A ¢ CAlg"8(Cat”™) be a rigid algebra and let € € Mod 4 (Cat”™™) be an A-
module. We will refer to the functor & 4 : € & Fun® (€°P,Ind(A)) as the A-linear Yoneda embedding
of C.

The last ingredient for the above claimed representability result is the following characterization of
dualizable modules.
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Lemma 2.3.14. Let A ¢ CAlg"8(Cat”®) and let € € Mod4 (CatP*"). Then € is dualizable if and
only if the two maps

evina(e) : Ind(€°? ®4 €) ~ Ind(C°”) ® 4 Ind(€) - Ind(A),

coevipa(e) : Ind(A) - Ind(€) ® 4 Ind(€°P) ~ Ind(C ®4 C°P)

preserve compact objects. In that case, their restrictions to compact objects are the evaluation and
coevaluation of a duality between C and C°P.

Proof. Assume that € is dualizable and let eve : €Y ®4 € - A exhibit €Y as dual to €. Since Ind
is symmetric monoidal, Ind(eve) exhibits Ind(€Y) as dual to Ind(€). Uniqueness of duals | ,
Lemma 4.6.1.10] implies that Ind(eve) may be identified with evi,qcey, which therefore preserves
compact objects. A dual argument shows that coevy,q(e) preserves compact objects. Conversely, if
eVina(e) and coevy,q(y preserve compact objects, then their restrictions to compact objects satisfy the
triangle identities and hence exhibit C°P as a dual of C. O

It follows that dualizable modules over rigid 2-ring satisfy a representability result.

Proposition 2.3.15. Let A € CAlg™8(Cat?™) be a small rigid 2-ring and let € € Mod 4 (Cat"*"") be
a dualizable A-module. Then there exists an equivalence

C - Fun{ (C°P, A)
induced by the A-linear Yoneda embedding.

Proof. Since in any closed monoidal category it is €~ C®4 A ~ Fun (€Y, A), the claim follows since
CY ~ @°P, O

To check that a module is dualizable is often useful to study two other properties.

Definition 2.3.16. Let A € CAlg"®(CatP*'") and let € € Mod4 (CatP*"). We say that € is:

(1) Smooth if the diagonal A € Ind(C°®?® 4 C) corresponding to the Yoneda embedding € < Ind(C)
is compact.
(2) Proper if, for all x,y € €, the mapping object C(x,y) € Ind(€) is compact.

Remark 2.3.17. To be more precise, the following refinement of Proposition 2.3.15 holds. Let
A € CAlg"8(CatP™™) be a small rigid 2-ring and let € € Mod 4 (CatP®™") be an A-module. By identifying
€ and Fun®(C°?, A) with full subcategories of Fun% (C°P,Ind(A)) it follows that:

(1) If € is proper, then € c Funf(C°P, A).

(2) If € is smooth, then Fun$ (C°P,.A) c C.

Proposition 2.3.18. Let A ¢ CAlg"8(Cat®") and let € € Mod 4 (Cat®™). Then € is dualizable if
and only if it is smooth and proper, and the dual of € is C°P.

Proof. The proposition is a simple corollary of Lemma 2.3.14. Indeed, evy,q(e) preserves compact
objects if and only if € is proper. Similarly, coevi,q(e) preserves compact objects if and only if C is
smooth. O

We will come back to the diagonal bimodule in Section 9.
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2.4. Lax additivity. There are several models for (oo,2)-categories, ranging from strict 2-categories
and bicategories to fully weak models such as complete 2-fold Segal spaces or scaled simplicial sets.
For us, an (o0, 2)-category will be a category enriched in Cat. In particular, an (oo,2)-category C may
be thought as a space of objects together with an hom-category C(z,y), defined for every two objects
x,y € C, plus a composition rule and identities, which are required to satisfy the usual conditions.
Discarding non-invertible 2-morphisms yields an underlying category ¢1C.

Example 2.4.1. The main examples to keep in mind are:

(1) The (o0,2)-category Cat of small categories, functors and natural transformations. The
underlying category ¢;Cat ~ Cat is given the usual category of small categories

(2) The (o0,2)-category PrY presentable categories, colimit-preserving functors and natural trans-
formations. The underlying category of (;Prl =~ Prl s given by the usual category of pre-
sentable categories and colimit-preserving functors. A similar statement holds for Priﬁt.

(3) The (o0,2)-category Cat®' of small stable categories, exact functors and natural transforma-
tions. Again, ¢;Cat®* ~ Cat™.

(4) The (o0,2)-category CatP°™ of small idempontent-complete stable categories, exact functors
and natural transformations, and again 1; CatP®f ~ CatPe™.

———coli
Notice that Prgt is actually a category enriched in Cat:f lm, the large category of cocomplete stable
categories and colimit-preserving functors, whereas the last two examples are enriched in Cat®™.

The theory of (o0,2)-categorically allows to talk about laz commutativity data.

Remark 2.4.2. Let C be an (o0,2)-category and let I be a small category. Let F': I — 11C be a
diagram and let = € € be an object.

(1) The category of lax cones from x to F by
Cone'™ (z, F) := Nat'"®™(const,, F).

Unwinding the definition, an object of Conelax(a:,F ) cousists of the following assignements.

For each object i € I, a 1-morphism 7, : - F (i), for each arrow «:4 — j in I, a 2-morphism
N : F(a) om; = n; subject to the usual unit and composition coherences (for id; and for
composable i - j — k). Morphisms in Conelax(x7F) are modifications, that is, families of
2-morphisms 6; : n; = n; compatible with the structure 2-morphisms.

(2) Similarly, the category of oplax cones is

Cone®™(z, F) := Nat°®®(const,, F),

defined by reversing the direction of the structure 2-morphisms (so n; = F(«) o n;).
(3) Dually, we define laz and oplaz cocone categories by

Cocone™ (F,z) = Nat'™(F,const,), Cocone® ™ (F, ) := Nat°®**(F, const,).

A laz limit of F is an object lim'™* F ¢ € equipped with a distinguished lax cone A € Cone™ (lim'** F, F')
such that for every x € C, composition with A induces an equivalence of categories

C(z,lim"™* F) - Cone"™(xz, F).

oPlax 1 ikewise, a laz colimit (respectively,

An oplaz limit is defined by replacing Cone'™ with Cone
oplaz: colimit) of F is an object colim™ F' (respectively colim®”'®* F) equipped with a lax (respectively
oplax) cocone p € Cocone'™ (F,colim™ F') such that for every z € €, composition with z induces an
equivalence

C(colim™ F, 2:) - Cocone!™(F, x) (respectively with Cocone®®'*).

We now discuss the main example.
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Example 2.4.3. Let C be a pointed (o0,2)-category and let f : A - B be l-morphism in C. The
(op)lax (co)limit of f correspond to the following diagrams:

A?B A%%
lax limit: oplax limit:
A— B A— B
f /
Agg A?B
lax colimit: oplax colimit:

As always, it is interesting to understand when these four lax universal constructions exist and are
canonically equivalent.

The main results is then [ , Corollary 4.15 and Theorem 4.19], which asserts that in an
(00, 2)-category enriched in categories with all colimits, lax limits and lax colimits coincide (when
they exist) and are absolute, that is, preserved by the colimit-preserving functor on hom-categories.

Example 2.4.4. Lax limits in the (oo, 2)-category Prt of presentable categories exist and are com-
puted as underlying categories. Indeed, given a diagram F : I — Prl, its lax limit is computed as
sections of the Grothendieck construction lim'* F ~ Fun;(I, [; F), since | , Proposition 5.5.3.17
and Proposition 5.5.3.3] imply that lim™ F presentable and a functor into it preserves colimits if and
only if it does so after postcomposing with each pointwise evaluation map lim'* F - F (7). Tt follows
that Pr™ has also lax colimit, which agree with lax limits, and thus it has all lax bilimits, which are
furthermore absolute.

Since Cat® and CatP™™ are not enriched in categories with all colimits, the main theorem of
[ ] does not apply. The following definition fixes this finiteness issue, and captures the equiv-
alence between lax limits and colimits.

Definition 2.4.5. Let C be an (o0,2)-category. We will say that C is (finitely) laz semiadditive if:

(1) It is enriched in categories with (finite) colimits and functors preserving them.
(2) Every diagram indexed by a (finite) small category admits a lax limit and colimit, which agree.

We will furthermore say that C is (finitely) lax additive if, moreover, every hom-category is stable.

Remark 2.4.6. Let C be an (oo, 2)-category and denote by C°P the (o0,2)-category obtained from C
by reversing the directions of the 1-morphisms, that is C°P(z,y) = C(y,x). If C is enriched in (stable)
categories with (finite)colimits, then so is C°P. Moreover lax limits/colimits/bilimits in C°P correspond
to lax colimits/limits/bilimits in C. Thus an (oo, 2)-category is (finitely) lax (semi)additive if and only
if its opposite is (finitely) lax (semi)additive.

Warning 2.4.7. Notice that definition of (finitely) lax semiadditive (oo, 2)-category only involves
lax limits and colimits, since they are required to exist and coincide. It does not say anything
about oplax limits and colimits. In particular, it is possible to define the notion of (finitely) oplax
semiadditive (oo, 2)-category: that is, an (oo, 2)-category enriched in categories with finite limits and
limit-preserving functors that admit (finite) oplax bilimits.
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Remark 2.4.8. The major feature of (finitely) lax additive (oo, 2)-category, is that all the construc-
tions of Example 2.4.3 coincide, thus giving the notion of laz sum.

Example 2.4.9 (] , Example 5.7]). The (oo0,2)-category Prlﬁt is lax additive. Indeed, since it
is enriched in stable categories with all colimits and colimit-preserving functors, it suffices to note that
the argument of Example 2.4.4 may be refined to show that Prgt admits all lax limits (and hence all
lax bilimits). Notice that Pri7 appropriately defined, is only finitely lax additive, since composition
with a right adjoint functor is exact but does not preserve arbitrary colimits.

Example 2.4.10 ([ , Example 5.7]). The (o0, 2)-category Cat™ is finitely lax additive. Indeed,
being enriched in Cat™, it suffices to show that it admits lax bilimits. This can be proved via the
matrix calculus of | ]: onme restricts to indexing categories S for which all mapping spaces

are finite spaces. For such S, the colimits appearing in the matrix formulas (colimits indexed by
the mapping spaces) reduce to finite colimits, hence are available in Fun® (A, B). Consequently, the
matrix calculus applies to show that every finite diagram in Cat™ admits a lax bilimit, and that lax
limits and lax colimits canonically agree.

Proposition 2.4.11. The (o0, 2)-category CatP®" is finitely lax additive.

Proof. Again it suffices to show that it admits lax bilimits. Notice that the adjunction of Proposi-
tion 2.2.2 extends to an (oo, 2)-adjunction (=) : Cat™ 2 CatP*™ : incl where the right adjoint induces
an equivalence on hom-categories (it is “2-fully faithful”). In particular, once CatP" has lax limits, it
will have lax colimits (essentially because if it has them, then they are preserved by the inclusion, but
in Cat®® they are lax bilimits, in particular lax colimits, which are then preserved by (=)' and since
the composition is the identity, this provides the required cocone.). Thus let S be a finite category
and let F : § - CatP” be a diagram. As a functor with values in Cat®®, the diagram F admits a

lax limit object lim2* F' € Cat™. Tt suffices to show that lime* F" is idempontent-complete. By using

the section model for lax limits, an endomorphism e : x — x in liml;xF is the same as a family of
endomorphisms eg : x5 - x5 in F(s) compatible with the structure maps. Assume e is idempotent.

Since each F(s) € Cat?®! is idempotent-complete, choose splittings

Ps is . . .
Ts — Ys — Ts, Dsls =idy,, 1sps = €.

For each arrow ov: s -t in S, let ¢, : F'(a)(xs) - ¢ be the structure map of z. Define a structure
map for y by

Yo =Pt o pa 0 X(a)(is) : F(a)(ys) = ye-
The compatibility of the family (es) with ¢, implies e; o, ~ @4 0 F(a)(es), and this identity is
exactly what is needed to check that the maps v, satisfy the same coherences as the ¢,. Thus
(ys,10) defines an object y € lima* F and the maps (ps) and (is) assemble to morphisms z — y - =
in L splitting e. Hence every idempotent in im'* F' splits, so lim%* F ¢ CatP*". O

We now describe the lax sum for small stable categories.

Example 2.4.12. The (co,2)-category Cat™ is finitely lax additive. Let f : A - B be an exact

functor in Cat™ and let A & ¢ B be the lax sum of f. Then the underlying category may be described
as the category of sections of the Grothendieck construction

Ja1 f — Cat,

L]

1
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More precisely, as
A®; B ={(a,bn) such that ac A, beB and n: f(a) - b}.

In particular, the various (op)lax (co)cones can be described as follows.

(1) For the lax limit cone, the structural maps are given by the projections, and the natural
transformation filling the diagram is given by f(a) — b.

(2) The oplax limit cone is given by the functors (a,b,n) = a and (a,b,n) ~ fib(n), whereas the
natural transformation is given by (a,b,n) — (fib(n) - f(a)).

(3) The lax colimit cocone corresponds to the functors a + (a, f(a),ids(,)) and b~ (0,b,0 — b)
whereas the natural transformation is given by a + (a, f(a),idf(4))-

(4) The oplax colimit cocone is given by a ~ (a,0, f(a) - 0) and b — (0,3b,0 - Xb), and natural
transformation a — (a - 0,0 - X f(a), f(a) > 0> Xf(a)).

We leave the reader to check the explicit computations.

As we will see insubsection 3.3, lax additivity is related to semiorthogonal decompositions.

3. VERDIER SEQUENCES, SEMIORTHOGONAL DECOMPOSITIONS AND RECOLLEMENTS

In this chapter we discuss Verdier sequences and their various refinements. We begin with the
basic notion of Verdier quotient and with practical criteria for recognizing Verdier inclusions and
Verdier projections. We then study split Verdier sequences, semiorthogonal decompositions, and
stable recollements, emphasizing the relations between these notions. We conclude with a collection
of examples that will serve as a model for the applications considered later in the text.

3.1. Verdier sequences. We begin with the notion of a Verdier sequence, following | , Ap-
pendix AJ.

Definition 3.1.1. Let C ERN DL Ebea composable pair in Cat®® whose composite vanishes. We say
that it is a Verdier sequence if it is both a fibre sequence and a cofibre sequence in Cat®*. In this case
we refer to f as a Verdier inclusion and to p as the Verdier projection (or Verdier quotient).

We now unwind this definition. Fibres in Cat® are easy to describe.

Remark 3.1.2. Let f: € - D be an exact functor in Cat™. Its fibre in Cat™ is computed as the
kernel ker(f) c €, that is the full stable subcategory spanned by those objects ¢ € € such that f(¢) ~0
in D.

Cofibres in Cat™ are described by Verdier quotients.

Remark 3.1.3. Let f:C— D be in Cat™. A morphism d — d’ in D is an equivalence modulo C if its
fibre (equivalently, its cofibre) lies in the smallest stable subcategory of D spanned by the essential
image of f. Denote by mod the class of all equivalences modulo €. Then the Verdier quotient of D
by € is defined as the localisation D/€ = D[mod'].

Notation 3.1.4. Let € € Cat™ be a stable category and let B ¢ C be a full subcategory. We will
denote by thicke(B) the thick closure, that is to the smallest stable subcategory of € which contains
B and is closed under retracts.

Lemma 3.1.5. Let f: € — D be in Cat™ and let ¢: D - D/C be the Verdier quotient. Then ker(q)
is equal to the thick closure of im(f).

Proof. By definition, a morphism « in D lies in the class mod of equivalences modulo € if and only
if cofib(u) € im(f). An object x € D satisfies g(z) ~ 0 if and only if the morphism 0 -  becomes an
equivalence in the localisation, that is 0 - x € mod. But cofib(0 — z) ~ z, hence 0 — d € mod if and
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only if z € im(f). Thus the full subcategory of D on the objects mapping to 0 in D/C is precisely the
thick closure of im(f). O

We now look at criterions for identifying Verdier sequences. There are essentially two situations in
practice, corresponding to the data of the (possibly) Verdier inclusion and of the (possibly) Verdier
projection. We begin with the former.

Proposition 3.1.6. Let f: € - D be in Cat™, and let ¢ : D — D/C be the Verdier quotient. Then
the following are equivalent:

(1) The functor f is a Verdier inclusion.
(2) The induced map € — ker(D — D/C) is an equivalence.
(3) The functor f is fully faithful and its essential image is closed under retracts in D.

Proof. Consider (1) = (2). If f is a Verdier inclusion, there exists a Verdier sequence C Lpte.
Since it is a fibre sequence in Cat, the induced functor € — ker(p) is an equivalence. Since it is also
a cofibre sequence, & has the universal property of the Verdier quotient of D by €, so & ~ D/C and
under this identification ker(p) ~ ker(q). Hence € — ker(q) is an equivalence.

Consider (2) = (1). Assume C — ker(q) is an equivalence. Then € - D — D/C is a fibre sequence
in Cat™ by definition of kernel. On the other hand, ¢ is by construction the cofibre of the inclusion
of its kernel (it is initial among exact functors out of D which send € to 0), hence the same sequence
is also a cofibre sequence. Therefore f is a Verdier inclusion.

Consider (2) = (3). The kernel ker(q) € D is a full subcategory, hence the equivalence € ~ ker(q)
identifies f with the inclusion of a full subcategory, so f is fully faithful. Moreover, ker(q) is closed
under retracts in D (if x is a retract of y and ¢(y) ~ 0, then ¢(z) is a retract of 0, hence g(x) ~0), so
the essential image of f is closed under retracts.

Consider (3) = (2). Assume f is fully faithful and its essential image is closed under retracts.
Since f is exact, its essential image is a stable subcategory of D: it contains 0, is closed under shifts,
and if f(x) - f(y) is any morphism in D then by full faithfulness it comes from a morphism = — y in
C, so its cofibre is f(cofib(z — y)) and again lies in the essential image. Together with closure under
retracts and with Lemma 3.1.5, this shows, that ker(q) = im(f), or, in other terms, that € — ker(q)
is an equivalence. O

For Verdier projection we have the following.

Proposition 3.1.7. Let p: D — & be in Cat®, and let ker(p) € D denote the full stable subcategory
on the objects d with p(d) ~ 0. Then the following are equivalent:

(1) The functor p is a Verdier projection.
(2) The induced map D/ker(p) — € is an equivalence.
(3) The functor p exhibits € as the localisation of D at the maps it takes to equivalences.

Proof. Let W be the class of maps p takes to equivalences. Consider (1) = (2). If p is a Verdier

projection, then by definition there is a Verdier sequence ker(p) 5 D 2 e, Since it is a cofibre
sequence in Cat®, the functor p has the universal property of the Verdier quotient of D by ker(p).
Equivalently, & ~ D/ker(p) and the induced map D/ker(p) — € is an equivalence.

Consider (2) = (1). Assume D/ker(p) - € is an equivalence. By construction, the composite
ker(p) » D — D/ker(p) is null, hence so is ker(p) » D 2> & Moreover, the sequence ker(p) —
D - D/ker(p) is a cofibre sequence in Cat® (by the defining property of Verdier quotients), and it
is also a fibre sequence because the fibre of D — D/ker(p) is the kernel ker(D — D/ ker(p)) = ker(p).
Transporting along the equivalence D/ker(p) ~ & shows that ker(p) — D 2, & is both a fibre and a
cofibre sequence, so p is a Verdier projection.
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Consider (2) = (3). Assume & ~ D/ker(p) via the induced map. Let ¢ : D - D/ker(p) be the
quotient functor. Then ¢ is, by definition, a localisation of D at the class mod of equivalences modulo
ker(p). In particular, ¢ is a localisation at the class of maps it sends to equivalences. Transporting along
the equivalence D/ker(p) ~ &, it follows that p is a localisation at the maps it sends to equivalences,
that is, at W.

Consider (3) = (2). Assume p exhibits € as the localisation D[W1]. By definition, p inverts every
map in W, and it is initial among functors out of D with this property. Since every morphism ¢ — 0
with ¢ € ker(p) lies in W (its image is an equivalence because p(c) ~ 0),any functor D - X which kills
ker(p) factors essentially uniquely through p. This is exactly the universal property characterising the
Verdier quotient D/ker(p), hence D/ ker(p) ~ &. O

Putting everything together we deduce the following.

Corollary 3.1.8. Let C LR DL Ebea composable pair in Cat® with vanishing composite po f ~ 0.
Then the following are equivalent:

(1) The sequence C L. D2 g is a Verdier sequence.

(2) The functor f is fully faithful and its essential image is closed under retracts in D, and the
functor p exhibits & as the Verdier quotient D/C.

(3) The functor p is a localisation, and f exhibits € as the kernel of p, that is the induced map
C — ker(p) is an equivalence.

Proof. The equivalence (1) <> (2) is Proposition 3.1.6 and (1) < (3) is Proposition 3.1.7. O
The next observation (which appears as | , Proposition A.1.5]) will be quite useful in the
following.

Remark 3.1.9. Let C ER D 2 € be a Verdier sequence in Cat®™. Then p satisfies the calculus of
fractions. In other terms, the mapping spectra in the localization may be computed as

colim(,yee,, homqp (z, cofib(z — y)) — home (p(z), p(y)).

Applying Q : Sp - Spc gives back the usual formula for computing the mapping space in a localization
admitting calculus of fractions. In particular, a morphism p(x) — p(y) in € may be represented by a
cospan x — w <« y in D whose right leg w < y is an equivalence modulo € = ker(p), that is its fibre
(or equivalently cofibre) lies in € = ker(p). The localisation sends then a cospan © — w < y to the

composition p(w - y) ! op(z - w) : p(x) = p(y).

3.2. Split Verdier sequences. We now discuss the notion of split Verdier sequence.

Definition 3.2.1. Let C ER D 2 € be a Verdier sequence in Cat®. We will say that:

(1) The sequence is right split if p admits a right adjoint,
(2) The sequence is left split if p admits a left adjoint,
(3) The sequence is split if p admits both a left and a right adjoint.

In this case we refer to f as a (right or left) split Verdier inclusion and to p as a (right or left)split
Verdier projection.

As we already did, we now study conditions for split Verdier projections. We first notice that left
(respectively, right) splitness is indeed a splitting condition.

Corollary 3.2.2. An exact functor p: D — € is a (left or right) split Verdier projection if and only
if it admits fully faithful (left or right) adjoints.
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Proof. Tt suffices to prove the left-adjoint statement; the right-adjoint statement follows by passing
to opposite categories. For (=), assume that p is a right split Verdier projection. Thus p fits into a
Verdier sequence ker(p) - D 2, & and admits a right adjoint pf* with counit ¢ : po pf - idg and unit
n:idp - pfop. Fix d € D. The composite €4y © p(14) = id,(q) shows that p(ng) : p(d) - ppp(d)
admits a retraction. In a stable category, any map admitting a retraction has vanishing fibre, hence
fib(p(nq)) ~ 0. Since p is exact, p(fib(ng)) ~ fib(p(n4)) = 0, so fib(ny) € ker(p). As ker(p) is a stable
subcategory, also cofib(ng) ~ Xfib(ng) lies in ker(p), hence p(cofib(ng)) ~ 0, that is cofib(p(ng)) ~ 0.
Now €,,(4) admits a section p(n4), so in a stable category one has fib(e,(4)) = cofib(p(na)). Therefore
fib(ep(a)) = 0, 50 €,(q) is an equivalence. Since p is essentially surjective (being a Verdier projection),
it follows that e is an equivalence on all objects of £. Hence p’ is fully faithful.

Conversely (<), assume p admits a fully faithful right adjoint ¢ : &€ - D. Then the counit pi — ide
is an equivalence. Set € := ker(p) ¢ D. For a morphism u in D, exactness implies that p(u) is an
equivalence if and only if p(cofib(u)) ~ cofib(p(u)) =~ 0, that is cofib(u) € €. Since € is stable and
closed under retracts, these are precisely the equivalences modulo €. Thus p exhibits € as the Verdier
quotient D/C, so p is a Verdier projection. As it also admits a right adjoint, it is right split. O

Remark 3.2.3. Put differently, a left (respectively, right) split Verdier projection is precisely a right
(respectively, left) Bousfield localisation functor among stable categories, and a split Verdier projection
is precisely a functor which is both a left and a right Bousfield localisation.

We now notice that, for a Verdier sequence, splitting conditions on the Verdier projection are
equivalent to splitting conditions for the Verdier inclusion. We start with a general result.

Lemma 3.2.4. Let C ER DL Ebea composable pair in Cat®™ with vanishing composite po f ~ 0.
Then the following are equivalent:

(1) The sequence is a left (respectively, right) split Verdier sequence.

(2) The sequence is a fibre sequence, and p admits a fully faithful left (respectively, right) adjoint
q.

(3) The sequence is a cofibre sequence, and f is fully faithful and admits a left (respectively, right)
adjoint g.

Furthermore, when these equivalent conditions hold, the sequence & L D % @ obtained by passing
to left (resp. right) adjoints is a right (resp. left) split Verdier sequence.

Proof. 1t suffices to prove the left-adjoint statement; the right-adjoint statement follows by passing to

opposite categories. Consider (1) = (2). If € LoD 2 g aleft split Verdier sequence, then it is in
particular a fibre sequence, and p admits a left adjoint. Since p is a Verdier projection, Corollary 3.2.2
implies that this left adjoint is fully faithful. Consider (2) = (3). Assume the sequence is a fibre
sequence and that ¢ - p with ¢ fully faithful. Since the sequence is a fibre sequence, the induced map
C — ker(p) is an equivalence; in particular f is fully faithful. Let € : gop — idp be the counit. For
d € D set k(d) := cofib(eyq) € D. Applying p and using exactness gives p(k(d)) ~ cofib(p(eq)). Because
q is fully faithful, the unit ide - poq is an equivalence, hence p(g4) : pgp(d) — p(d) is an equivalence;
therefore p(k(d)) ~ 0, so k(d) € ker(p) ~ €. Let g : D — € be the (essentially unique) exact functor
characterised by f(g(d)) ~ k(d).

We claim that g 4 f. Indeed, for ¢ € € the cofiber sequence gp(d) - d — fg(d) induces a fibre
sequence homqp (fg(d), f(¢)) - homp(d, f(¢)) - homp(gp(d), f(¢)). The last term vanishes since
homyp (q(e), f(c)) = home (e, pf(c)) = 0 (using pf =~ 0), hence homp(d, f(c)) = homp(fg(d), f(c)) =
home(g(d),c), as desired.

It remains to show that the sequence is a cofibre sequence. Let 7w : D — D/C be the Verdier quotient.
Since p is exact and € ~ ker(p), a morphism u in D becomes an equivalence under p if and only if
cofib(u) € ker(p) ~ €, so p inverts the equivalences modulo € and therefore factors as p = pow for
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a functor p : D/C — €. Similarly ¢ induces § := 7q : € > D/C. Then pg ~ pq ~ ide. On the other
hand, for each d the morphism &4 : gp(d) — d has cofiber fg(d) € €, hence w(g4) is an equivalence,
so mqp(d) =~ 7(d), that is gpm(d) ~ 7(d). Since 7 is essentially surjective, it follows that gp ~ idp/e.
Thus p is an equivalence, so € ~ D/C and the sequence is a cofibre sequence. This proves (3).

Consider (3) = (2). Assume the sequence is a cofibre sequence and that g 4 f with f fully faithful.
Let :idp — fg be the unit. Define k(d) := fib(ng). Since gf = ide, the unit ny : f(c) - fgf(c)
is an equivalence, so k(f(c)) ~ 0 for all c¢. By the universal property of the cofibre &, the assignment
d ~ k(d) therefore factors through p: there exists ¢ : € — D and a natural equivalence ¢p ~ k. The
fibre inclusions gp(d) — d assemble into a natural transformation € : ¢p — idop.

Applying p to the fibre sequence gp(d) - d - fg(d) and using pf ~ 0 yields that p(eq) : pgp(d) -
p(d) is an equivalence. Since p is essentially surjective (it is a Verdier projection in a cofibre sequence),
this implies pg ~ ide. Let « : ide — pg be the inverse equivalence. Then (q,p,a,¢) exhibits an
adjunction ¢ 4 p with unit o and counit €, and the unit is an equivalence, hence ¢ is fully faithful.

Finally, the fibre sequence condition follows by identifying the kernel of p. If d € D satisfies p(d) ~ 0,
then ¢gp(d) ~ 0, hence ng : d - fg(d) has trivial fibre and is therefore an equivalence. Thus d ~ f(g(d))
lies in the essential image of f. The reverse inclusion im(f) ¢ ker(p) holds since pf ~ 0. Hence
ker(p) = im(f), and because f is fully faithful we get an equivalence € ~ ker(p), that is, the sequence
is a fibre sequence. This proves (2); since (2) + (3) implies (1) trivially, the claim follows. O

We deduce the following useful result.

Corollary 3.2.5. Let C ER D L € be a Verdier sequence in Cat™. Then p admits a left (respectively,
right) adjoint if and only if f admits a left (respectively, right) adjoint.

Proof. 1t suffices to prove the left-adjoint statement; the right-adjoint statement follows by passing to
opposite categories. For (=), assume p admits a left adjoint g. Since p is a Verdier projection, the
sequence is a fibre sequence, hence € ~ ker(p) and in particular f is fully faithful. By Corollary 3.2.2,
the existence of a left adjoint forces ¢ to be fully faithful. The implication (2) = (3) of Lemma 3.2.4
implies then that f admits a left adjoint. For (<), assume that f admits a left adjoint g. In a Verdier
sequence, p exhibits & ~ D/C. Since f is fully faithful and has a left adjoint, the implication (3) = (2)
of Lemma 3.2.4 implies that p admits a left adjoint. O

Remark 3.2.6. In diagrams, split Verdier sequences appear as
\/F \(P
C——D—¢E C—D——E&
NS N

And, by Lemma 3.2.4, to show that the sequences are idneed left (respectively, right) split Verdier, it
suffices to check that the functor D — & has a fully-faithful left (respectively, right) adjoint. This is
an extremely useful criterion in practice.

3.3. Semiorthogonal decompositions. We now discuss semiorthogonal decompositions and their
mutations. Conceptually, a semiorthogonal decomposition is a one-sided splitting of a Verdier se-
quence.

Notation 3.3.1. Let € € Cat™ be a stable category and let A € @ be a full stable subcategory. We
define the right orthogonal and left orthogonal of A as

A*:={z €D |home(a,z) ~0 for all a € C}, *A:={x € €| home(z,a) ~0 for all a € A}.
Notice that A c.

Remark 3.3.2. Let € ¢ Cat®™ be a stable category and let A ¢ C be a full stable subcategory. It is
easy to see that A* and *A are full stable subcategories of D, which are closed under retracts in D.
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Definition 3.3.3. Let € € Cat™ be a stable category and let A,B c @ be full stable subcategories.
We say that (A, B) is a semiorthogonal pair if homp(b,a) ~0 for all a € A, be B.

Equivalently, (A, B) is a semiorthogonal pair if B ¢ *A (or A € B'). A convinient way to impose
equality is given by decompositions:

Definition 3.3.4. Let € € Cat™ be a stable category. A (two-step) semiorthogonal decomposition of
D is a pair of full stable subcategories A, B ¢ € closed under retracts such that:

(1) The pair (A, B) is semiorthogonal.
(2) The pair (A,B) is a decomposition, in the sense that for every ¢ € C there exists an exact
sequence b > ¢ — a with b€ B and a € A.

In this case we write € = (A, B). Notice tha in a semiorthogonal decomposition, “the second category
appears first in the defining properties”.

Remark 3.3.5. Let C e Cat™ be a stable category and (A, B) a semiorthogonal decomposition. In
particular, condition (2) implies that C is generated as a thick subcategory by A and B: indeed every
object of € is an extension of an object of A by an object of B, and closure under shifts and retracts
propagates this to the thick closure.

The main point is that semiorthogonal decompositions are equivalent to one-sided split Verdier
sequences.

Lemma 3.3.6. Let C LpBebea right split Verdier sequence in Cat®* and let ¢ : E — D be the
fully faithful right adjoint of p. Set A := ¢(E) € D and B :=i(C) = ker(p) € D. Then the pair (A, B)
is semiorthogonal decomposition.

Proof. Since p 4 g, for ¢ € € and e € & it follows homq (i(¢), ¢(e)) ~ home (pi(c),e) ~ 0, proving (1).
For (2), consider the unit 14 : d — gp(d) of the adjunction p 4 g and let by := fib(ny). Exactness of p
gives p(by) ~ fib(p(ng)) ~ 0, hence by € ker(p) = B. Also gp(d) € A by definition. Thus by — d - gp(d)
is the desired fibre sequence. ]

Lemma 3.3.7. Let D = (A, B) be a semiorthogonal decomposition. Then there exists a right split
Verdier sequence

Bo>D A

whose right adjoint is the inclusion A < D.

Proof. For every d € D choose a fibre sequence b - d - d as in the definition of semiorthogonal
decomposition. Semiorthogonality implies that for any a € A,composition with d - a induces an
equivalence

homqp (a,a) ~ homyp (d, a),

since homp (b, @) ~ 0. This identifies a functorially as the reflection of d into A, hence defines an exact
functor pa : D - A left adjoint to the inclusion A < D. Its kernel is precisely the full subcategory of
objects mapping to 0, that is, by those d with ag ~ 0, equivalently those d ~ by € B. Thus ker(p,) = B.
By Corollary 3.2.2, p4 is a right split Verdier projection, hence B - D — A is a right split Verdier
sequence. Finally, B ¢ *A by semiorthogonality, and the converse inclusion follows from the universal
property of py. O

Corollary 3.3.8. Semiorthogonal decompositions are equivalent to right split Verdier sequences.

Proof. Follows from Lemma 3.3.7 and Lemma 3.3.6. O
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Remark 3.3.9. Dually, a left split Verdier sequence C 5 D B e with fully faithful left adjoint
q: € - D determines a semiorthogonal decomposition

D= (ker(p)a q(g))a

and conversely any semiorthogonal decomposition yields such a left split Verdier sequence by passing
to opposite categories.

We now discuss mutations: a tool to construct new semiorthogonal decompositions from old ones.

Definition 3.3.10. Let C ¢ Cat™ be a stable category and let A € € be a full stable subcategory. We
say that A is left admissible if the inclusion i, : A — € admits a left adjoint i*, and right admissible if
it admits a right adjoint i'. We say that A is admissible if it is both left and right admissible.

Remark 3.3.11. By Lemma 3.3.7, in any semiorthogonal decomposition € = (A, B) the subcategory
A is left admissible and B is right admissible. If the associated Verdier sequence is split (both adjoints),
then both A and B are admissible.

Construction 3.3.12. Let C ¢ Cat™ be a stable category and let A ¢ € be a full stable subcategory
with inclusion 1.
(1) Assume that A is right admissible, and let i, — i'. We define the left mutation functor through
A to be the exact endofunctor

Ly:C—C, La(c):= coﬁb(i*z’!(c) - c)7

where i, o' > ide is the counit of i, — it
(2) Assume that A is left admissible, and let ¢* 4 i,. We define the right mutation functor through
A is the exact endofunctor

Ru:€->€,  Ru(c):=fib(c—i.i*(c)),
where ide — ¢ 0¢* is the unit of i* - i,.

Notice the exchange of left and right. There is the following: a right admissible subcategory has a a
right adjoint, and the left mutation will move the subcategory to the left, a left admissible subcategory
has a a left adjoint, and the right mutation will move the subcategory to the right.

Lemma 3.3.13. Let C e Cat™ be a stable category and let A ¢ @ be full stable subcategory.
(1) If A is right admissible, then there exists an exact sequence 7,i' —ide - L4 and L, (€) ¢ A*.
(2) If A is left admissible, then there exists an exact sequence Ry — ide — i,i* and R4(C) ¢ *A.

Proof. Tt suffices to prove (1) since (2) follows by passing to opposite categories. Assume that i, = i'.
The exact sequence is by definition of L 4. Let ¢ € €. Given a € A, applying home(i.(a),-) to the
exact sequence i,i'(¢) = ¢ = Ly (c) produces the exact sequence

home (i (a),ixi (¢)) - home (ix(a), ¢) - home (ix(a),La(c)).
But now the first map identifies with the equivalence
home (i, (a),i.i' (¢)) =~ home(a,i'(c)) - home (iy(a),c)
via fully-faithfulness of ¢, and adjunction. O

Construction 3.3.14. Let € e Cat™ be a stable category and let A € € be an admissible full stable
subcategory. Given a full stable subcategory B c C, we define

La(B) := Thick({La(b) |be B}),  Ra(B):=Thick({Ra(b)|beB}).

Proposition 3.3.15. Let € € Cat®™ be a stable category and (A, B) a semiorthogonal decomposition.
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(1) If A is right admissible, then C = (L4(B), A) is again a semiorthogonal decomposition and
the restriction Lg|s : B — L4 (B) is an equivalence.

(2) If B is left admissible, then € = (B, Rz (A)) is again a semiorthogonal decomposition and the
restriction Rglq : A - Lg(A) is an equivalence.

Proof. Tt suffices to prove (1) since (2) follows by passing to opposite categories. Let i, — i' for
i : A = C the inclusion. To show that € = (L4(B), A) is a semiorthogonal decomposition it suffices
to check the definition. Lemma 3.3.13 implies that L4(C) ¢ A*, which implies immediately that
LA (B) c A'; in other terms home (A, L4(B)) ~ 0, thus the orthogonality condition. For the existence
of decompositions, standing the exact sequence i,i'(¢) - ¢ - Ly(c), it suffice to check that i,4'(c)
belongs to A, which is obvius up to the fully-faithful emebdding 7, : A < C.

For the second claim, it suffices to show that i,i'(b) ~ 0 for b € B. But for every a € A it is
hom 4 (a,i'(b)) = home (i (a),b) ~ 0, so that i'(b) ~ 0 in A, thus i, (b) ~ 0. a

Definition 3.3.16. Let € € Cat™ be a stable category and (A, B) a semiorthogonal decomposition.

(1) We will say that the semiorthogonal decomposition € = (L4(B), A) is obtained by (A, B) via
a left mutation.

(2) We will say that the semiorthogonal decomposition € = (B, Ru(A)) is obtained by (A, B) via
a right mutation.

Lax sums are particular examples of mutations:
Proposition 3.3.17. Let f: A — B be in Cat®. Then:

(1) There exists a semiorthogonal decomposition A ® 7B~ (A,B) induced by the lax limit cone.
(2) There exists a semiorthogonal decomposition A gf B ~ (B, (a, f(a),ids))) induced by the
oplax limit cone.

Furthermore, a right mutation of the first decomposition produces the second one, and a left mutation
of the second one produces the first one.

Proof. Consider the lax limit cone explained in Example 2.4.12. To fix the notation, let p : A gf B->A
and gq: A 5]« B — B be the projections and let
ker(p) = {(0,6,0 >b)} =B, ker(q) ={(a,0, f(a) > 0)} ~ A

be the kernels. Now, for orthogonality, it suffices to check that there is exactly one morphism (0,5,0 —
b) - (a,0, f(a) — 0). This is obvious, since 0 - a and b - 0 are the zero ones. For the existence of
decompositions, let (a,b, f(a) = b) € Agf B. Then (0,b,0 > b) > (a,b, f(a) = b) > (a,0, f(a) = 0)
is exact, since it is after projecting to the components. Thus (1). Consider now the oplax limit cone,
given by p: .Agf B —> A defined by (a,b, f(a) > b) » a and r: A(e_a} B — B defined by (a,b, f(a) >
b) = fib(f(a) = b). The kernel of r is then given by ker(r) = {(a, f(a),idf(q))}. For orthogonality, it
suffices to notice that the only map (a, f(a),ids()) = (0,b,0 — b) is the zero one. The existence of
decompositions is straightforward. Thus (2). The claim on mutation follows since the left and right
adjoint to the inclusion i, : B - A ng B - A are given by i* : (a,b, f(a) - b) ~ cofib(f(a) — b) and
-l

i =q. O

3.4. Stable recollements. Stable recollements are a further specification of semiorthogonal decom-
positions (and particular t-structures whose connective and coconnective halfs are stable).

Definition 3.4.1. Let €, D, & € Cat™ and suppose we are given fully faithful exact inclusions ic : € —
D and ig : &€ > D. We say that D is a stable recollement of the pair (C, &) if the following hold:

(1) There are adjunctions Le - ie and Lg —ig.
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(2) The composite Lg oie ~ 0 (equivalently, Le vanishes on @).
(3) The functors Le and Lg are jointly conservative.

Remark 3.4.2. In a picture, a stable recollement can be depicted as
Le

KT Lg
__~

in which the functors going ot of D are jointly convervative.

The first result identifies stable recollement with split Verdier sequences.

Proposition 3.4.3. If D is a stable recollement of € and &, then the sequence € 2 p L2, € in

Cat™ is a split Verdier sequence. Conversely, if € ERN DL eisa split Verdier sequence, then D is a
stable recollement of the stable subcategories f(€) and ¢(&), where ¢ denotes the right adjoint of p.

Proof. Consider (=). Assume D is a stable recollement of C and €, with inclusions iec : € = D and
ig : &€ = D, left adjoints Le - iec and Le - ig, vanishing composite Lgie ~ 0, and Le, Lg jointly
conservative. Notice that ker(Lg) ~ € inside D. The inclusion ie(C) < ker(Lg) is immediate from
Leie ~ 0. For the converse, let d € D satisfy Le(d) ~ 0 and consider the unit 7g : d - ieLe(d) of the
adjunction Le - ie. Let k = fib(ng) and notice that Le(k) ~ 0 by the triangle identities. Applying
Lg shows Le(k) ~ 0 since Le(ng) : Le(d) - LeieLe(d) ~ 0 is an equivalence (since Le(d) ~ 0). Joint
conservativity now forces k ~ 0, hence 74 is an equivalence and d ~ ie Le(d) lies in the essential image
of ie. Thus ker(L¢) = ie(€), so the sequence € - D Le, & is a fibre sequence in Cat™. Since Lg has
a right adjoint, it follows by Lemma 3.2.4 that the sequence is right split Verdier. Since ie admits a
left adjoint, Corollary 3.2.5 implies that Le has also a left adjoint, thus proving splitness.
Conversely (<), assume C Lok € is a split Verdier sequence, and let g be the right adjoint of p.
Then f is fully faithful (Verdier inclusion) and ¢ is fully faithful (since p is a split Verdier projection).
Hence f(€) and ¢(&) are stable subcategories of D with inclusions f and ¢, proving the first condition
for stable recollement. Let Le = p: D — &, which is left adjoint to ¢ by definition of ¢. Moreover, in a
split Verdier sequence the inclusion f admits a left adjoint; denote it by g : D — €. Then Le f =pf ~0,
so condition the second condition of stable recollement holds for the pair (f(€),¢(€)). It remains to
check joint conservativity of g and p. For every d € D, the split Verdier structure gives a functorial
exact sequence gp(d) - d — fg(d) in D. If p(d) ~ 0 then gp(d) ~ 0, and if also g(d) ~ 0 then fg(d) ~ 0;
hence d ~ 0. Thus g and p are jointly conservative, and D is a stable recollement of f(C) and ¢(€). O

We summarize the situation.

Remark 3.4.4. In particular, it follows that any of the diagrams of Verider sequence
Le

< Le I TN
C——D—>&, C+—D——E& and C——D—¢
K _» N

in which the first one corresponds to a stable recollement, can be completed to a diagram
Le
KT KT
C——D-Ler €,
INEES S N g
in which both the top and the bottom left pointing maps also form Verdier sequences. In particular,

to provide a stable recollement it is convinient to provide a split Verdier sequence, which in turn is
the same of giving a functor D — & which has (fully-faithful) adjoints on both sides.
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Remark 3.4.5. Let € > D — & be a stable recollement. Then the pair (i¢(C),i¢(€)) defines a
t-structure on D. Indeed, stability under (de)suspensions is clear, orthogonality follows since

Homyp (ie(€),ie(€)) ~ Homyp (Leie(C),E) ~0

being Leie ~ 0. For the existence of decompositions, it suffices to notice that the sequence iecLe —
idp — i¢ Lg is exact.

3.5. Examples. We now discuss some examples of Verdier sequences and stable recollements in the
context of schemes. We begin with an observation on pullback and pushforward.

Remark 3.5.1. Let X be a quasi-compact quasi-separated scheme and let j: U &> X and ¢: Z &> X
be a decomposition of X into an open U and closed Z.
(1) Consider the adjoint functors j* : QCoh(X) 2 QCoh(U) : j,. Then j* is t-exact and j, is
fully-faithful and and t-exact. In particular, j, identifies with the extension by zero. In general
J+ does not preserve coherent complexes.
(2) Consider the adjoint functors i* : QCoh(X) 2 QCoh(Z) : i,. Then i, is fully-faithful and
t-exact. In general, the pullback functor ¢* is not left t-exact, since the inclusion i: Z < X is
not of finite tor-amplitude.

Notation 3.5.2. Let X be a quasi-compact quasi-separated scheme and let j: U > X and ¢: Z = X
be a decomposition of X into an open U and closed Z. We let QCoh ,(X) denote the full subcategory
of QCoh(X) spanned by those quasi-coherent sheaves F' € QCoh(X) such that m,, (F) € QCoh(X)Y is
supported on Z (that is, their restriction to U vanishes). It is not hard to see that QCoh,(X) defines
a stable subcategory of QCoh(X).

Proposition 3.5.3. Let X be a quasi-compact quasi-separated scheme and let j : U - X and
i:Z - X be a decomposition of X into an open U and closed Z. Then there exists a right split
Verdier sequence
QCoh,(X) - QCoh(X) 2> QCoh(U))

in Prgt.

Proof. Since the right adjoint j,. is fully-faithful, Lemma 3.2.4 implies the existence of a right split
Verdier sequence ker(j*) — QCoh(X) <» QCoh(U) in Prl. Thus the claim will be proved if
QCoh,(X) ~ ker(5*). Notice, first of all, that m,(§*(F)) ~ j*m,(F) for every F' € QCoh(X). This
follows since j* is t-exact’. For (c), let F' € QCoh,(X). Then 7,(F) is supported on Z, so that
j*mn(F) ~ 0 in QCoh(U)Y for every m € Z. But this implies that 7, (5% (F)) = %7, (F) ~ 0, and
since the t-structure on QCoh(U) is non-degenerate by Example 1.3.7, it follows that j*F ~ 0, hence
F e ker(j*). Conversely (2), if F € ker(j*) then j*F ~ 0, so that m,(j*F) ~ j*7,(F) ~ 0, implying
that F' € QCoh,(X). O

The above right split Verdier sequence restricts to perfect complexes, after idempotent-completion.

Corollary 3.5.4. Let X be a quasi-compact quasi-separated scheme and let j: U - X and i: Z - X
be a decomposition of X into an open U and closed Z. Then there exists a Verdier sequence
Perfz(X) — Perf(X) EiN Perf(U)

in Cat™, after idempotent-competion.

2In particular, this is exactly the point where the proof of the analogue claim for closed immersions fails.
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Proof. Tt suffices to prove that (Perf(X)/Perfz(X))" — Perf(U) is an equivalence. This follows
from the Neeman—Thomason localization theorem | , Theorem 2.1], which identifies the compact
objects in the quotient as the idempotent completion of the Verdier quotient on compacts. O

In the case of noetherian schemes we have a Verdier sequence for coherent complexes. We need a
technical result.

Lemma 3.5.5. Let f: € — D be in Cat®™*. Assume that C and D carry bounded ¢-structures and that
fis t-exact. If f: @€Y - DY is an equivalence, then f is an equivalence.

Proof. Let x € € and define the amplitude of z to be
ampe () =sup{n e Z | 7 (z) # 0} —inf{n e Z | x¢(x)  0}.

Notice that ampe(z) € N being the ¢-structure on € bounded. Give a similar definition for the
amplitude of an object of D. Now to the actual proof. Notice first of all that f is conservative.
Indeed, if f(z) ~ 0, then 0 = 72 (f(z)) = fOxS(x) implies that 7(x) = 0 for every n € Z, being
f° conservative. In particular, x must be zero, since the t-structure on € is bounded, so that f is
conservative. To prove fully-faithfulness and essential surjectivity and fully-faithfulness separately it
is convinient to separated the arguments (since they involve complicated induction arguments).

(1) Fully-faithfulness amounts to show that the map home(z,y) = homy (f(z), f(y)) is an equiv-
alence for every x,y € C, or, equivalently, that Hompe (z, X"y) — Hompp (f(z), X" f(y)) is an
isomorphism for every n € Z. Assume first that x € €Y lies in the heart. The proog goes by
induction on the cohomological amplitude of y. If y has amplitude 0, then y ~ X™b for some
b e €Y and some m € Z. Hence Home(a, X"y) ~ Home(a, X2™*"b). If m+n < 0, then this group
vanishes by orthogonality of the ¢-structure, and similarly on D. If m +n = 0, this is exactly

Homeo (a,b) » Hompe (f(a), f(b)),
which is an isomorphism since f° is an equivalence. If m +n > 0, then
Home(a, X""b) — Homqp (f(a), 2" f(b))

is an isomorphism by the identification of higher extensions in the heart with morphisms into
positive suspensions, together with the fact that f is exact, t-exact, and induces an equivalence
on hearts. Assume now that y has positive amplitude, and let m be the largest integer such
that H™(y) # 0. Consider the truncation triangle

Tem-1y =y = 5710 (y).
Applying Home(a,¥"-) and Homq (f(a), ™) yields a morphism of long exact sequences.
By induction, the comparison maps are isomorphisms for 7¢,,-1y, since it has smaller ampli-
tude, and also for ¥™™7¢ (y), by the amplitude 0 case. It follows from the five lemma that
Home(a, X"y) - Homp (f(a), X" f(y)) is an isomorphism for every n € Z.
Now to the general case. Let x € € be arbitrary. The proof goes by induction on the
cohomological amplitude of z, in that for every y € € and every m € Z the map

Home (z,X™y) - Homop (f(2), ™ f(v))

is an isomorphism. If x has amplitude 0, then x ~ ¥"a for some a ¢ C”. In this case
Home (z,X™y) ~ Home(a, 2™ "y) and similarly on D, so the claim follows from the previous
paragraph. Assume now that z has positive amplitude, and let n be the largest integer such
that 7¢(x) # 0. Consider the exact sequence

Ten1® — & - "8 (z).

Applying Home (-, X™y) and Homqp (-, X™ f(y)) yields again a morphism of long exact se-
quences. By induction on the amplitude of x, the comparison maps are isomorphisms for
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Ten-1%, and by the special case already proved they are also isomorphisms for X" H"(x).
Therefore the middle map Home (2, X™y) - Homqp (f(x), 2™ f(y)) is an isomorphism for ev-
ery m € Z. It follows that for every x,y € € the natural map home(x,y) - homo (f(z), f(y))
is an equivalence. Thus f is fully faithful.

(2) For essential surjectivity, let d € D. The proof goes by induction on amp, (y). If ampy(y) =0
then d € DY and, by essentially surjectivity of f°, there exists ¢ € € ¢ € such that f(c) =
f9(c) ~ d, thus prooving the base case. For the inductive step, let n be the greates integer
such that 72 (y) # 0 and consider the exact sequence

Ten-1y =y = S0 (y).

By induction there exists ¢’ € € such that f(c¢) ~ 7<,—1y and by essential surjectivity on the
heart there exists ¢’ € €Y ¢ € such that f(c") =~ X", (y). Since the morphism X772 (y) -
Y Ten-1y is equivalent to a morphism f(c”) - X f(c') ~ f(X'), it lifts uniquely (by the fully-
faithfulness proved before) to a morphism ¢ — ¢’ in €. The fibre ¢ » ¢ - X¢’ shows then
that f(c) ~y, thus proving essential surjectivity.

Putting everything together, the claim follows. O

Proposition 3.5.6. Let X be a noetherian scheme and let j: U & X and ¢ : Z < X be a decomposition
of X into an open U and closed Z. Then there exists a Verdier sequence

Cohz(X) - Coh(X) 1> Coh(U)
in CatPt,

Proof. Notice first that, since j is flat being an open immersion, the functor j* : QCoh(X) — QCoh(U)
is t-exact, and hence preserves coherent complexes, thus restricting to a functor j* : Coh(X) —
Coh(U). The goal is to apply Lemma 3.5.5. Notice first that the bounded ¢-structure on Coh(X)
restricts to a bounded ¢-structure on Cohz(X) (essentially because if a complex on X has cohomology
supported on Z then its truncations have cohomology supported on Z). In particular, the quotient
Coh(X)/Cohz(X) has a bounded t-structure, and the induced functor Coh(X)/Cohz(X) - Coh(U)
is t-exact (see Exercise E.3.2). Thus the claim follows from Exercise E.3.3. O

Remark 3.5.7. Let X be a quasi-compact quasi-separated scheme and let j: U - X and i: Z & X
be a decomposition of X into an open U and closed Z. By Corollary 3.2.2 (and its proof) it follows
that the inclusion ¢, : QCoh,(X) - QCoh(X) admits a right adjoint 'z, called the global section
on Z, which is given by I'z(F) ~ fib(F — j.j*F) for F € QCoh(X). In particular, the situation is
summarised by the diagram

QCoh, (X) —“— QCoh(X) —— QCoh(1)).
v v
1_‘Z j*
In general, the above diagram cannot be extended to a stable recollement, since the restriction j*
does not admit a left adjoint j, at the level of derived categories of quasi-coherent sheaves. This is

tightly related to the Grothendieck-Neeman duality | , Theorem 1.7]: the functor j* admits a
left adjoint j, if and only if Grothendieck-Neeman duality holds for j: U — X, that is, if and only if j
is quasi-perfect (see [ , Definition 1.1]), and this deos not happen often.

Nonetheless, for schemes there is a wrong way recollement, proved in | ].

Proposition 3.5.8. Let X be a quasi-compact quasi-separated scheme and let j : U - X and
1:Z < X be a decomposition of X into a quasi-compact open U and closed Z. Then there exists a



FINITE METHODS FOR STABLE oo-CATEGORIES 32

stable recollement

J Lx

N RS
QCoh(U) —jx + QCoh(X) -T2+ QCoh,(X).
- -

The reason why it is a wrong way recollement is because, in general, the open part is on the right of
the diagram.

4. CALCULUS OF SUBCATEGORIES

In this chapter we introduce a calculus of subcategories of a stable category. We first study the
basic operations on subcategories, such as extension, retract closure, and inverse or direct image along
exact functors. We then pass to the finite constructions given by coproduct closures and thickenings,
and to their “big” variants obtained by allowing arbitrary coproducts. The chapter ends with the
notion of generation time, which will be one of the main numerical invariants used in the rest of the
notes.

4.1. Basic operations.

Notation 4.1.1. Let € € Cat®™ be a stable category. We will denote by Sub(€) the large set of full
subcategories of €, and we will regard it as a poset ordered by inclusion. Given A, B € Sub(C), the
operations Av B =AuB and AAB = An B equip Sub(C) with the structure of a distributive lattice,
for which the empty subcategory and € furnish the initial and terminal element. Let f: C — D be in
Cat®. Then the inverse image defines a functor f~' : Sub(D) - Sub(€) via A + f~1(A) defined in
the obvious way. Notice that there exists a double adjunction
3
N
Sub(D) - s+ Sub(C)
N_ 7

A

thus making f~' a morhpism of lattices (since it preserves all meets and all joins). The existen-
tial image 3y is defined by B ~ f(B) and the universal image Vs is defined by B — V{A €
Sub(D) such that f~'(A4) ¢ B}. It follows that the assignment € ~ Sub(€) may be regarded as
a functor (CautSt)Op — Lattices with values in the category of large distributive lattices.

Remark 4.1.2. We will understand distributive lattices as 1-categories with contractible mapping
spaces, that have all limits and colimits, for which arbitrary colimits distribute over limits.

The “calculus of subcategories” consists of studying the possible operations defined on the distribu-
tive lattice of subcategories. We begin with introducing a monoidal structure on Sub(@).

Definition 4.1.3. Let C e Cat®™ be a stable category and let A, B ¢ € be two full subcategories. The
extension of A with B is the full subcategory A * B spanned by those objects x € C for which there is
an exact sequence a -~ x — b with a € A and be B.

Remark 4.1.4. Let C ¢ Cat™ be a stable category and let A, B € € be two full subcategories. If 0 € A,
then the convolution A * B contains B via the extension 0 - b — b for b€ B.

Remark 4.1.5. Let € € Cat™ be a stable category and regard the extension of subcategories as
an operation — * — : Sub(€) x Sub(€) - Sub(C). Let 0 denote the zero subcategory (that is, the
subcategory containing only the zero object). Then:
(1) The triple (Sub(€), *,0) defines a monoidal category for which the tensor product preserves
colimits in each variable separately.
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(2) The extension prodcut is compatible with taking opposites, in that (A * B)°P = B°P x» A°P for
every pair of full subcategories A, B ¢ C.
Indeed, for the first part of (1) it suffices to notice that the octahedral axiom furnishes A+ (B % C) =
(A * B) » C for every triple of subcategories A, B,C ¢ € and that A+ 0= A =0%* A. For the second
part, it is just a computation. Point (2) is trivial.

Remark 4.1.6. Let € ¢ Cat™ be a stable category and let A € Sub(C) be a full subcategory. Let
A4, pa :Sub(C) — Sub(€) be the functors defined by

B Aa(B)={zeC|{z}+Ac B} B~ pa(B)={xecC|Ax{x}c B}

Then a trivial computation shows that Ag 4+ A * — and A * — 4 pa. It follows that the monoidal
structure is both left and right closed.

The following result summarise everything: we have defined a residuated lattice.

Corollary 4.1.7. Let € € Cat™ be a stable category. Then Sub(€) is complete and cocomplete 1-
category with contractible mapping spaces for which arbitrary colimits distribute over finite limits.
Furthermore, with the monoidal structure given by the extension product, Sub(C) is left and right
closed.

We now study the functoriality of this observation.

Lemma 4.1.8. Let f:€— D be in Cat™.

(1) The functor f~! is lax monoidal.
(2) The functor 3; is oplax monoidal. If f is a Verdier inclusion, then 3; is symmetric monoidal.

Proof. The first claim amounts to show that f~'(A)* f~1(B) ¢ f™'(Ax B) for A, B € Sub(D), which is
trivial. In particular, since the right adjoint f! is lax monoidal, the left adjoint 3 t is oplax monoidal,
that is 35 (A*B) € 35(A)*35(B) for A, B € Sub(€). The last claim follows from Proposition 3.1.6. O

We now introduce a closure operator on Sub(C). Recall that a closure operator on a poset (P, <) is a
functor cl: P — P which is extensive (that is, « < cl(z)), monotone (that is z < y implies cl(x) < cl(y))
and idempotent (that is cl(cl(z)) = cl(x)). Recall also that an interior operator on a poset (P,<) is a
functor in : P » P which is intensive (that is in(x) < x), monotone and idempotent.

Definition 4.1.9. Let € e Cat™ be a stable category and let B ¢ € be a full subcategory. We define:

(1) The retract closure smd(B) of B is the smallest full subcategory of € closed under retracts
and containing B.

(2) The retract interior smdl’(B) of B is the largest full subcategory of B closed under retracts.

Remark 4.1.10. Let C € Cat™ be a stable category. Then the assignments B ~ smd(B) and B ~
smd’(B) define a closure smd : Sub(€) — Sub(€) and an interior operator smd’ : Sub(€) — Sub(€).
Notice furthermore that they extend to an adjunction smd : Sub(€) 2 Sub(€) : smd’. In particular,
the retract closure preserves all joins.

Lemma 4.1.11. Let C e Cat™ be a stable category. Then smd : Sub(€) — Sub(C) is lax monoidal.

Proof. Let A, B ¢ € be two full subcategories. The claim is smd(A) * smd(B) <€ smd(A * B). Pick
y € smd(A) »smd(B). Then there is a cofibre sequence a’ — y - b’ with a’ € smd(A) and b’ € smd(B).
Choose retract data a’ - a - o’ and b’ - b — b’ with a € A and b € B. Using functoriality of exact
sequences, one checks that y is a retract of an object y’ sitting in a exact sequence a — 4" — b, hence
y' € A x B and therefore y € smd(A4 * B). O

We now study the interaction between the retract closure and the existential and inverse image.
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Lemma 4.1.12. Let f:C - D be in Cat™.
(1) Then 35 osmd ¢ smdo3y.
(2) If f is a Verdier inclusion, then 37 o smd = smd o3y.
(3) Then smdof™!c f~!osmd.
(4) If f is a Verdier projection, then f~!osmd c ker(f) * (=) * ker(f).

Proof. Let A € Sub(C) be a full subcategory. Consider (1) and let x € smd(A). Then there exists a
retract © - a - x with a € A. Apply f to get that f(x) is a retract of f(a), so that 3;osmd < smd o3;.

Consider (2). Tt follows from Proposition 3.1.6: since the essential image of f is closed under
retracts, any such diagram z — f(a) - = must have x ~ f(y), and since f is fully-faithful, the above
lifts to a retract x — a — x, thus showing that z is the image of a retract of an object of A.

Consider (3). Let B € Sub(D) and let x e smd(f~!(B)). By definition, there exists y € f~*(B) and
maps x — y - x whose composite is id,. Applying f, the object f(x) is a retract of f(y) € B, hence
f(z) e smd(B). Therefore z € f~!(smd(B)).

Consider (4) let z € f~!(smd(B)) for B € Sub(D). Thus ¢(z) € smd(B) and there exists a retract
f(z) = b — f(x). Choose y € C such that f(y) ~ b; then y € f71(B). By the calculus of fractions
for Verdier projections Remark 3.1.9, the morphisms f(z) - b~ f(y) and f(y) ~ b — f(x) may be
represented by roofs, in that there exist morphisms z - w < y and y - v < z in € whose right leg
w < y and v < x is an equivalence modulo ker(f), that is its fibre (or equivalently cofibre) lies in
ker(f). Then z fits into an exact sequence fib(z - w) - x - w and in particular x € ker(f) * {w}. On
the other side, the exact sequence y — w — cofib(y — w) shows w € {y} * ker(f) ¢ f~*(B) * ker(f).
Putting everything together shows z € ker(f) * {w} € ker(f) * f71(B) * ker(f), which implies the
claim. Notice that the same result would have been obtained starting from y - v « z. O

4.2. The finite picture. We now introduce some finite operations. We begin with the closure under
shifts.

Notation 4.2.1. Let C € Cat™ be a stable category. Given a full subcategory B € €, we write
Z(B) for the strictly full subcategory spanned by all shifts %' with i € Z and b € B. Notice that
Z : Sub(€C) — Sub(C) is a closure operator that commutes with all joins and meets. Notice that it is
oplax monoidal, in the sense that Z(A * B) € Z(A) » Z(B). It is not hard to see that Z(A) » Z(B) =
Z(AxZ(B))=2(Z(A) * B), so if one of the input is shift closed then Z is symmetric monoidal.

Definition 4.2.2. Let € € Cat™ be a stable category and let A ¢ € be a full subcategory. Define
add(A) < € to be the full subcategory generated from A under finite coproduct. We define, inductively,
the following full subcategories:

(1) The 1-coproduct closure of A as coprod,(A) :=add(A).

(2) The n-coproduct closure of A as coprod,,,;(A) := coprod; (A) * coprod,, (A).

(3) The coproduct closure of A as coprod(A) :=U,s1 coprod,, (A).
By construction, coprod,,(A4) is not closed under retracts in general. This is deliberate: it isolates the
“pure n-step cell” part. In the following we will also denote by coprod,(A) = 0 the zero subcategory.

Lemma 4.2.3. Let € € Cat™ be a stable category. Then coprod,, : Sub(€) — Sub(€) is a functor for
every n € N, even infinite.

Proof. The first claim is that coprod,,(A) ¢ coprod,,(B) whenever A ¢ B. This follows easily for
n =1 by Notation 4.2.1 and the definition of add. The general setp follows then by induction, once
it is remembered that * preserves inclusions in each variable separately. The case where n is infinite
follows by functoriality of joins. O

Remark 4.2.4. Notice that coprod;, coprod : Sub(€) - Sub(€) are closure operators, whereas the
n-corpoduct closure is not. Furthermore, the functors coprod,,, for n € N, and coprod do not preserve
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arbitrary joins or meets (but it preserves directed joins) since mixed extensions are available, and are
not (op)lax monoidal.

We still have a calculus for the n-coproducts.

Lemma 4.2.5. Let C e Cat™ be a stable category. Then:

1) The filtration is increasing, coprod,, € coprod,,, ;.

) The filtration is strictly additive, coprod,, * coprod,, = coprod,,,,,,.

) The coproduct closure is a fixed point, coprod = coprod * coprod.

) The filtration is strictly multiplicative, coprod,,(coprod,,) = coprod,,,,,.
) Let A € Sub(€) and z € coprod,,(A). Then there exists a filtration 0 =zg > 21 > >z, = ¢

where each successive cofibre lies in coprod, (A).

Proof. For (1), notice that 0 € coprod;, so that coprod,, € coprod,,; by Remark 4.1.4. For (2), it
suffices to use the associativity of *. For (3), the inclusion (<) is always true, so consider (2). Given
x € coprod * coprod there exists a triangle y - = — z with y € coprod,, and z € coprod,,, so that
x € coprod ¢ coprod. Point (5) can be then proved by induction. O

n+m —
We also have the following functoriality of (the shifts and of) the n-coproducts.

Lemma 4.2.6. Let f:C— D be in Cat™ and let ker(f) be the kernel. Then:

(1) The existential image commutes Z, in that 3p0Z =Z o 3y.

(2) The inverse image commutes Z, in that f1oZ =7 o f1.

(3) The ezistential image preserves coprod,, for every n € N, even infinite, in that 3¢ o coprod,, <
coprod,, o3y. Equality holds if f is a Verdier inclusion.

(4) The inverse image preserves coprod,, up to a kernel for every n € N, even infinite, in that

coprod,, (f~! (=) uker(f)) € 7' (coprod,, (-)).

Proof. Let A e Sub(C) be a full subcategory. Then an element belongs to 35(Z(A)) if and only if it is
f(X"a) for some n € Z and a € A, and since f is exact, if and only if it is £" f(a), that is, if and only
if is in Z(35(A)). This proves (1). The proof of (2) is similar. For (3), notice that in the case n =1 it
is actually 3¢ o coprod; = coprod, o3¢ since f is exact. For the general case, use induction and point
(2) of Lemma 4.1.12. Consider now (4) and let B € Sub(D) be a full subcategory. Since the counit
of the existential-inverse image furnishes an inclusion 3¢(f™*(B)) ¢ B and since 37 (ker(f)) c {0} by
kernel arguments, it is 3;(f(B) uker(f)) € Bu {0} via functoriality of the existential image. By
using that the existential image preserves coprod,, it follows that

3¢(coprod,, (f~(B) uker(f))) < coprod,, (37(f~"(B) uker(f))) < coprod,, (B u {0}).
Since 0 € coprod, (B), it follows that coprod,, (B u{0}) = coprod,,(B) for all n > 1. Hence
Elf(coprodn(f_l(B))) ¢ coprod,, (B).

Unwinding the definition of 37, this means: for every x € coprod,,(f~!(B) uker(f)) one has f(z) €
coprod,,(B), that is, z € f~!(coprod,,(B)). This proves the first inclusion. The statement for coprod =
Uns1 coprod,, follows by taking unions over n. O

Taking closure under retracts in each step leads to the following.

Definition 4.2.7. Let € e Cat™ be a stable category and let A € € be a full subcategory. We define:
(1) The 1-thickening of A as thicky (A) := smd(coprod,; (Z(A)))
(2) The n-thickening of A as thick, (A) := smd(thick; (A) * thick,_1(A4)).
(3) The thickening of A as thick(A) = U, thick, (A).
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In other terms, the 1-thickening of A is the smallest full subcategory of € closed under shifts, finite
coproducts and retracts containing A and the the n-thickening as the closure under retracts of the
extension product of the 1 and (n - 1)-thickening of A. In the following we will also denote by
thicko(A) = 0 the zero subcategory.

Lemma 4.2.8. Let C ¢ Cat™ be a stable category. Then thick, : Sub(€) - Sub(C) is a functor for
every n € N, even infinite.

Proof. The claim is that thick,(A) ¢ thick, (B) whenever A ¢ B. The proog goes by induction, the
case n = 0,1 being trivial. Assume the claim for n—1. Then thick; (A4) ¢ thicks (B) and thick,_1(A) ¢
thick,,—1(B). In particular,

thick; (A) * thick,_1 (A) € thick; (A) * thick,_1 (B) ¢ thick; (B) * thick,,_1(B)
since the extension product preserves inclusions. The claim then follows since smd is monotone. [l
The following result explains the calculus for thickenings.

Lemma 4.2.9. Let € e Cat™ be a stable category.

(1) The filtration is increasing, thick,, € thick,1.

(2) The filtration is additive thick,, * thick, ¢ thick,, .
It becomes an equality after retract closure, thick,,, = smd(thick,, * thick,, ).

(3) The thickening is a fixed point, thick * thick = thick.

(4) The filtration is strictly multiplicative, thick,, (thick,,) = thick,,.

(5) Let A € Sub(€) and x € thick, (A). Then there exists a filtration 0 =29 > &1 > = >z, =
where each successive cofibre lies in thick;(A).

The filtration in (4) is called the cell filtration of x.

Proof. The proof goes exactly as in Lemma 4.2.5. O
We have the following converse to the cell filtration.

Corollary 4.2.10. Let € € Cat™ be a stable category. Then thick,, = smd(thick]™).

Proof. Tt follows from point (2) of Lemma 4.2.9. O

Lemma 4.2.11. Let C ¢ Cat™ be a stable category. Then thick,, = smd coprod,, for every n € N, even
infinite.

We also have the following functoriality for n-thickenings.

Lemma 4.2.12. Let f:C— D be in Cat™. Then:

(1) The ezistential image preserves thick, for every n € N, even infinite, in that 3¢ (thick,(-)) ¢
thick,, (37(-)). Equality holds if f is a Verdier inclusion.

(2) The inverse image preserves thick, up to a kernel for every n € N, even infinite, in that
thick, (f~1(-) uker(f)) c f~!(thick,(-)).

Proof. Let A € Sub(€) and let x € thick,(A). Then by Lemma 4.2.9 there exists a filtration 0 =
g > &1 = -+ > &, = ¢ whose successive cofibres lie in thick;(A). Since f is exact, the successive
cofibres, after applying f, all lie in 3¢ (thick;(A)) ¢ thick;(37(A)). Here the last inclusion follows from
Lemma 4.2.6 and point (2) of Lemma 4.1.12. The claim for infinite n follows since 35 preserves joins,
being a left adjoint. For (2), the proof follows from Lemma 4.2.6 plus the fact that f~! commutes
with Z by Lemma 4.2.6 and with the retract closure by point (3) of Lemma 4.1.12. O

There exists an interesting functoriality of n-coproducts and thickening for (left, respectively right
split) Verdier projections.
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Proposition 4.2.13. Let ¢: D — € be a Verdier projection with kernel ker(q).

(1) If ¢ + ¢™ has a right adjoint, then ¢~ = ker(¢) * ;= as functors Sub(€) — Sub(D).
(2) Dually, if ¢~ - ¢ has a left adjoint, then ¢~ = 3,1 * ker(g) as functors Sub(&) - Sub(D).

In one of this cases, there are inclusions

q* o coprod,, € coprod,,,; (¢"* Uker(q)) and q* o thick,, € thick, (¢! Uker(q))

of functors Sub(€) - Sub(D).

Proof. Let E € Sub(€) and consider (1). If z € "1 (E), then the exact sequence s, — = — ¢®q(z) with
s, € ker(q) shows that x € ker(q)  I;r (E). Conversely, given z € ker(q) » 3;r (£), then there exists an
exact sequence k — x — ¢%(e). Applying ¢ yields 0 - ¢(z) - q¢®(e) ~ e being ¢® fully-faithful, thus
x € ¢ '(E). The proof of (2) is similar. Consider now the last statement, and assume (1) (the proof
in case of (2) is analogous). Then

¢ ' (coprod,,(E)) =ker(g) * 3,z (coprod,,(E))
¢ ker(q) * coprod,, (3 ,r (£))
¢ ker(q) * coprod,, (¢ (E))
¢ ker(q) * coprod,, (ker(q) ug *(E))
¢ (ker(q) uq™'(E)) = coprod,, (ker(q) g™ (E))
¢ coprod,,, (ker(q) u ¢~ (E)).

Here the first equality is point (1), the second inclusion is Lemma 4.2.6, the third one is the inclusion
3, (E) € ¢*(E) (which follows since ¢ is fully-faithful), the fourth and fifth one follow since ¢ ' (E) <
ker(q)ug~'(E) and the last one is by definition of coprod,,. The statement with thickening is analogous.

O

The 1-thickening of a full subcategory is not stable in general, since it lacks cofibres (but it contains
the zero object).

Example 4.2.14. Let R € CAlg(Sp)? be a classical ring and consider the category of perfect modules
Perfg. Consider the 1-thickening thick;(R) of R. Pick t € R and notice that the multiplication by
t: R - R lies in thick; (R) of R. However, the cofibre is given by the quotient R/t, and if ¢ is not a
unit or a zero divisor then R/t ¢ thick; (R).

In the limit n — co, the n-thickening becomes more and more stable.

Lemma 4.2.15. Let C € Cat™ be a stable category and let A ¢ € be a full subcategory. Then the
thickening thick(A) is stable and coincide with the thick closure of Notation 3.1.4 (thus justifying the
notation).

Proof. Indeed, notice that thick(A) contains the zero object and is closed under shifts (because each
thick, (A4) is). For cofibres, pick z — y in thick(A), and assume that « € thick, (A) and y € thick,,(A)
for n,m € N. Then, by rotating, the cofibre sequence y — cofib - Xz has Xz € thick,(A) and
y € thick,,(A), and Lemma 4.2.9 implies that cofib € thick,, (A) * thick, (A), that is cofib € thick(A).
Closure under retracts follows since every n-thickening of A is closed under retracts. Finally, since
thick(A) is stable, closed under retract and contains A, it follows that thicke(A) ¢ thick(A). Con-
versely, if D is a stable subcategory of € closed under retract and contains A, then the operations
used to construct thick(A) preserve D, so that thick(A) ¢ D, thus proving thick(A) ¢ thicke(4). O
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4.3. The big picture. It is useful to record a variant of the previous constructions which allows
arbitrary corpoducts.

Definition 4.3.1. Let C¢ Pr; be a presentable stable category and let A € € be a full subcategory.
We define Add(A) be the full subcategory generated from A under arbitrary coproducts. We define,
inductively, the following full subcategories:

(1) The big 1-coproduct closure of A as Coprod,(A) := Add(ZA).

(2) The big n-coproduct closure of A as Coprod,,(A) := Coprod, (A) = Coprod,,_;(A).

(3) The big coproduct closure of A as the smallest full subcategory Coprod(A) containing A and
closed under Add(-) and .

(4) The big 1-thickening of A as Thicky (A) := smd(Add(ZA)).

(5) The big n-thickening of A as Thick, (A) := smd(Thick; (A) * Thick,_1(A)).

(6) The big thickening of A as Thick(A) = Uy Thick,, (A).

Warning 4.3.2. Let C ¢ Prlﬁt be a presentable stable category and let A € € be a full subcategory.
Notice that the definition of the big coproduct closure of A of Definition 4.3.1 differs from the def-
inition of coproduct closure of Definition 4.2.2. The reason behind the discrepacy is the following.
Since coprod; (A) is defined using finite coproducts, the union coprod(A) = U,s; coprod, (A) is au-
tomatically closed under finite coproducts: given finitely many objects x; € coprod,, (A), they all lie
in coprod (A) for N = max; n;, hence @; x; € coprod  (A) € coprod(A). In contrast, with arbitrary
coproducts one may have a family (z;)ss such that each x; € Coprod,,, (A) but the integers n; are
unbounded. Then there need not exist a single N with x; € Coprody(A) for all i, so the naive union
Unen Coprod,, (A) is not guaranteed to be closed under arbitrary coproducts.

Recall now the following.

Definition 4.3.3. Let Ce¢ Prlﬁt be a presentable stable category and let A ¢ € be a full subcategory.
We will say that A is localizing if it is stable and closed under filtered colimits. We denote by
Loce : Sub(€) — Sub(C) the localizing operator.

Remark 4.3.4. Notice that a localizing subcategory is always closed under small colimits. Further-
more, the Eilenberg-swindle implies that a localizing subcategory is always thick. Such a category is
also closed under extensions.

The next result shows that the big thickening is localizing.

Lemma 4.3.5. Let Ce¢ Pri‘t be presentable stable category and let A ¢ € be a full subcategory. Then
Thick(A) is localizing and Thick(A) = Loce(A4).

Proof. By construction Thick(A) is stable and closed under coproducts; closure under all small col-
imits follows since a stable subcategory closed under all coproducts is closed under all small colimits.
Minimality is proved as in Lemma 4.2.15. O

We also recall a “windowed” version of Definition 4.2.7, following | , Reminder 0.12].

Construction 4.3.6. Let C e Cat™ be a stable category and let A € € be a full subcategory. Given
integers p < ¢, we define the [p, ¢]-window of A as the full subcategory A[p,q] = {X"a forae A, p<i<
q}. We may then plug the [p, ¢]-window of A instead of the shift closure of A as input of Definition 4.2.7
and Definition 4.3.1, thus we may define:
(1) The 1-thickening of the window A[p,q] as thick; (A[p,q]) := smd(add(A[p,q])).
(2) The n-thickening of the window A[p, q] as thick,, (A[p, ¢]) := smd(thick; (A[p, ¢])*thick,_1 (A[p,q])).
(3) The thickening of the window A[p,q] as thick(A[p, q]) := Upen thick, (A[p, q]).

Furthermore, if C € Prgt is presentable, then we may define:
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(1) The big 1-thickening of the window A[p,q] as Thick, (A[p,q]) := smd(Add(A[p,q])).
(2) The big n-thickening of the window A[p,q] as Thick,(A[p,q]) = smd(Thick;(A[p,q]) *

Thick,-1(A[p,q]))-
(3) The big thickening of the window A[p,q] as Thick(A[p,q]) := Unen Thick, (A[p, q]).

4.4. The generation time.

Definition 4.4.1. Let € € Cat™ be a stable category and let G € € be a full subcategory. Given a
subcategory D c €, we define the generation time of D by G as

®g(D) = inf{n € N such that D ¢ thick,(3)}.
Notice that (D) € N U {+00} since the infimum of the empty set is +co.
We recall the max-plus structure on the extend natural numbers.

Remark 4.4.2. Let N, := NU {00} be ordered by the usual <, and define the max-plus operations
n@®m = max(n,m) and n®m := n+m (with the convention n+ oo = c0). Then (N, <) is a total order,
hence a distributive lattice, and in fact it is complete: for every S ¢ N, the join VS =sup.S and the
meet AS =infS exist in N, with V@ = 0 and A @ = co. The multiplication ® = + is monotone in
each variable and preserves nonempty joins: for every n € No, and every nonempty family {m; };c; one
has n® (Bje; M) = N +SUp;e; My = sSup;e;(n+m;) = @i (n®m;) (and similarly in the other variable).
Notice that ® does not preserve arbitrary joins, because it fails to preserve the empty join: for every
n>0itisn®(Vg)=n®0=n+0=V2=V(ner). In particular, (Ne,®,®) is not a (unital)
quantale and is not monoidal closed.

It follows that N, is a complete and cocomplete 1-category with contractible mapping spaces for
which arbitrary colimits distribute over finite limits, and it has a symmetric monoidal structure which
preserves non-empty colimits in each variable separately.

We recall all the properties of the generation time.

Proposition 4.4.3. Let C e Cat®™ be a stable category and let G € € be a full subcategory. Then the
generation time by G defines an oplax colimit preserving functor &Jg : Sub(€) - N.

Proof. First of all, to show that &g defines a functor it suffices to check that if D, E € Sub(C) are full
subcategories such that D ¢ F| then
g(D) SQ(E).
If the generation time of F is infinite, then there is nothing to pove. If it is finite, say equal to n € N,
then the claim follows since D € F ¢ thick,(§). To show that the generation time by § preserves all
colimits it suffices to construct a right adjoint to it. Define n ~ thick, (G) for n € N and oo — €. The
equivalence on mapping spaces reads as E ¢ thick, (§) if and only if &g (FE) < n for n € Noo. This is
clearly true for finite n, since if F is contained in the n-thickening of G then its generation time is
bounded by n and viceversa, and for n = oo it is trivially true. Finally, to show that it is is oplax
monoidal, it suffices to show that it preserves the monoidal unit (and this is trivial since &g (0) = 0)
and that
Wg (D E) <Bg(D) +0g(E).

For this inequality, if one of the generation times on the right is infinite, then the claim is trival. Assume
therefore that the generation times of D and F by § are finite, say n and m. Then D ¢ thick,(§) and
E ¢ thick,,(G). Lemma 4.2.9 implies then that D % E ¢ thick,,(§) * thick,,(G) € thick,.,(§), thus
proving the claim. O

Remark 4.4.4. Let C € Cat™ be a stable category and let G € € be a full subcategory. The preservation
of colimits means explicitly that
Bg(Vier E;) = max Vs (E;)
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for every family (F;);c; € Sub(C) of subcategories.
On the side of the chosed generating subcategory we have the following.

emma 4.4.5. Let C ¢ Cat™ be a stable category and let E ¢ C be a full subcategory. Then
B_(E) : Sub(C)°P - N, is a functor.

Proof. The claim is that whenever G ¢ H then &5 (D) <@g (D). If the right term is infinite then there
is nothing to prove. Assume therefore that it is finite, equal to n. Then D ¢ thick,(§) ¢ thick, (),
where the last inclusion follows from Lemma 4.2.8. O

emark 4.4.6. Let @ e Cat™ be a stable category. Then the generation time defines a functor
() : Sub(€)°P x Sub(€) = N, that is, a map of posets.

We record other useful properties.

Lemma 4.4.7. Let C ¢ Cat®™ be a stable category and let § € Sub(€)°? and D € Sub(€) be full
subcategories. Then:

(1) The generation time by § is insensitve to the shift and retract closure. In other terms,
De(2(D) =Tg(D)  and  Tg(smd(D)) =Ty (D).

(2) The generation time by G has thickening bound. In other terms, if &g (D) < n < oo, then for
every k > 1 one has
g (thicky (D)) < kn.
(3) The generation time by G satisfies the Cell-filtration criterion. In other terms For n € N, it is
®g(D) < n if and only if every x € D admits a cell filtration, that is a diagram 0 = zq — z1 —
- — x, = x whose successive cofibres lie in thick; (G).

Proof. Point (1) follows since the thickenings thick, (G) are closed under shifts and retracts. For (2)
notice that if D c thick, (G) then thicky (D) ¢ thicky, thick, (§) < thickg, () by Lemma 4.2.9. For (3)
assume first that ©g(D) < n. Then D ¢ thick, (§), and thus every z € D admits a cell filtration by
Lemma 4.2.9. Conversely, if x € D admits such filtration, then Corollary 4.2.10 implies x € thick, (G)
and thus ©g (D) < n. O

We now prove some useful inequality. The first one is the “existential inequality”.

Proposition 4.4.8. Let f: € — D be a functor in Cat™ and let G € Sub(€)°P and E € Sub(€) be full
subcategories. Then af(g) (34(E)) <5 (E).

Proof. If the right hand side is infinite then there is nothing to prove. Assume therefore that it
is finite, say equal to n. Then E ¢ thick,(9) and the functoriality of 3; together with ?? imply
37(E) € 34(thick, (9)) ¢ thick,(37(9)). Thus &5, (g)(37(E)) <n =Tg(E). O

We now prove the “adjunction inequality”.

Proposition 4.4.9. Let f: € - D be a functor in Cat® and let H € Sub(D)°P and E € Sub(€) be
full subcategories. Then ¢ (37(E)) <&j-1(9¢)(E).

Proof. If the right term is infinite there is nothing to prove. assume that it is finite, say equal to
n. Then E ¢ thick,(f '(3)), thus by applying 3; it follows that 37(E) ¢ 3y thick,(f(H))
thick,, (3771 (3)) ¢ thick, (H). Here the first inclusion follows since 3; is a functor, the second one
by Lemma 4.2.12 and the last one by using the counit 35 o f™! — idgup(p). Thus Wy (34(E)) <n =
D190 (B). O

Corollary 4.4.10. Let f: € — D be a functor in Cat®™ and let 3 € Sub(D)°P and K € Sub(D). Then:
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(1) Tt is }((Hff_l(K)) Sf—l(g{)(f_l(K)).
(2) If K is f-saturated, in that K = 3;f~1(K), then Sy (K) <1 g0 (FH(K)).

Proof. 1t follows from Proposition 4.4.9. O

Proposition 4.4.11. Let C 5 D5 € be a Verdier sequence in Cat® and let K := ker(p) ~im(s) € D.
Then:

(1) (3,p* =id and the kernel is invisible) For all H € Sub(&) one has
3,(p"(H))=H,  3,(K)=0, 3I,(AUK)=3,(A) (AeSub(D)).
In particular, for all G, H € Sub(¢),
G(H) < p—l(G)(p_l(H)).
(2) (Pullback is controlled up to the kernel) For all G, H € Sub(€),
p‘l(G)*K(p_l(H)) < G(H)
Consequently,
Bveur(p ' (H)) < 286(H).
(3) Assume the Verdier sequence is right split. Then for every H € Sub(¢&),
p H(H) = K % 3,(H).
In particular, for all G, H € Sub(¢),
Kugq(g)(p_l(H)) <1 +G(H).
Dually, if the sequence is left split with fully faithful left adjoint ¢: & — D, then
pH(H)=3(H) K, Ok, (p (H)) < 1+86(H).

Proof. 7?. Let n :=4(B), so B ¢ (A),. Since p is exact, the induced map 3, preserves shifts and
cofibres, hence extensions; moreover it preserves retracts. Therefore 3,((4),) € (3,(A)),. Applying
3, to the inclusion B ¢ (A),, yields 3,(B) <€ (3,(A))n, so 3P(A)(EIP(B)) <m.

??. The functor p is essentially surjective (it exhibits € as the Verdier quotient D/K), so every
object of H admits a lift in p~'(H); this gives H € 3,(p"*H), while the counit of the adjunction
on subcategories gives 3,(p"'H) ¢ H, hence equality. Also p vanishes on K, so 3,(K) = 0; thus
3,(AUuK) =3,(A).

For the inequality, let n := p-l(G)(p’l(H)), so p ' (H) < (p7(G))n. Applying 3, and using the
previous paragraph gives

H = Elp(p_lH) S 3p(<p_1(G))n) S Gp(p_lG))n € (G)n,
so g (H) < n.

??. Let n =8¢ (H), so H € (G),. Apply p~* to get p~'(H) € p~*((G),). For a Verdier projection

one has the pullback—thickening control

PG < (7 (@) + K,
(precisely the content of the “kernel correction” statement for Verdier projections used earlier in
§5.2-§5.4). Hence p~'(H) < (p™}(G) * K),,, proving &D1(qyc (p7H (H)) < n.

For the second bound, note that p™}(G) ¢ p™}(G)u K and K < p *(G)u K, hence p~*(G) » K ¢
(p~1(G) U K)5. Therefore

pHH) € (p7HG) + K)p e ((p7H(G)UK)2), (07 (G) UK )y,
so &1 (@yux (P (H)) < 2n.
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??. Assume q exists and is fully faithful. For every d € D, the unit/counit exhibit a fibre sequence
bq — d —~ qp(d)

with by € K (since p(bg) = 0). If d € p™' (H) then p(d) € H, hence ¢p(d) € 3,(H) and the fibre sequence
shows d € K « 3,(H). Conversely, if d € K * 3,(H) then p(d) is an extension of 0 by an object of H,
hence p(d) € H. Thus p™'(H) = K * 3,(H).

Now let n:= &g (H), so H ¢ (G),,. Exactness of ¢ implies 3,(H) < (3,(G)),. Therefore

pTH(H) = K % 34(H) € K %(34(G))n € (K U34(G))ns1,
and the claimed +1 bound follows. The left split statement is dual. g

5. GENERATORS

In this chapter we discuss the various notions of generators for stable categories. We begin by
recalling the basic taxonomy, namely weak, classical and strong generation, and by relating these
notions to the calculus of thickenings developed in the previous chapter. We then prove a gluing result
for weak generators along compactly generated localizations, with the goal of producing generators
in practice. As an application, we show that if X is a quasi-compact quasi-separated scheme,then
QCoh(X) admits a single compact generator. We conclude with resolutions of the diagonal for smooth
schemes, which will later serve as the bridge between generation, strong generation, and the diagonal
dimension.

5.1. Taxonomy of generators. We begin with some nomenclature.

Definition 5.1.1. Let € € Cat™ be a stable category and let G € Sub(€) be a full subcategory. We
will say that:

(1) The subcategory G weakly generates if home(G,-) : € - Sp detects zero objects.
(2) The subcategory G classical generates if C = thick(9).
(3) The subcategory G strongly generates if € = thick,, (G) for some n € N.

If G is such a generating subcategory, we will say that C is weakly generated, classically generated,
strongly generated, by G.

Example 5.1.2. Every stable category € € Cat™ admits a (weak, classical, strong) generating family:
just take G = €. In particular, to make the definition more useful in practice, it is useful to restrict
the notion to subcategories of finite cardinalities (and hence to a single object). In this case, § = {G}
and we will just say that G weakly, classically, strongly generates C. We will extensively study this
situation in Section 8.

Warning 5.1.3. In the literature the adverb weakly is often suppressed, so that one just says that C
is generated by G.

Lemma 5.1.4. Let C e Cat™ be a stable category. Then:

(1) Every strong generatoring subcategory classically generates, and every classical generating
subcategory weakly generates.
(2) If € has a strong generator, then every classical generator is a strong generator.

Proof. Consider (1). The first implication is obvious. For the second one, assume that G € Sub(@) is
a classical generating subcategory and let € C be such that home(g,2) ~ 0 is the zero spectrum for
evvery g € G. Let X ¢ € be the full subcategory spanned by those y such that home(y,x) ~ 0 is the
zero spectrum. Then X is stable, closed under retracts and contains §. Thus thick(§) ¢ X, that is
C = X since G classically generates. In particular, the identity of x is zero, thus showing x ~ 0. For (2),
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assume that € = thick,(G") and let G be a classical generator. Then G’ € € = thick(G) must belong
to an m-thickening. Then

€ = thick, (G") = smd(thick; (G")*™) = smd(thick,,(G)*") = thick, (G)
is also strongly generated by G. O

Remark 5.1.5. Notice that point (2) of Lemma 5.1.4 cannot be extended to arbitrary subcategories,
since it will lead to the equivalence between strongly and classically generated categories, which is
known to be false (see the next examples). With the notation of the lemma, the candidate proof
breaks since arbitrary objects of §’ belong to different n-thickenings thick,, (§).

We now relate Definition 5.1.1 to the standard notion of compact generation. The point is that
compact generation is a presentable version of weak generation, while on compact objects it becomes
classical generation.

Lemma 5.1.6. Let C ¢ Priﬁt’w be a compactly generated stable category and let G € C“ be a small
subcategory of compact objects. Then the compact objects of Loce(G) are precisely the thick closure
of G in €, that is Loce(G)* = Thickew (9).

Proof. Notice first of all that thicke. (G) € Loce(G)%. Indeed, since compact objects are closed under
finite colimits and retracts, thicke~ (G) is a small stable idempotent-complete full subcategory of C“.
Moreover, if x € thicke~ (G) and {y;}is is a filtered diagram in Loce(§), then

homyp,gc, (g) (2, colim; ;) = home (z, colim; y;) =~ colim; home (,y;) = colim; homy o, (g) (7, i),

because colimits in Loce(G) are computed in €. Hence every object of thickew.(§) is compact in
Loce(9), so that the claimed inclusion follows.

Now by ind-extending the above inclusion and by using the universal property of the ind-completion,
it follows the existence of a a colimit-preserving functor F': Ind(thickew (G)) = Loce(§). Its essential
image is a localizing subcategory of Loce(S) containing G, hence all of Loce(G). This shows that F
is essentially surjective. For fully-faithfulness, fix x € thicke~ (G) and let U, ¢ Ind(thicke~(G)) be the
full subcategory spanned by those y such that

homiyg(thickew (6)) (Z,%) = homypge, gy (F (), F(y))

is an equivalence. Since x is compact in Ind(thicke~(SG)), the object F(x) is compact in Loce(9),
and F preserves colimits, the subcategory U, is localizing. Since it clearly contains thicke (G), being
Flihickew (g) the inclusion, it follows U, = Ind(thicke~(5)). So F'is fully faithful on morphisms out
of objects of thickew. Now fix y € Ind(thickew), and let V, ¢ Ind(thicke~) be the full subcategory
spanned by those x such that

hompq(thickew (6)) (%5 ¥) = homyee, () (F (), F(y))

is an equivalence. Since both functors in the variable x send colimits to limits, V, is again a localizing
subcategory. By the previous paragraph, it contains thicke«(9). Hence V, = Ind(thicke~(G)). This
proves that F' is fully faithful. Taking compact objects

Loce(9)“ ~ Ind(thicke« (€))* = thickew (9),
proves then the claim. O

Corollary 5.1.7. Let C ¢ Prgt be a presentable stable category. Suppose there exists a small full
subcategory G € C“ of compact objects such that € = Loce(G). Then € is compactly generated.

Proof. By the previous result it follows that € = Loce(§G) ~ Ind(thicke~(G)) is compactly generated
by thicke« (G) and the inclusion thickew (§) € €¥ extends to an equality. O



FINITE METHODS FOR STABLE oo-CATEGORIES 44

We deduce that a compact generator of a compactly generated stable category is a classical generator
of the subcategory of compact objects.

Corollary 5.1.8. Let C be a compactly generated stable category and let G € C“ be a compact
generator. Then €¥ = thick(G).

Example 5.1.9. Classical generation does not imply strong generation in general. Let R € CAlg(Sp)®
be a classical ring and consider the category of perfect complexes Perfr. Then R generates Modg by
Corollary 5.1.8 so that it classically generates Perfr. However, it strongly generates Perfr if and only
if R is of finite global dimension (as we will see in Corollary 8.4.6).

Example 5.1.10. In the category of compact spectra the sphere spectrum is a classical generator
which is not strong. This will be a consequence of the cell filtration and the existence of “ghosts” (as
we will see in Example 8.4.3).

The next result shows that localizing generation implies weak generation.

Lemma 5.1.11. Let C ¢ Priﬁt be a presentable stable category and let § ¢ € be a full subcategory
such that € =Loc(G). Then § weakly generates C.

Proof. Fix x € € and consider the full subcategory €, := {y € € | home(y,z) ~ 0}. Since home(—,z) :
C°P — Sp is exact, the category €, is stable. Moreover, since home (-, ¢) sends colimits in € to limits
in Sp, it follows that C, is closed under small colimits. Thus C, is a localizing subcategory of C. If
home(g,z) ~ 0 for all g € G, then G ¢ C,, hence Loc(3G) ¢ €,. By assumption Loc(G) = €, so €, = C.
In particular home(z, ) ~ 0, hence id; ~ 0 and therefore x ~ 0. O

5.2. How to produce weak generators. We now discuss a categorical result on compactly gener-
ated localizations.

Remark 5.2.1. Let C e Cat™ be a stable category. Recall that a localization of € is an adjunction
L : C 2 Local(C) : ¢ in which the right adjoint is fully faithful. By | , Proposition 5.2.7.4], the
above localization is equivalent to the datum of the idempotent exact endofunctor ¢ := L : € — C
together with the unit 7 : ide — ¢. Indeed, the source of the right adjoint is equivalent to the full
subcategory of local objects, that is of those objects x € € for which 7, : © - £(z) is an equivalence.

Remark 5.2.2. Let € € Cat®™ be a stable category. Let £: € - € be a localization functor. The kernel
of the localization functor forms a stable subcategory ker(¢) ¢ € whose objects are called acyclic.
Since C is stable, for every x € C the unit 7, : x — fx extends to an exact sequence y(z) —» = - £(x),
where () € ker(¢) and ¢(x) is local. Thus every object decomposes into an acyclic part and a local
part. In particular, the local objects are precisely the right orthogonal of acyclic

Local(€) = ker(£)" = {x € €| home(k,z) = 0 for every k € ker(£)}.

ndeed, if x is local and k € ker(¢), then every map k — x is null-homotopic, since applying ¢ kills k& and
fixes x. Conversely, if = € ker(¢)*, then in the exact sequence vy(z) - x — ¢(x) the first map vanishes,
because y(x) € ker(¢). Hence v(z) ~ 0, so that x ~ £(z) is local. Similarly, one also has

ker(¢) = *Local(C) := {x € € | home(x,y) = 0 for every y € Local(C)} .

In particular, Lemma 3.3.6 implies the existence of a semi-orthogonal decomposition ker(¢) 2 € 2
Local(C).

Remark 5.2.3. Let £: € - € be a localization functor, and set X = ker(¢). Suppose that 8§ ¢ X
weakly generates K and that T € Local(C) weakly generates the local objects. Then 8 U T weakly
generates C.

Indeed, let x € € be an object such that home(s,X"z) = 0 and home(t,X"z) = 0 for every s € 8,
t €T and n € Z. Since T weakly generates Local(€), it follows that ¢z ~ 0. Hence z ~ vz € X. Since §
weakly generates X, one concludes that x ~ 0.
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We deduce the following “one-object criterion” for local objects.

Lemma 5.2.4. Let C € Prlft be a presentable stable category and let L : € - C be a localization.
Assume there exists an object G € € such that ker(L) = Loc(G). Then, for x € C, the following are
equivalent:

(1) The object z is L-local.
(2) Tt is home(G,x) ~ 0.

Proof. By Remark 5.2.2 it is Local(€) = ker(L)*. If ker(L) = Loc(G), then the condition hom(G,z) ~ 0
implies hom(y, z) = 0 for all y € Loc(G), because hom(—, ) sends colimits to limits and is exact. Hence
x € ker(L)* and is local. The converse is immediate since G € ker(L). O

We recall the following behaviour of compact objects under a smashing localization (that is, a
localization in which the left adjoint preserves comapct objects).

Lemma 5.2.5. Let L : € 2 D : R be an adjunction in Pr;’” with R fully faithful (so L preserves
compact objects and R preserves colimits). Then every compact object of D is a direct summand of
L(c) for some compact c € C.

Proof. Consider the localizing closure generated by Locp (L(C“)). Then Locn (L(C¥)) = D. Indeed,
for any d € D it is d ~ L(R(d)) since R is fully faithful. Since € is compactly generated, R(d) lies in the
localizing subcategory of € generated by €%, hence R(d) can be written as a filtered colimit of objects
of @¥. Applying L, and using that L preserves colimits, it follows that d ~ L(R(d)) belongs to the
localizing subcategory of D generated by L(C¥), that is d € Locy (L(€¥)). Thus Locy (L(CY)) = D.
Now let thick(L(C*)) ¢ D denote the thick subcategory generated by L(C¥). Since D is compactly
generated and Locy (C¥) = D, every compact object d € D belongs to thick(L(€C¥)). By construction
of the thick closure, this means precisely that d is a retract of some object k obtained from a finite
number of objects in the essential image of L|e~ by iterating finite direct sums and cofibres. Since L is
exact and preserves finite direct sums, the same finite construction can be performed in €“, yielding
a compact object ¢ € € with k ~ L(c). Hence d is a retract of L(c), as desired. O

We obtain the following gluing of compact generators across localizations; a criterion for compact
generators of right split Verdier sequences.
Proposition 5.2.6. Let
c——»p-—Ltsye
)
R

be a right split Verdier sequence in Prlﬁt. Let Sc@¥ and T ¢ D be full subcategories such that:

(1) It is € = Loce(S) and i(S) € D¥.

(2) Tt is € = Loce (L(T)) and L(T) c &¥.
Then D =Locp (i(S)uT). In particular, D is weakly generated by a family of compact objects.
Proof. Let G :=i(S)uT c D¥. Then G weakly generates D by Remark 5.2.3 since S and T weakly
generate € and € by Lemma 5.1.11. Consider now the localizing closure Locp (G) € D. If Locn (G) #
D then the corresponding Verdier quotient D — D/Locp(G) is nonzero, hence admits a nonzero
object y. Its fully faithful right adjoint sends y to a nonzero Locp (G)-local object « € D satisfying

homqp (k, ) ~ 0 for all k € Locp(G), and in particular for all g € G. This contradicts weak generation
by G. Hence Locyp (G) = D, which is the claim. O

Corollary 5.2.7. In a right split Verdier sequence for which the outer terms are compactly generated,
then also the middle term is compactly generated.

Remark 5.2.8. It is not known if there exists a Verdier sequence € - D — &€ in which € and € are
compactly generated and D is not.
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5.3. Generators for schemes. The goal of this section is to prove the existence of a single compact
generator for quasi-compact quasi-separated scheme, a result due to Bondal and Van den Bergh,
[ , Theorem 3.1.1]. We begin with the “induction principle” for schemes.

Lemma 5.3.1. Let X be a quasi-compact and quasi-separated scheme. Let P be a property of the
quasi-compact opens of X. Assume that

(1) The property P holds for every affine open of X.
(2) If U is quasi-compact open, V affine open and P holds for U, V, and UnV, then P holds for
UuV.

Then P holds for every quasi-compact open of X and in particular for X.

Proof. Let W ¢ X be a quasi-compact open of X. Then W may be covered by a finite number of
affine opens of X, say W = Uy u...U,. The proof goes by induction on n. If n =1, then the claim
follows by point (1). Assume therefore the claim for n—1. Let U =U; u...U,-1 and V = U, so that
W =UuV. Since V is affine open and P holds for V| by (2) it suffices to check that P holds for U
(which is quasi-compact open, being a finite union of affine opens) and U nV. But P holds for U,
since it is covered by n — 1 affine opens. Consider therefore U n V. Since X is quasi-separated and
U,V c X are quasi-compact opens, the intersection UV is quasi-compact. Moreover UNV is an open
subscheme of the affine scheme V', hence it is separated. Choose a finite affine open cover of U n V.
By the separated case (proved first by induction on the number of affines, using that intersections of
affine opens in a separated scheme are affine), it follows that P holds for U nV, so the claim. O

Corollary 5.3.2. Let X be a quasi-compact quasi-separated scheme and let j: U < X be an open
immersion of a quasi-compact. Then j* : Perf(X) — Perf(U) is essentially surjective up to direct
summands.

Proof. Apply Lemma 5.2.5. (]

To prove the main result of this section we will use Proposition 5.2.6 in the following situation. Let
W be a quasi-compact quasi-separated scheme and assume that W = U uV with U quasi-compact
open and V affine open. If j: U — W is the inclusion, then Proposition 3.5.3 implies the existence of
a right split Verdier sequence

QColyy (W) —2—5 QCoh(W) —L—5 QCoh(U)
~_

j*

in Pr;. Notice now that W\ U € V is a closed in an affine, so that W \ U is affine. This observation,
leaves us to prove that QCohy, (W) is singly compactly generated.

Remark 5.3.3. Let A € CAlg(Sp)® be a classical ring and let f1,... f, € A be elements. The Koszul
complex of (f1,..., fn) is defined to compute the derived intersection of the section (fi1,..., fn) with
zero in the affine space A”. More precisely, the Koszul complex of (f1,..., fn) is defined as

K*(fiy s fu) = @ cofib(4 L5 4)
=1

Notice that K*(f1,..., fn) € Perfa.

Lemma 5.3.4. Let A be a commutative ring, let fi,...,f. € A, set X = Spec(A4) and let U =
Ul_;D(f;) € X be the union of the distinguished. Let j: U < X be the inclusion and let Z:= X \U =
V(fi,--. fr). Write QCoh(X) ~ Mod4 and j* : Moda — Mod -1, ;-17. Consider the (derived)
Koszul object K := K(f1,..., fr). Then ker(5*) = QCoh,(X) = Locpod , (K).
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Proof. Indeed, since j* is a localization it follows that
ker(j*) = Loc(ker(5*) n Mod‘ ) = Loc(Perfz (X)),

where Perfz(X) is the full subcategory on P € Perf(X) such that P|y ~ 0. By Thomason’s classifica-
tion of thick tensor ideals in Perf(X) (see | , Theorem 3.15]), it suffices to show that the homo-

logical support of K is exactly Z. For a prime p € X, if p € U then some f; ¢ p, so (cofib( A IR A))p =0
and hence K, ~ 0. If p € Z, then all f; € p and mo(Kp) = Ap/(f1,..., fr) # 0, hence K, # 0. Thus
supp(K) = Z, so Perfz(X) = thick® (K) and therefore QCoh,(X) = Loc(K). O

We need the following technical result.

Lemma 5.3.5. Let W be a quasi-compact quasi-separated scheme and assume that W = U uV with
U quasi-compact open and V affine open, say V = Spec(A). Let j: U - W and k: V - W be the
open immersions and set Z := W\ U. Choose fi,..., fr € Asuch that UnV = D(f1)u---uD(f.)cV,
and let K := K*(f1,...,fr) € Perf(V) be the Koszul complex. Then there exists an object Ky €
Perf(W) ¢ QCoh(W) such that:

(1) It is KW|U =j"Kw ~0 and Kw‘v =k*Kw ~ K.
(2) It is a single compact generator of QCoh (W), that is QCoh, (W) = Locqconw) (Kw ).

Proof. By Proposition 3.5.3 there exists a right split Verdier sequence

QCoh, (W) - QCoh(W) 2= QCoh(T7),

in Prgt. Using Zariski descent for QCoh along the cover W = UuV, an object of QCoh(W) is equivalent
to a triple (Ey, Ev,a) with Ey € QCoh(U), Ey € QCoh(V) and « : Ey|luav ~ Ev|uav. Under this
identification, an object E € QCoh, (W) belongs to the kernel of j* if and only if Fyy ~ 0. For these
objects it is also Ey|yny ~ 0. Therefore restriction along the open immersion [ : U nV < V. induces
an equivalence

QCoh (W) ~ ker(QCoh(V) - QCoh(U nV)).

Let L :=1,ol* : QCoh(V) —» QCoh(V) be the corresponding localization. Since [, is fully-faithful,
it follows that ker(L) = ker(QCoh(V) — QCoh(U nV)). Use now Lemma 5.3.4 (with X =V and
U=UnV) to deduce that

QCoh (W) = ker(QCoh(V') - QCoh(U nV)) = ker(L) = Locqcon(vy (K),

is singly generated by the Koszul complex K = K*(fi,..., f-) corresponding to UnV = D(f;)u--u
D(f). Now, since K|yny ~ 0 (because the f;’s become invertible on U), the triple (0, K,0) glues to
an object Ky € QCoh(W) with Ky|y ~ 0 and K|y ~ K and since perfection is Zariski-local, it
follows also that Ky € Perf(W) and is compact. This proves (1) and (2) follows from the above chain
of equivalences. O

We can finally prove | , Theorem 3.1.1].

Theorem 5.3.6. Let X be a quasi-compact quasi-separated scheme. Then QCoh(X) can be gener-
ated by a single compact object.

Proof. We prove the statement by the induction principle on quasi-compact opens. Define, for a
quasi-compact open W ¢ X | the property P(W) as “QCoh(W) admits a compact generator”. Now,
if W = Spec(A) is affine, then QCoh(W) ~ Mod4 and the unit A € Mod4 is compact and generates.
Hence P(W) holds on affines. Let now W be quasi-compact open and write W = U uV with U
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quasi-compact open and V affine open and assume that the property P holds for U, V and UnV. Let
j:U < W be the inclusion. Then there exists a right split Verdier sequence

QCohyy (W) —2— QCoh(W) —— QCoh(U)
F\/
VE3
in Pr;. The goal is to apply Proposition 5.2.6, so it suffices to check its assumptions.

(1) An application of Lemma 5.3.5 produces a single compact generator K € QCoh, (W) whose
image Ky € Perf(W) is compact.

(2) Let Gy € QCoh(U) be the single compact generator (which exists by assumption). Notice
that it does not suffice to use the object j.(Gr), since it is not necessarily compact in W.
Consider therefore Corollary 5.3.2; it provides a compact object Py € Perf(W) such that
Gy fits into a retract of j*(Py). In particular, Locqcon()(j*(Py)) contains Gy, so that
QCoh(U) = Locqeon(wy(j*(Pr)). Thus the object Py satisfies the assumptions.

Thus Proposition 5.2.6 implies that QCoh(W) is the localizing closure of Ky @ Py, that is, it is singly
compactly generated. O

Corollary 5.3.7. Let X be a quasi-compact quasi-separated scheme. Then Perf(X) is classicaly
generated.

5.4. Resolutions of the diagonal. We begin with a useful result: the resolution of diagonal.

Proposition 5.4.1. Let R be a noetherian ring. Let X be a separated finite type scheme over R
with the resolution property. Set Oa = A, (Ox) where A: X — X xr X is the diagonal of X /R. Then
there exists a resolution

"—>E1G1—>EOG0—>OA—>O
where each F; and G; is a finite locally free O x-module.

Proof. This is | , Lemma 0FZ2]. Since X is separated over R, the diagonal A : X — X xp X
is a closed immersion. Hence Oa is a coherent O xy, x-module| , Tag 0FZ2]. Now, in general,
if F'is a coherent Oxx,x-module, then there exists a surjection £ ® G - F where £ and G are
finite locally free O x-modules, see | , Tag OFZ0]. Applying this to F' = O, one gets a surjection
Fyr Gy - Oa. Let K; be its kernel. Since X xp X is locally Noetherian, kernels of morphisms of
coherent sheaves are coherent, so K is coherent. Applying again the previous statement to K7, one
gets a surjection Fy ® G; - Kj. Iterating this construction for the successive kernels produces the
required resolution. O

Lemma 5.4.2. Let k£ be a field and let X be a quasi-compact separated smooth scheme over k
and let d be the dimension of X. There exist finite locally free Ox-modules £ and G such that
Oa € thiCk2d+1(E X G)

In particular, Perf(X) = Coh(X) is smooth over Perf(k) = Coh(k).

Proof. This is | , Lemma 0FZ5]. Since X is smooth over k, it is regular. Hence X has the
resolution property. By Proposition 5.4.1, there exists a resolution - - F1 ®Gy - Eg® Gy - O = 0
where each F; and Gj is finite locally free on X. Since X x; X is smooth over k, it is regular, noetherian
and of dimension 2d.

Let K be the perfect complex on X xi X given by K = (Eoq ® Gog — -+ » Eg ® Gy). Then
WQ(K) ~0a, 7T2d(K) x~ keI‘(EQd RGog = Foy_1® G2d—1)7 and Wi(K) =0 for 0 <4 < 2d. By the splitting
lemma for regular noetherian schemes Exercise E.5.3, it follows that Oa is a direct summand of K. On
the other hand, K is obtained from the objects F;RG; for 0 < ¢ < 2d by finitely many extensions, hence
K e thick(@?:do Ex Gi). Set E = EBf:dO E; and G = EB?ZdO G; so that each F; ® G; is a direct summand
of E’G, so K € thick(F®G). Since Oa is a direct summand of K, it follows that O € thick(F®G).


https://stacks.math.columbia.edu/tag/0FZ2
https://stacks.math.columbia.edu/tag/0FZ2
https://stacks.math.columbia.edu/tag/0FZ0
https://stacks.math.columbia.edu/tag/0FZ5
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Under the equivalence Perf(X)°? ®pe,(y Perf(X) = Perf(X x; X), the diagonal bimodule corre-
sponds to Oa. Hence the diagonal bimodule is perfect, so Perf(X) is smooth over Perf(k). Finally,
since X is regular noetherian, one has Perf(X) = Coh(X). g

Corollary 5.4.3. Let k be a field and let X be a proper smooth scheme over k with dimension d.
Then Perf(X) has a strong generator with generation time 2d.

Proof. this is | , Lemma 0FZ6]. By Lemma 5.4.2, choose finite locally free O x-modules E and
G such that Oa € thick(E®G). Choose n € N such that Oa € thick, (E ® G), for example 2d + 1 for d
the dimension of X. Then G is a strong generator of Perf(X).

Let M e Perf(X). Consider the exact functor ® /(=) = p2,«(pi M ® —) : Perf(X x; X) - Perf(X).
Since exact functors preserve thickenings, from Oa € thick,(E ® G) one gets M = ®p(0a) €
thick, (Pp (ERG)). Now Oy (ERG) 2 po (P M@(ERG)) 2po«(M®E)RG) 2T(X,MQF)®;G.
Since X is proper over k and M ® F is perfect, the object I'(X, M ® E) is a perfect complex over k.
As k is a field, every perfect complex over k is a finite direct sum of shifts of k (see Example 8.4.2).
Therefore I'(X, M ® E) ®;, G € thick; (G). It follows that M e thick,(G). Since this holds for every
M e Perf(X), it follows that Perf(X) = thick, (G), so G is a strong generator. O

For the applications of these notes, the following will be useful.

Proposition 5.4.4. Let X be a quasi-projective scheme over a field k, and let L be an ample invertible
sheaf on X. Then there exists an exact complex

0?50 5504 -0

on X xj X such that each C~* is a finite direct sum of sheaves of the form (L ® L) ™. Equivalently,
each C* is a finite direct sum of sheaves of the form L™ & L™".

Proof. Since L is ample on X, the line bundle L ® L is ample on X x; X. For every coherent sheaf
F on X xp X, ampleness implies that there exist integers n > 1 and N > 0 together with a surjection
(L L)™®N  F. Apply this first to F' = Oa, and then inductively to the successive kernels. This
produces the required exact complex. O

Remark 5.4.5. The resolution of Proposition 5.4.1 (and Proposition 5.4.4) can be viewed as a
universal filtration of the identity functor. Let X be a separated finite type scheme over R with
the resolution property and let pi,p2 : X xg X — X be the two projections. For every kernel K ¢
QCoh(X xg X), consider the Fourier-Mukai functor

(=) = pa«(p1(-) ® K) : QCoh(X) ~ QCoh(X).
Since A: X — X xg X is the diagonal, one has ®¢, ~id on QCoh(X) (see Exercise E.5.2). Therefore
a resolution of Oa by objects of the form E; ® G; induces, after applying ®(_), a filtration of the
identity functor by simpler functors. If moreover X — Spec(R) is proper and the kernels E; ® G; have
finite Tor-dimension over the first factor (for instance if X is smooth over R), then these transforms
preserve DCoh(X), and for every F' € Coh(X) the above resolution yields a filtration of F with
successive terms po, (pTF ® (E; ® G;)).

Remark 5.4.6. In the case X = P}, where £ is a field, the preceding remark applies without any
further difficulty, since P} is smooth and proper over k. Thus the resolution of the diagonal gives, for
every F € Coh(P}), a filtration of F' whose successive terms are

pg*(pIF®(EZGZ)) EF( Z,F@Ei)‘@k Gl

Hence a resolution of Oa by elementary kernels F; ®G; produces a universal expression of every object
of Coh(P}) in terms of the objects G;.

In the case of projective space, one can do even better.
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Proposition 5.4.7 (Beilinson’s resolution of the diagonal). Let k be a field, and set X = P}. Let
A: X - X x; X be the diagonal. Then there is an exact sequence

0->0%(n)BOx(-n) = > A (D) BOx(-1) > Oxux > Oa = 0.

Proof. Let V be a (n+ 1)-dimensional k-vector space such that X = P(V"). Consider the tautological
exact sequence 0 > Ox(-1) > V &, Ox - Q — 0 where @ is a vector bundle of rank n. By the Euler
sequence, one has QY ~ Q% (1).

Let p1,p2 : X x X - X be the projections. Pulling back the tautological inclusion along p, and the
tautological quotient along p;i, one obtains a morphism S : p;Ox(-1) — p;@Q which corresponds to a
global section s € T'(X x X, p7@Q ® p50x(1)). The zero locus of s is precisely the diagonal.

Indeed, a point of X x X is a pair ([¢1],[¢2]) of lines in V, and the fibre of § at such a point is
the composite fo = V — V /{1 This map is zero if and only if 5 c 1, hence if and only if ¢; = {5.
Therefore the vanishing locus of s is set-theoretically equal to A. For the scheme-theoretically claim,
let U; = {z; # 0} ¢ X be the standard affine open. On U; x U;, write affine coordinates

Zj Yj —
u; . Uj ui J#1
on the first and second factor respectively. Under the natural trivialization of piQ ® p30x (1) on
U; x U;, the section s is given by (v; — u;j);+;. Hence its zero scheme on U; x U; is cut out by the
ideal (v; —u; | j # i) which is exactly the ideal of An (U; x U;). Since these functions form a regular
sequence, the section s is regular, proving the claim.
The vector bundle
E=piQ®p;0x(1)
has rank n, and A ¢ X x X has codimension n. Since A is the zero scheme of the regular section s,
the Koszul complex of s yields an exact sequence

0> A"(EY) > > EY > Oxxx = 0Oa - 0.
Finally,
EY 2 pi(Q") @ p30x(-1) = p} (2x (1)) @ p30x (-1) = W (1) m Ox (-1),
and therefore A'(EY) ~ Q% (i) ® Ox(—i). Substituting into the Koszul complex gives the claimed
resolution. O

Theorem 5.4.8 (Beilinson). Over a field k, it is Coh(P}) = (0,0(1),...,0(n)).
Proof. First, the collection is semi-orthogonal. Indeed, for 0 < j <i <n one has
. homen (0(2),0(5)) = H* (PR, 0(j - 4)),

and these groups vanish because —n < j —¢ < —1. In particular, the mapping spectrum vanishes,
proving semi-orthogonality. To prove generation, consider the diagonal A c P} x P} and consider the
resolution of Proposition 5.4.7

0-Q%(n)8Ox(-n) —>~~—>Q§((1)m(‘)x(—1) - Oxxx = O0a = 0.

Let p1,p2 : Py x P} — P} be the projections. Let F € Coh(P}). Then Remark 5.4.6 implies that
F ~ po.(piF ® Oa) and an application of the exact functor po.(pjF ® —) to the above resolution
produces a filtration of F' whose successive terms are of the form

P2+ (P1 (1) ® F) @ p30(~i)) = T (P, 2'(i) ® F) ®, O(~i),

by the projection formula and flat base change. Therefore F € (O(-n),...,0(-1),0) and twisting by
O(n) shows F € (0,0(1),...,0(n)) thus proving the claim. O

The semiorthogonal decompoistion appearing in the statement is “exceptional”.

Definition 5.4.9. Let k be a field and let € € Modpe,s, (CatP™) a k-linear category.
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(1) An object E € C is exceptional if m, home(E, E) 2 k concentrated in degree 0.

(2) A sequence (Ey,...,E,) of objects of D is an exceptional collection if each F; is exceptional
and 7, home(E;, E;) =0 for all ¢ > j.

(3) An exceptional collection (Ey,...,Ey) is full C=(FEy,..., E,).

Corollary 5.4.10. The semi-orthogonal decomposition of Theorem 5.4.8 is a full exceptional collec-
tion.

Proof. For every i one has m, hompr (0(7),0(i)) 2 H*(P},0) = k concentrated in degree 0, so each
O(1) is exceptional. The semi-orthogonality was proved in the proof of Theorem 5.4.8, and fullness is
exactly the content of that theorem. O

6. PROJECTIVE CLASSES

In this chapter we discuss projective classes on stable categories, a useful tool to reduce the complex-
ity of a category in two pieces: projective objects and ideal maps. We begin with the basic formalism
of ideals and projective objects, and we explain how these two pieces of data determine each other.
We then discuss examples and constructions, with particular attention to projective classes generated
by a small collection of objects. This leads to the associated cellular and phantom towers, which will
be used later as a technical tool. We conclude with the second representability result of these notes,
a Brown representability statement.

6.1. The definition. Since these two pieces of data determine each other, we start with introducing
ideals.

Definition 6.1.1. Let € € Cat™ be a stable category. An ideal is a a collection of morphisms J ¢ eal
such that:

(1) The category J is closed under finite sums. Notice that the zero map belongs to J.
(2) For every composable morphisms f,g,h in €, if g€ J then gf €J and hg €J.

We let Ideals(C) denote the subcategory of GAI, which we regard as a poset order by inclusion.
Notation 6.1.2. Let C e Cat®™ be a stable category and let J be an ideal. We will denote by J-proj

the full subcategory of € spanned by those objects = € € such that 7, home(x,7) ~ is the zero map for
every * € Z and every i € J. We will refer to J-proj as the J-projectives.

Lemma 6.1.3. Let @ € Cat™ be a stable category and let J be an ideal. Then J-proj is closed under
suspensions, direct sums and retracts.

Proof. Let z € C and i € J. For suspensions, the claim follows since 7, home (X", 1) ~ 7,_, home(z, ),
and for direct sums, the claim follows since home (-, %) is exact. For retracts, it follows since the retract
of a zero map of abelian groups is a zero map. O

We now discuss projective objects.

Notation 6.1.4. Let € e Cat™ be a stable category and let P € € be a full subcategory. We let P-null
be the colletion of morphisms 7 € 2" such that 7, home(p,i) ~ 0 is the zero map for every = € Z and
p e P. We will refer to P-null as the ideal of null maps of P. It is immediate to check that this is
indeed an ideal using the properties of the mapping spectrum functor

We have then the following “Galois connection”.

Lemma 6.1.5. Let C ¢ Cat™ be a stable category. Then there exists an adjunction (=)-proj :
Ideals(C) 2 Sub(C)°P : (-)-null.

Proof. First of all, taking projective and null maps furnishes the required functors. Indeed:
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(1) IfJ c J are two ideals, and if z € J-proj, then 7, home(x, j) ~ 0 for all j € g, thus 7, home(z,i) ~
0 for all 7 € J, making x € J-proj, so that J-proj ¢ J-proj.
(2) If P c Q, then for every i € Q-null then for every x € Q the maps 7, home(x,7) ~ 0 are zero, so
that for every y € P it is 7, home(y, ) ~ 0, making Q-null € P-null.
For the adjunction, let J be an ideal and P ¢ € a class of objects. Then J-proj € P in Sub(C)°P if and
only if P ¢ J-proj as subcategories of €. By definition of J-proj, this happens if and only if for every
p € P and for every i € J the maps m, home(p,i) ~ 0 vanish, which happens if and only if J ¢ P-null,
being P-null = {j € ea! |7 home(p, j) ~ 0 for all p € P}. O

With ideals and projectives objects we can finally give the following.

Definition 6.1.6. Let C ¢ Cat™ be a stable category. A projective class on C consists of a pair (P,7)
of a subcategory and an ideal of € such that:

(1) The pair is orthogonal, in the sense that P-null =J and J-proj = P.
(2) There are enough projectives, in the sense that for every x € € there esists an exact sequence
p—x—ywithpePand (z - y)eJ.
The moprhism p — x is often called a P-precover of x.

We recall the following trivial (but extremely useful) result.

Lemma 6.1.7. Let € € Cat®™ be a stable category and let (P,J) be an orthogonal pair. If f:p — x is
in J and has domain p € P, then f is null-homotopic.

Proof. Indeed, f €J implies that 7, home(p,p) ELN 7 home(p, ) is the zero map, that is, f ~ f oid,
is the zero element of , home(p, ), implying that f is null-homotopic. O

6.2. Examples and constructions. We now discuss basic examples and tools to construct projective
classes.

Example 6.2.1. Let C ¢ Cat®™ be a stable category. Then there are always two trivial projective
classes, namely (C,0) and (0, eal ). In the first projective class, 0 denotes the ideal of null-homotopic
maps, and not of zero maps!

Remark 6.2.2. Let C € Cat™ be a stable category. In practice, there are essentially two ways to to
define a projective class on C:

(1) Start with a collection of objects S € €, produce the ideal S-null and define the subcategory
(S-null)-proj and then check that the pair ((S-null)-proj, S-null) has enough projectives.
(2) Start with a collection of maps M ¢ (i’Al, produce the subcategory M-proj and define the ideal
(M-proj)-null and then check that the pair (M-proj, (M-proj)-null) has enough projectives.
The next result shows that for presentable stable categories the first construction produces indeed a
projective class, which is moreover functorial.

Proposition 6.2.3. Let C ¢ PriJt be a presentable stable category, and let S ¢ C be a small subcategory.
Let P = Thick; (S) be the smallest full subcategory of € closed under small coproducts, retracts and
shifts that contains S. Then the pair (P, P-null) is a projective class on C.

Proof. Assume, without loss of generality, that S is closed under shifts. Let R : € — Fun(.S, Set) be the
functor mapping z € € to mo home(xz,-) : S — Set and let L : Fun(S, Set) — € be defined by mapping
F: 8 — Set to L(F) = @ @acr(s) 5. Notice that there is an adjunction L : Fun(S,Set) 2 € : R.
Let P=LR:C — C be the induced comonad and denote by ¢ : P — ide the counit of the adjunction.
Given z € C, let y, be the cofibre of the map ¢, : P(z) — x.

Notice that, by construction P(z) = L(Rz) is a coproduct of objects of S, hence lies in the smallest
full subcategory closed under small coproducts and containing S. Since P is, by definition, thick and
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closed under small coproducts (and contains S), it follows that Pz € P. Notice also that the map
x = Y, is P-null. Indeed, by applying mo home(s,-), for s € S, at the cofibre sequence defining y,, it
follows the existence of an exact sequence

7o home (s, P(x)) — mo home(s, ) — 7o home (s, ys)-

in which the first map is surjective. Indeed, under the adjunction L 4 R, the counit e, : LR(z) — x
corresponds to the identity natural transformation R(z) — R(z); evaluating at s says exactly that
every element of mphome(s,2z) = R(x)(s) is hit by the summand s - Px indexed by that element,
thus making the fist map zero. Since this holds for every s € S and since this property is stable under
shifts, retracts and small coproducts, it follows that 7o home(p, P(x)) - 7o home(p, z) is surjective
for every p € P, making = — y, € P-null. The claim the follows since P(z) — x — ¥, is the required
P-precover. O

Remark 6.2.4. Let C¢ Prlﬁt be a presentable stable category and let D ¢ € be a small full subcategory.
Then a projective class (P,7J) on € does not necessarily restrict to a projective class on D; it does if and
only if the relevant precovers exists in D. If S is a small full subcategory of € and the projective class
is generated via Proposition 6.2.3, then the restriction to D amounts to check that the intersection
D n P is is closed under the coproducts needed to build the canonical P-precover of objects in D.

The next result does not use the theory of projective classes, but only the thick calculus.

Lemma 6.2.5. Let € ¢ Cat™ be a stable category and let S ¢ € be a small subcategory. If z €
thick,, (S), then the n-fold composites of thick; (S)-null maps out of z is null-homotopic.

Proof. The proof goes by induction on n. If n =1 and «x € thick; (5), then for every f € thick; (S)-null
it is m, home(z, f) = 0 by definition. Evaluating at id, shows that f is null-homotopic. Assume
now the claim for n — 1, and let x € thick,(S). Since thick, (S) = smd(thicky (S) * thick,_1(5)), it
is enough to treat the case in which x fits into an exact triangle p - = — 2z with p € thick;(S) and
z € thick,-1(S) (indeed the case of retracts has a similar proof). Let f :x — y be a composite of
n maps in thick; (S)-null, say f = 4, o014y with each i; € thick;(S)-null. Since 41 o (p - ) is
again in thick; (S)-null and p € thick; (S), it follows i1 o (p = z) is null-homotopic by Lemma 6.1.7.
By exactness, i1 therefore factors through z — Yp, so there exists a map « : z - cod(i1) such that
i1~ ao(x > 2). Hence f ~ipo0--0igoao(x > z). Set g:=i,0--0isoa:z - y. Since thickl(S)—null"_1
is an ideal and 4, o -+ o 4y € thick; (S)-null" ™", it follows that g € thick;(S)-null""*. By the inductive
hypothesis, since z € thick,_1(59), it follows that g is null-homotopic. Therefore f ~ go (z — z) is
null-homotopic. O

We now introduce ghosts, ideals associated to particular projective classes.

Remark 6.2.6. Let C ¢ Prl‘t be a presentable stable category and let G € C¥ be an object. Then
Proposition 6.2.3 implies the existence of a projective class whose subcategory of projectives is given
by Thick; (G). The ideal of null maps is then given by those maps  — y such that 7, home(X"G,2) —
7 home(X"G,y) is the zero map. We will refer to such maps as G-ghosts and we will denote the
ideal of G-ghosts maps by . The projective class (Thick; (G), ) is called the projective class of
G-ghosts.

We obtain the following extremely useful result.

Remark 6.2.7 (The ghost lemma). Let € ¢ Pre be a presentable stable category and let G € ¥ be a
compact object. Consider the projective class of G-ghosts (Thick; (G),[\g) on €. An argument with
compactness shows that thick,(G) = € n Thick,, (G) for every n € N. In particular, if = € thick, (G),
then Lemma 6.2.5 implies that the n-fold composite of G-ghosts out of = vanishes. Equivalently, if
there exists a non null-homotopic n-fold composite of G-ghosts out of some compact object x € C¥,
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then x ¢ thick, (G). In particular, if G is a strong generator of C*, this gives a lower bound on the
generation time of G: the existence of such a composite implies that ©(G) > n.

We now study projective classes closed under extensions. The next observation tells us that there
are few projective classes closed under extenions.

Example 6.2.8. Let Mody be the derived category of Z-modules. Let S = {Z} and apply Propo-
sition 6.2.3 to deduce the existence of a projective class (P, P-null) on Mody. Notice that P-null
may be identified with the ideal of Z-ghosts maps. Let now p be a prime and consider the extension
7. —~ 7|p -~ X7. Notice that the connective morphism Z/p — X7 is ghost, since the homotopy of Z/p
exists only in degree zero and the homotopy of 7 only in degree —1. If now Z/p was projective, then
the ghost morphism Z/p - X7 would have projective domain, and Lemma 6.1.7 would imply that
Z|p — X7 is the zero morphism, making Z/p a retract of Z, which is clearly false.

Fortunately, there is a way of making projective classes closed under extensions.

Lemma 6.2.9. Let C e Cat™ be a stable category and let (P,J) be a projective class. For every n e N
let P,, = smd(P*™) be the retract closure of the n-extension of P and let I be the ideal of n-composites
of J. Then (P,,J") is a projective class.

Proof. The proof goes by induction on n, the cases n = 0,1 being trivial. Assume therefore that
(Pn_1,9"1) defines a projective class. For orthogonality:

(1) To show that P,-null = J™, notice first of all that J* < J, being J an ideal, so that P =
J-proj ¢ (I™)-proj. Since (I™)-proj is thick (it is closed under shifts, retracts and extensions,
by exactness of the mapping spectrum), it follows that P, = P** ¢ (J")-proj. In particular,
every f €J" is annihilated by every p € P,,, hence " € (P, )-null. For the reverse inclusion, let
f:x - y be a morphism in (P, )-null. Choose an exact sequence p - x — x1 with p € P and
i1 €J. Since p e P ¢ P, it follows that fo (p — x) =0, so f factors as f = f1 o (x > x1) for
some fi1 :x1; — y. The inclusion will be proved if f; € (P,,—1)-null. This follows from a trivial
computantion (after having picked a P,,_1-precover for ).

(2) To show that (J")-proj = P, since P,, € (J")-proj holds from the first part, it suffices to prove
(I™)-proj € P,,. Let z € (J™)-proj and assume for a moment that there are enough projectives
(see the paragraph below), so that there exists an exact sequence p, - z - 2’ with p, € P,
and (z - z') € J" = (P,,). Since z € (J")-proj, the induced map 7o home(z, z) — 7o home(z, 2’)
is zero, hence id, maps to 0. Therefore the cofibre sequence splits and z is a retract of p,,.
Since P, is closed under retracts, it follows that z € P,,.

To prove that there are enough projectives, let x € € and choose an exact sequence p,_1 = T = T,_1
with p,—1 € P, and (z - x,-1) € J"n=1. Pick then also an exact sequence p; — ,_1 — 1 with p1 € P;
and (z,-1 > x1) € J'. Since the composite r - x,_1 — x1 lies in J” and since the octahedral axiom
furnishes an exact sequence p, — = — x1, it suffices to notice that the extension p,_1 — p, — p1
implies p, € Py,. O

There is another interesting operation on projective classes.

Construction 6.2.10. Let € € Cat™ be a stable category with A-coproducts and let ((Pa,Ja))aca
be a family of projective classes. Define Nyea(Po,Ja) to be the pair (P,J) with the full subcategory
of C spanned by retracts of coproducts @,eq Pa With po € P, and J = P-null.

Lemma 6.2.11. Let € € Cat®™ be a stable category and let ((Pu,J4))aca be a family of projective
classes. Assume that C admits A-indexed coproducts. Then the pair Npea(Pa,ds) is a projective
class.

Proof. Denote by (P,J) the pair Npea (Pa, o). Then:
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(1) First, one has J=NgeaJo. Indeed, let f € J = P-null. For every fixed o and every p,, € Py, the
object p, lies in P (take pg =0 € Pg for S # a), hence 7, home(py, f) =0, so f € Py-null =7,,.
Thus J € Ny Je. Conversely, if f € N, Iy and p € P is a retract of @, po with p, € P, then
7, home(pa, f) = 0 for all a, hence 7, home(@, pa, f) ~ 0, and therefore 7, home(p, f) ~ 0.
Hence f € P-null =7, proving Ny Ja €7J.

(2) To check orthogonality, notice that if f € J and p € P, then by writing p as a retract of @, pa
with p, € P,. and using f € J, = Py-null, it follows that m, home(pa, f) ~ 0 for all a, so that
7 home(p, f) ~ 0 for all p e P.

(3) To show that there are enough projectives, fix x € € and choose exact sequences p, - = = x,
with po, € Py, and z — x4 € J,. Let @, pa — = — 2z be the cofiber triangle. Then each
composite p, > — 2 is 0, so x > z € Py-null = I, for all o, hence x - z € J, and @, pqy € P.

The claim follows. O
6.3. Towers.

Construction 6.3.1. Let Ce¢ Prl} be a presentable stable category, and let (P,J) be the projective
class generated by a small subcategory S ¢ € as in Proposition 6.2.3. Let P: € — € be the associated
comonad, and let B,(P,-) : A°? — Fun(C, €) be the associated augmented simplicial bar construction.
Fix an object x € C.

(1) Define the cellular tower of z by setting Cp(x) := 0 and
Cp(z) = [sky-1Be(P, )]
for n > 1. Equivalently, with the convention sk_; = 0, one has Cy,(z) = |sk,_1B.(P, )| for all
n € N. The natural inclusions sk,,_1Be(P,z) < sk, Be(P, x) induce maps
Co(z) = C1(z) > Ca(z) > -+~ [Bo (P, ).

Composing with the augmentation |B,(P,z)| - = yields compatible maps C,,(z) - x
(2) Define the phantom tower of z by

P, (z) :=ib(Cyr(z) - )
for n € N. Thus there are induced maps
Py(z) = Pi(x) - Py(z) > -
Finally, if @ = cofib(P — ide), then Ci(z) =~ P(x), Po(z) ~ Qz and P (z) ~ Q(x).
Remark 6.3.2. One can construct phantom and cellular towers for an arbitrary projective class (P, J),

not necessarily generated by a small full subcategory S, by iterating chosen P-precovers; however,
without small generation one should not expect the resulting towers to be functorial.

Lemma 6.3.3. Let C ¢ Prgt be a presentable stable category, and let (P,J) be the projective class
generated by a small subcategory S ¢ €. For every n € N there exists an object N,(x) € P and an
exact sequencq

Cp(z) > Cpi1(z) > "Ny ()

in C. In particular, the fibre and cofibre of C,,(z) = Cp1(z) lie in P for every n € N.
Proof. Let L, Be(P,x) - B, (P, z) denote the n-th latching map, and let N, (z) := cofib(L,, B« (P, z) —>

B, (P,x)). Since C is presentable and stable, it is tensored over spaces and geometric realization is
exact. The skeletal filtration of realization yields a pushout square

LoBu(P,z) ® 9A" —— C,(2)

| |

B,(P,z)® A" ——— Cpy1(x).
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Passing to cofibres gives
cofib(Cy(x) = Cpyi1(x)) ~ cofib(Ly, Be(P,z) » B, (P,z)) ® (A" /OA™) ~ X" N, ().

It remains to prove that N, (z) € P. Since € is stable, it is additive. For a simplicial object in an
additive category, one has the usual decomposition into normalized and degenerate parts; in particular,
the latching map is split mono and B, (P,z) ~ L,B.(P,z) ® N,(z). Hence N,(z) is a retract of
B,,(P,z). On the other hand, B, (P,z) ~ P"**(z) and by construction P(y) is always a coproduct of
objects of S. Therefore every iterate P"*1(z) belongs to P. Since P is closed under retracts, it follows
that N, (z) € P. As P is also closed under shifts, this proves that cofib(Cy(z) = Cpi1(z)) € P. O

Corollary 6.3.4. Let Ce¢ Pr; be a presentable stable category, and let (P,J) be the projective class
generated by a small subcategory S € C. For every n € N one has C,(z) € P*™.

Proof. The proof goes by induction on n. For n = 0 one has Cy(z) = 0 € P*? by definition. Assume now
Cp(z) € P**. By Lemma 6.3.3, the object cofib(C,,(z) = Cri1(2)) belongs to P. Hence Cp41(x) fits
into an exact sequence Cy, () - Cps1(x) = p with p € P. Therefore Cpy1(z) € P+ P*" = P*(n+l) ]

The next result motivates the nomenclature “phantom tower”.

Lemma 6.3.5. Let € ¢ Prlft be a presentable stable category and let (P,J) be a projective class
generated by a small subcategory. Let z € C. Then the maps P,(z) - P,.1(2) in the phantom tower
are in J for every n e N.

Proof. By definition, f €7 if and only if for every p € P the induced morphism 7y home(p, f) is zero.
With the notation of Proposition 6.2.3, it suffices to check this when p = P(y) for y € C, since the
claim then immediately extends to retracts.

Consider the augmented simplicial spectrum X, - X_; defined by

X, = hOHl(g(P(ZJ),Bm(P’x)) and X 1= home(P(y),x)

Since home(P(y),-) : € — Sp is exact, there are natural equivalences home (P(y), Cp(x)) = |skp-1X|
and hence home(P(y), Pn(x)) ~ fib(|sk,-1Xe| > X_1). Write F,, := fib(Jsk,,-1 Xe| > X_1). Now the
augmented simplicial spectrum X, — X_; is split: the assignment induced by the comultiplication of
the comonad defines an extra degeneracy s_1 : X, - X;+1. Therefore, after applying g, one gets a
split augmented simplicial abelian group. Its Moore complex is contractible, so the induced maps on
the fibres of the skeletal truncations vanish, in that mo(F,) - mo(F,+1) = 0 for all n € N. Equivalently,
mo home (P (y), Py(x)) - mohome (P(y), Pur1(x)) is zero for every y. Hence also mg home(p, P, (z)) —
mo home (p, Pyy1(x)) is zero for every retract p € P. Therefore P, (x) - P,11(x) belongs to J. O

Lemma 6.3.6. Let C ¢ Priﬁt be a presentable stable category and let (P,J) be a projective class
generated by a small subcategory. Let x € € be an object. Then there exists an exact sequence

colimyen Py, (2) = colim,ey Cp (2) — 2.

Proof. By construction there exists an exact sequence P, (x) - Cp(x) - x for every n € N. The maps
sk, = sky41 induce maps Cy, () - Cp41(x), and the morphisms C,, () — x are compatible with these,
hence the fibre sequences above form a filtered diagram of fibre sequences. Since € is presentable and
stable, filtered colimits are exact, hence they preserve fibres. Taking colim,y of the diagram of fibre
sequences yields the required exact sequence. O

6.4. A Brown representability result. Projective classes can be used to prove Brown representabil-
ity results.
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Construction 6.4.1. Let € € Cat®? be an additive category. Let Ab[C] be the abelianization of C,
and recall that
Ab[€] ~ PSh(€) ® Ab ~ Fun™(PSh(€)°P, Ab) ~ Fun(C°P, Ab)

identifies the abelianization with Ab-presheaves. Let Ab®[€] be the full subcategory of Ab[€] spanned
by the additive presheaves, that is, by those presheaves that preserves the zero object and biproducts.
Then there exists a left Bousfield localization L : Ab[€] - Ab®[€] and that the additive Yoneda factors
as ke : € — Ab®[€] and is given by z ~ mohom(-,z). When € ¢ Pr*!® is furthermore presentable,
we let Ab®[C]* denote the full subcategory spanned by the compact objects.

Warning 6.4.2. Let C ¢ Cat® be an additive category. In general the additive Yoneda e : C <
Abe[e] is not exact; it only preserves biproducts.

Remark 6.4.3. Let C e Cat™ be a stable category and consider the additive Yoneda embedding
Xe:Cw Ab®[C]. If z - y — 2 is an exact sequence in C, then there exists a long exact sequence
-+ = m home (-, 2) = mp home (-, x) - mo home (-, y) - mo home (-, 2) > 7_1 home(-,2) — ...

of abelian groups. Since 7, ~ mrX ™", and since home(—,-) is exact, it follows that the long exact
sequence depicted above is the evaluation of a long exact sequence

- Ke(B2) - Ke(a) = Ke(y) > Ke(2) » Le(B712) > ..
of additive presheaves.
Lemma 6.4.4. Let C ¢ Cat™ be a stable category. Then Ab®[C] € Pr,, is a Grothendieck abelian
1-category.
Proof. Since Ab[C] ~ Fun(C°P, Ab), it follows that Ab[€] is a Grothendieck abelian 1-category. In
particular, Ab®[C] is a left Bousfield localization of a Grothendieck abelian 1-category. O

Remark 6.4.5. Let € ¢ Cat®!? be an additive category. Let x € €. Then the additive Yoneda functor
Fe(x) is projective, since Homypepe)(&e(),-) = (-)(z) and evaluation is exact.

The next result identifies the compact objects of Ab®[€] with the classical finitely presented functors
of Auslander.

Lemma 6.4.6. Let C¢ Prgt be a presentable stable category. Then an additive presheaf H : C°P - Ab
is compact if and only if it is finitely presented, in the sense that there exists an exact sequence
Fe(z) = Ke(y) > H 0.

Proof. First of all, notice that representable additive presheaves are compact as a consequence of the
Yoneda lemma (plus the fact that the colimits are computed pointwise). For the actual proof, assume
(<) that H fits into an exact sequence Xe(x) - Ke(y) > H — 0. Then for every additive presheaf
F' the set of natural transformations H — F' can be computed as

hom(H, F) = ker(hom( & ¢(y), F) - hom(ke(x), F)).
Let (F});er be a filtered diagram in Ab®[C]. Using compactness of X e(z) and Xe(y) and exactness
of filtered colimits in Ab, it follows that
hom(H, colim;er F;) ~ ker(colim; hom( & ¢ (y), F;) — colim; hom( &k e(z), F}))
~ colim; (ker(hom( & ¢(y), F;) = hom( X e(z), F;)))
~ colim; hom(H, F;),
so that hom(H, ) preserves filtered colimits, proving the compactness of H.

Conversely (=), assume that H is compact. First construct a surjection from a (possibly large)
coproduct of representables onto H as follows: for each object ¢ € € and each element a € H(c), let
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©Yea t £elc) > H be the corresponding natural transformation under Yoneda. Taking the induced
map @.,q) &el(c) > H gives an epimorphism (since it is pointwise surjective by construction). Write
the domain as a filtered colimit of its finite subsums

P Ke(e) xcolimy @ Kelo),

(c,a) (c,a)ed
where J runs over the filtered poset of finite subsets of the indexing set. Let I; ¢ H be the image
of the composite @ c,q)es Ke(c) = H. Then H =~ colim; [;. Since H is compact, the identity map
idg : H - H =~ colim; I; factors through some stage I;,. The composite H - I;, — H is then
idg, hence I;, = H. Therefore the above epimorphism restricts to an epimorphism Xe(y) - H for
Y= ®(c,a)eJ0 C.

Let K = ker(&e(y) — H). Write K as the filtered colimit of its finitely generated subobjects K,

(equivalently, of subobjects generated by finitely many elements in finitely many values) and notice
that, since filtered colimits are exact, one has

colimq (& e(y)/Ka) = e(y)/K = H.

Again by compactness of H, the identity idy : H — colim,, Ho (y)/ K, factors through some He (y)/ Koy
forcing the canonical epimorphism & e(y)/Ka, = H to be an isomorphism. Hence K,, = K, so K is
finitely generated. Finally, since representables generate, there exists an epimorphism e(z) - K
with = a finite direct sum of objects of C. Composing Xe(z) > K - Xe(y) yields a morphism
Fe(z) > Ke(y) whose cokernel is H, giving the required exact sequence. O

Corollary 6.4.7. Let C ¢ Pr; be a presentable stable category. Then Ab®[C]“ is an abelian 1-
category. Furthermore, the additive Yoneda emebdding preserves small coproducts.

Proof. Since compact objects are always closed under cokernel, it suffices to prove the closure under
kernels. First of all, it is closed under kernels of representables. Indeed, let f : z — Y be a map
in € and let k = fib(f), so there is a fibre sequence kK - = — y in C. By Remark 6.4.3 there
exists an exact sequence in Ab®[@] of the form Xe(X7'y) - Xe(k) » Le(z) - Le(y). Therefore
ker(e(z) = Le(y)) = coker( L e(X71y) = Ke(k)) is finitely presented, hence belongs to Ab®[C]«.

Finally, for a general morphism o : H - H’ in Ab®[C]*, choose presentations &e(z) - ve(y) -
H - 0and Xe(2') > Le(y') > H' - 0. Since X e(y) is projective, a lifts to a map Ke(y) - &e(y'),
and using projectivity again one may represent a by a morphism between the two presentations.
Taking kernels in the abelian category Ab®[C] expresses ker(a) as a cokernel of a morphism between
finite direct sums of kernels of maps between representables; by the previous paragraph all those
kernels are finitely presented, hence so is ker(«).

For the “furthermore” part, notice that, since every F ¢ Ab®[C]* is finitely presented, evaluating
the exact sequence &e(a) > &e(b) > F — 0 at a coproduct @;c; z; and using that home (-, b) carries
coproducts to products, shows that F(@;e; ;) = [Tie; F(;). Therefore, for every F e Ab®[C]«,

Hom( & ¢(P i), F) = F(@ i) = [[ F(w) = [[Hom( ke (xs), F),

50 X e(@®; ;) represents the coproduct of the Xe(z;) in Ab®[@]. O

Remark 6.4.8. Let C € Prgt be a presentable stable category and let (P,J) be a projective class.
Then the inclusion i : P < € induces an adjunction Lan; : Ab®[P] 2 Ab®[C] : res; via the usual
yoga with Kan extenions (plus the observation that both the left Kan extension and the restriction
along ¢ preserves additive presheaves). Since limits and colimits of additive presheaves are computed
pointwise (that is, the inclusion Ab®[€] — Ab[€] creates them), it follows that the restriction res; :
Ab®[@] - Ab®[P] preserves all limits and colimits (limits since it is a right adjoint, and colimits
since the restriction at the level of abelian presheaves is also a left adjoint, by the usual yoga of Kan
extensions).
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The next result shows that this adjunction restricts to compact objects.

Lemma 6.4.9. Let C¢ Prgt be a presentable stable category and let (P,J) be a projective class. Then
ther exists an adjunction Lan; : Ab®[P]¥ 2 Ab®[C]“ : res;.

Proof. The left adjoint clearly restricts, since it preserves colimits and sends representable to repre-
sentables. For the right adjoint, it suffices to show that it preserves cokernels (which follows from
Remark 6.4.8) sends representables to compact additive presheaves. Let x € € and consider the addi-
tive abelian presheaf & e(x) = mohome(—, ) and restrict it to P. Pick a P-precover pg -~ x — 1 and
notice that res; X e(x) — res; & e(x1) vanishes, since x — x1 is in J. Thus the long exact sequence of
Remark 6.4.3 reduces to

> res; Ke(Xwy) > res; Ke(p) - res; Ke(z) >0

an exact sequence. On the other side, let p; - Xz - 2 be a P-precover of Y. As before, the map
res; & e(Xxy) — res; &e(xz) vanishes, so that making res; &e(p1) — res; &e(Xx1) an epimorphism.
In particular, since the image of res; ke(Xx1) — res; Xe(po) equals the image of the composite
res; K e(p1)res; ke (Xxz1) — res; Ke(po), it follows the existence of an exact sequence

res; Ke(p1) = res; Ke(po) = res; Ke(z) =0
which exhibits res; & ¢ (x) as finitely presented, hence compact by Lemma 6.4.6. O

Definition 6.4.10. Let Ce¢ P1r£‘t be a presentable stable category and let (P,J) be a projective class.
Let x be a regular cardinal. We will say that:

e projective class generates if P weakly generates.
1) Th jective cl tes if P weakl t
(2) The projective class is k-perfect if J is closed under k-coproducts.

We will furthermore say that the projective class is perfect if k-perfect for every regular cardinal k.

Remark 6.4.11. Let C ¢ Pr; be a presentable stable category and let (P,J) be a projective class.
Then the projective class generates if and only if the only identity contained in J is the zero identity.

Remark 6.4.12. Let C ¢ Pr; be a presentable stable category and let (P,J) be a projective class.
Then the projective class generates if and only if res; o & : € > Ab[P]¥ reflects equivalences.

Lemma 6.4.13. Let C ¢ Prgt be a presentable stable category and let (P,J) be a projective class.
Then there exists a left split localization sequence

ker(res;) » Ab®[@]¥ =25 AB®[P]¥
of abelian 1-categories.

Proof. Tt follows from the adjunction Lan; : Ab®[P]* =2 Ab®[C]¥ : res;, since the left adjoint is
fully-faithful, being the left Kan extension of a fully-faithful functor. ]

The following result is fundamental.

Proposition 6.4.14. Let C ¢ PrSL,E be a presentable stable category and let (P,J) be a projective
class. Let x be a regular cardinal. Then the projective class is x-perfect if and only the restriction
res; : Ab®[C]¥ - Ab®[P]“ preserves k-coproducts.

Proof. By Remark 6.4.8 the functor res; : Ab®[€] - Ab®[P] preserves all colimits, and by Lemma 6.4.9
it restricts to res; : Ab®[C]¥ - Ab®[P]¥. Together with Lemma 6.4.13 and the general criterion for
left split localization sequences of abelian categories proved earlier, it is therefore enough to show that
ker(res;) € Ab®[C]* is closed under s-coproducts if and only if J is closed under s-coproducts.

First of all, the kernel is ker(res;) = {F € Ab®[@]¥ | F ¢ im(X(f)) for some f € J}. Indeed,
if £ cim(&(f)) for some f € J, then res;(F) ¢ res;(im(&(f))) = im(res; X(f)) = 0, since f € J
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means precisely that res; & (f) = 0. Conversely, let F € ker(res;). Since F is finitely presented, by

ES
Lemma 6.4.6 there exists an exact sequence X (z) ), X(y) > F - 0. Extend u:z — y to an

exact sequence & — y — z. Since res;(F) = 0, the morphism res; & (u) : res; X (z) — res; X (y) is an
epimorphism. Evaluating at every p € P, it follows that 7 home(p,z) - 7o home(p,y) is surjective.
Hence v € J. On the other hand, Remark 6.4.3 applied to the exact sequence x - y — z produces an
exact sequence
i i
X(@) = k() = x(2),

and therefore F' ~ coker( & (u)) ~im( & (v)). This proves the identification of ker(res;).

Assume now that J is closed under x-coproducts, and let {F, }aeca be a family of objects of ker(res;)
with |A] < k. By what was just shown, for every « there exists f, € J such that F, ¢ im(X(fa))-
Since Ab$[€] is a Grothendieck abelian category, coproducts are exact, and hence

UpeaFy C U(xaAim( X (fa)) = im(HaGA X (fa))

By Corollary 6.4.7 the functor X preserves coproducts, so

UQEAJ:(fa) = J:(LIDLEAfOt)‘

Since J is closed under k-coproducts, one has Ugeafo € J. It follows that im( & (Uqeafo)) belongs
to ker(res;), and since ker(res;) is closed under subobjects, it follows that 1,caF, € ker(res;). Thus
ker(res;) is closed under k-coproducts.

Conversely, assume that ker(res;) is closed under s-coproducts, and let {fq}aca be a family of
morphisms in J with |A| < k. Then each object im( & (f,)) belongs to ker(res;), and hence so does
Uaeaim( & (fo)). As above, exactness of coproducts and preservation of coproducts by J< imply that

HaeAim( J:(foc)) = im(J:(HaEAfa))'

Applying res; and using exactness, one obtains im(res; & (Uaeafo)) = 0, hence res; & (Ugeafo) = 0.
Equivalently, Uyea fo € J. Therefore J is closed under k-coproducts. (]

Lemma 6.4.15. Let C ¢ P1rl,‘t be a presentable stable category and let (P,J) be a generating w;-perfect
projective class. Let xg - 1 — ... be a diagram with morphisms in J. Then colim¢y x,, ~ 0.

Proof. Since Proposition 6.4.14 implies that the restriction functor res; : Ab®[C]* - Ab®[P]¥ pre-
serves wi-coproducts and since Corollary 6.4.7 implies that e preserves all coproducts, it follows
that res; o ke : € - Ab®[C]* preserves w;-coproducts. The claim then follows by the Milnor exact
sequence for colimits® plus the fact that res; o & e(,) — res; o Xe(2ns1) vanishes, being x,, = Tp41
in J. O

Proposition 6.4.16. Let C ¢ Prgt be a presentable stable category and let (P,J) be a generating
ws-perfect projective class, and assume that P is generated by a small subcategory S € C. Let xz € C
be an object. Then colim,ey Cy,(2) -  is an equivalence.

Proof. Consider the exact sequence colim,, P,,(x) — colim,, C,,(z) - x of Lemma 6.3.6. It suffices to
prove colim,, P, (z) ~ 0. By Lemma 6.3.5, the tower Py(x) - Py(x) — - has all structure maps in J.
Since (P,7J) is generating and w;-perfect, Lemma 6.4.15 applies and yields colim,, P,,(z) ~ 0. O

We can finally discuss Brown representability.

3Say something!
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Remark 6.4.17. Let C ¢ Plrgt be a presentable stable category. Let F ¢ Ab®(€) and for D ¢ € a full
subcategory define the category of elements via the cartesian unstraightening

EI(F,D) —— Cat,

| |

Dep F—> Cat.

Recall that an element of EI(F,D) is a pair (d € D,z € F(d)) and a map (d,z) - (d’',z’) in EI(F,D)
isamap f:d —din D such that F(f)(z') = x.

Brown representability amounts to showing that, under certain assumptions, the category of ele-
ments EI(F, D) admits a weak terminal object, that is, a pair (¢, z) € EI(F, C) for which every element
(d,y) € EI(F, D) admits a map (d,y) — (¢, z). In other terms, the natural transformation Xe(t) > F
which corresponds under the Yoneda isomorphism to b € F'(¢) is an epimorphism.

Lemma 6.4.18. Let € € Pr: and let (P,9) be a generating w;-perfect projective class. Let F' € Ab®[€]
and assume that F is cohomological and sends coproducts into products. Assume also that E1(F, P*™)
has a weak terminal object for every n € N. Then EI(F, ) has a weak terminal object.

Proof. Let (t, € P*" b, € F(t,)) be the weak terminal object of EI(F,P*"™) and let I be the set of
towers (0 =t BANSRREN ...) satisfying F(7;)(bis1) = b;. Then I # @. Indeed, since t,, € P*™ ¢ P*(n+1)
and (tn+1,bne1) is weak terminal in EI(F, T*("“)), the system of maps «; exists. Given i = (té -1t -
...) el let t° := colim,, t; be the colimit of the tower, and note that the exact sequence

0 — lim} . F(t)) - F(colimt!) — limey F(t,) = 0

shows that the sequence (b,)nen may be lifted to an element b; € F(colimt’). The claim is that
(£, 0) := (Uierts®, (bi)ier) € EI(F, C) is a weak terminal object.

Let x € € and use Proposition 6.4.16 to produce an equivalence colim,en Cy, () — 2 with the colimit
of the cellular tower. Consider then the diagram

0 — lim" 79 home (2C, (2),t) —— 7o home (2, t) — lim 7o home (C (), ) — 0

| | s

0 — lim' F(2C,(z)) ————— F(z) ————— lim F(C,,(z)) —— 0.

and notice that if the two extreme vertical maps are surjective, then so is the middle one, by the
snake lemma. Consider therefore . Since XC,,(x) € P*™ by Corollary 6.3.4 and since (t,,b,,) is weak
terminal in E1(F, P*™), there is a map (XC, (), an) = (tn,by) in EI(F, P*") for every a,, € F(XC,(x)).
Since I # @, there exists a map

(E2Ch(x),an) = (tn,bn) = (t;,b;) > (t,b),
and this shows that home(XC),(2),t) > F(2XC,(x)) is surjective. Since this property is preserved by

lim' (see Exercise E.6.3), the map « is surjective. Consider now 8. Let (an)nen € limpeay F(Cy(2)),
so that a, € F(Cr(z)) and F(an)(ant1) = an for o, : Cp(x) > Chir(x). The goal is to construct a
diagram

fol fll

to > 11 > e

such that the bottom row belongs to I and F(f,)(b,) = a, for every n € N. The construction is by
induction. Set fo =0 and pick f; from the fact that (¢1,b1) is weak terminal in EI(F, P). Assume the
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construction has been made for the first n — 1 steps. Consider now

Chn-1(x) — Cyp(x)

] |

by —————Un

Since pushouts are pullbacks, it follows that the fibre of ¢,-; - y,, is the same of Cy,_1(z) - Cp(x),
hence it is in P by Lemma 6.3.3. In particular y, € P*(*~1) « P~ P*» Apply F to the exact sequence
defining y,, to get
> F(gn) = F(Cot (2)) % Pt 1) = F(Co()) > -

Since F(an-1)(an) = F(fn-1)(bn-1) = an-1 — an-1 = 0 in F(Cp-1(z)), there is an element b), € F(yy,)
lifting (@, bp-1)- It follows that the bottom horizontal and right vertical maps in the above pushout
are maps (Cn(z),an) = (yn,b,,) and (tn-1,bp-1) = (Yn,b),) in EI(F,P*™). Since (t,,by) is weak
terminal in EI(F,P*"), there is a map (yn,b.,) = (tn,bn) in EI(F,P*™) that does the required job,
thus completing the construction process. The proof of surjectivity of § follows by considering the
composite F(t) - F(¢°) - lim F(t,) —» lim F(C,,(x)), since it sends b € F(t) to (an)nen- O

Theorem 6.4.19. Let C ¢ Prgt be a presentable stable category and let (P,J) be a generating wi-
perfect projective class generated by a small category. Assume also that every category of elements
P*"/F has a weak terminal object for every n € N and every cohomological functor F' € Ab®[@] which
sends coproducts into products. Then C satisfies Brown representability.

Proof. By | , Theorem 1.3] C satisfies Brown representability if and only if every cohomological
functor F' € Abe[e] which sends coproducts into products has a category of elements with a weak
terminal object. Thus the claim follows from Lemma 6.4.18. O

Corollary 6.4.20. Let C ¢ Prl.“t be a presentable stable category which is w;-compactly generated.
Then satisfies the Brown representability theorem.

Proof. Tt follows from the previous theorem together with Exercise E.6.4. O

7. STRONG GENERATION AND DESCENT

In this chapter we discuss how strong generation behaves with respect to descent. We begin by
recalling some basic facts on totalizations, pro-objects, and the general theory of descent. We then
introduce descendable algebra objects and explain how descendability may be interpreted as a finite
form of descent. After discussing Aoki’s result on strong generation of quasi-excellent schemes, we use
this formalism to prove descent statements for strong generation in geometric situations.

7.1. Pro-objects. We recall the construction of the pro-completion, the dual of the ind-completion.

Remark 7.1.1. Let € € Cat'™ be a category with finite limits. Then the pro-completion of € is the
datum of a category Pro(C) € Cat'®™ with all limits together with a functor j: € — Pro(C) such that:

(1) The functor j: € — Pro(C) is left exact.
(2) Given a category D with all limits, restriction induces an equivalence

7% : Fun®(Pro(€), D) — Fun'™(€, D)
of categories.

Explicitly, the pro-completion may be constructed as Pro(€) = Ind(€°P)°P and the required functor
is given by the Yoneda. In particular, every object in Pro(€) may be written as a “formal” filtered
inverse limit of objects in C: that is, C generates Pro(C) under cofiltered limits. Moreover, € < Pro(C)
identifies a full sucbategory, and, if € is idempotent complete, then it exhibits the cocompact objects.
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Definition 7.1.2. Let € ¢ Cat'™ be a category with finite limits. An object in Pro(C) is called
constant if it is equivalent to an object in the image of j: € - Pro(C).

Split cosimplicial objects furnish a great numver of constant pro-objects.

Example 7.1.3. Let Ce¢ Cat'®™ be a category with finite limits and let X*: A - € be a cosimplicial
object. If X* extends to a split augmented cosimplicial object X} : A, — C then the pro-object
{Tot., X*} is constant.

Remark 7.1.4. Let € e CAlg(Prk) be a big 2-ring. Let F: I - € be a cofiltered diagram for which
the induced pro-object is constant. Then for any x € €, the natural map (lim; F) ® x — lim;(f ® x)
is an equivalence.

We no show that in a finite diagram of categories, a pro-object is constant if and only if it is
constant at each stage.

Remark 7.1.5. Let K be a finite category and let p: K — Cat'™ be a functor. Then there is a a
natural functor Pro(limg p(k)) — limg (Pro(p(k))) which respects all limits. The claim is that this
functor is is fully faithful.

Indeed, the functor p(k) — Pro(p(k)) are fully faithful for every k € K so that limgex p(k) —
limge e Pro(p(k)) is fully-faithful and preserves finite limits. In order for the right Kan extension
Pro(limgex p(k)) = limgex (Pro(p(k))) to be fully faithful, it follows by | , Section 5.3] that it
suffices for the embedding limge i p(k) — limgex Pro(p(k)) to land in the cocompact objects. However,
over a finite diagram of categories, an object is cocompact if and only if it is cocompact pointwise,
because finite limits commute with filtered colimits in spaces.

Corollary 7.1.6. Let K be a finite category and let p: K — Cat'™ be a functor. Then a pro-object
in limge g p(k) is constant if and only if its evaluation in Pro(p(k)) is constant for each vertex k € K.

Proof. Consider
limpeg p(k) = limper p(k)

| |

Pro(limgex p(k)) — limgex Pro(p(k))
where the bottom horizontal map is fully-faithful. It follows that an object of Pro(limgex p(k)) is
pro-constant if and only if its image in limgex Pro(p(k)) belongs to limgex p(k). Since each p(k) —

Pro(p(k)) is fully-faithful, the claim follows. O
7.2. Descendable algebra objects. We now study the theory of descendable algebras, a finite
truncation of the more general theory of descent due to Mathew | , Definition 3.18]. It already
appeared in Balmer | | under the name nil-faithfulness.

Definition 7.2.1. Let € ¢ CAlg(Prk) be a big 2-ring, and let A - B be a morphism in CAlg(€). We
will say that A — B is descendable if thickg(B) = Mod 4(C).

Recall that thickg(B) € Mod 4(€) denotes the smallest thick subcategory closed under ® containing
B, regarded as an A-module.

The main statement in descent theory is the Barr-Beck-Lurie theorem. In order to state it, let us
recall the construction of totalizations.

Remark 7.2.2. Let € € Cat'™ be a category with finite limits and let X*: A - € be a cosimplicial
object. Let Tot<, X* be the limit lima_, X°®. Then there exists a diagram

<+ Toten X* — Toten_1 X+ — Tot<; X* — TotoX®

of partial n-totalizations whose limit (if it exists) is the totalization Tot(X*).
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Theorem 7.2.3 (The Barr-Beck-Lurie theorem). Let F : € 2 D : G be an adjunction. Then the
adjunction is comonadic if and only if:
(1) The left adjoint F' is conservative.
(2) Given a cosimplicial object X*® : A - C such that F(X*®) admits a splitting, then Tot(X*)
exists in € and the map F(Tot(X*®)) —» TotF(X*) is an equivalence.

Our next goal is to show that descendable morphisms of commutative algebras do admit descent.

Lemma 7.2.4. Let € ¢ CAlg(PrY) be a big 2-ring and let A ¢ CAlg(€) be descendable. Then
-® A:C - Cis faithful.

Proof. Let M € € be such that M ® A ~ 0. To show that M ~ 0, consider Cp; ={z € C| M @z ~ 0}
Then @€,y is a thick ®-ideal and A € Cpr, so that Cp; =C. Thus 1 € Cpy and M~ M ® 1 ~0. O

Remark 7.2.5. Let C e CAlg(Prk) be a big 2-ring and let A € CAlg(€). Then the multiplication maps
of A construct a cosimplicial object A®: A - CAlg(C), depicted as A 2 AQAZI AQA®AZF -, called
the cobar resolution of A. The unit map furnishes an augmentation, thus providing an augmented
cosimplicial object A% : A, - CAlg(C).

Proposition 7.2.6. Let € ¢ CAlg(Prh) be a big 2-ring and A € CAlg(C). Then A is descendable if
and only if A% : A, - CAlg(C) is a limit diagram and A°® defines a constant pro-object.

In other words, A admits descent if and only if 1 is a retract of a finite colimit of a diagram
consisting of A-modules.

Proof. Assume first A admits descent. Let Cgo0q be the full subcategory of € spanned by M € C such
that AS ® M is a limit diagram and such that the induced Tot tower converging to M defines a constant
pro-object. The claim will be proved if 1 € Cgo0q. Notice that A € Cyo0q since A ® A is split (via the
multiplication) and so it is a limit diagram; by Example 7.1.3 the associated pro-object is constant.
Since Cgood is clearly a thick ®-ideal (here it is used that the limit commutes with ®, being the Tot
tower a constant pro-object), the claim follows. Conversely, it follows that 1 is a retract of Tot., A®
for some n € N, and since Tot, A® € thickg(A), it follows that 1 € thickg(A), hence € = thickg(A),
making A descendable. O

Now to get the version for a morphism of algebras A — B, it suffices to notice that we have worked
with slices all along.

Remark 7.2.7. Let C € CAlg(Pr;) be a big 2-ring and A - B be a morphism in CAlg(€). Then
Proposition 7.2.6 implies that A — B is descendable if and only if {4} - {Tots, B*} is a pro-
isomorphism of A-modules.

We note the connection with the theory of descent.

Proposition 7.2.8. Let € e CAlg(Pry) be a big 2-ring and let A € CAlg(€) be descendable. Then
the adjunction —® A: € 2 Mod 4(€) : res4 is comonadic.

Proof. 1t suffices to check the assumptions of the Barr-Beck-Lurie theorem Theorem 7.2.3. Now
Lemma 7.2.4 implies that — ® A is conservative, so fix a cosimplicial object X*® : A - € such that
X*® A is split. To show that the map A® Tot(X*®) - Tot(A® X*) is an equivalence, notice that the
collection of M € € such that M ® X* defines a constant pro-object contains A (by Example 7.1.3)
and is a thick ®-ideal, so that the above map is an equivalence (being Tot(X*®) a finite limit, hence a
finite colimit). O

Lemma 7.2.9. Let Ce CAlg(Prk) be a big 2-ring, and let A - B — C be in CAlg(C).

(1) If A— B and B —» C are descendable, then so is A - C.
(2) If A— C is descendable, then so is A — B.
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Proof. For (1), since A — B is descendable, there exists a finite diagram D : I - Modg(C) such that 1
is a retract of lim; D in €. Since B — C' is descendable, there exists a finite diagram E : J - Mod¢(C)
such that B is a retract of limy; £ in Modg(€). Now fix i € I. Since D; is a B-module, tensoring the
latter retract diagram with D; over B yields D; ~ D;®p B as aretract of D;®glim; E ~ lim ;(D;®p E;).
Each object D; ® p Ej carries a canonical C-module structure. Hence every D; is a retract of a finite
limit of C-modules. It follows that lim; D, and therefore also its retract 1, is a retract of a finite
colimit of C-modules. By Proposition 7.2.6, this shows that A - C' is descendable.

For (2), assume that A — C' is descendable. Then by Proposition 7.2.6, 1 is a retract of a finite
colimit of a diagram consisting of C-modules. Restricting scalars along B — C, the same diagram
may be viewed as a diagram consisting of B-modules. Therefore 1 is also a retract of a finite colimit
of B-modules, and Proposition 7.2.6 implies that A — B is descendable. O

Descendability may be interpreted in terms of projective classes.

Lemma 7.2.10. Let € € CAlg(Pry;) be a big 2-ring and let A — B be a morphism in CAlg(€).
Consider the adjunction — ® B : Mod4(€C) 2 Modg(C) : res and define:
(1) The ideal I5 of Mod4(€)°P to be given by those maps f: M — N of A-modules such that
f®4 B is null-homotopic, equivalently, mo(f ® 4 B) is zero. Maps in g are called B-zero maps.
(2) The full subcategory Pp of Mod4(C)°P to be given by the retract closure of res(P) for P ¢
MOdB(G).
Then the pair (Pp,JIp) defines a projective class on Mod 4(C)°P.

Proof. The proof seems much more complicated than what actually is since there is an opposite
category everywhere (and in fact it would be much easier if the notion of injective classes was available).
In any case, consider first the orthogonality problems:

(1) First of all, Pp-null = Jp. Indeed if (f: M — N) € P-null then 7, homyeq, (eyer (P, f) = 0 for
every P € Pp. In particular, for every res(Q) with @ € Modg(€). By exchaing the opposite
and by adjunction, it follows that 7, hom(f ® 4 B,Q) ~ 0. Choose now @ = M ® 4 B so that
mo(f ®4 B)(idype,5) 2 0, which implies mo(f ® 4 B) and thus Pp-null ¢ J5. Conversely, let
f:M — N be in Jg so that f ®4 B ~0. Then for every P € Modg(C) it is

7. homygoa , (eyer (res(P), f) = 7. homygea, (e) (f; res(P)) = homyyeq ) (f ®4 B, P) =0

and since this equivalence propagates to retracts, it follows that Jg ¢ Pp-null.
Secondly, Pp = Ig-proj. Indeed, if M € Pg is of the form res(P) for P € Modg(€), then the
usual computation with adjunction shows that M € Jp-proj, and since this claim is stable
under retracts it follows that P ¢ Ig-proj. The other inclusion is analogous.

(2

~—

Finally, for existence of enough projectives, fix M € Mod4(€C)°? and consider the exact sequence
fib(nar) > M — res(M ®4 B) in Mod4(C), that is, the exact sequence res(M ® 4 B) > M — fib(na)
in Mod 4(C)°P. Since res(M ®4 B) € Pp and since the map M — fib(n,s) is in I (indeed, it suffices
to tensor with B to get that fib(ny;) ® 4 B ~ 0), the claim follows. O

The following observation already appears in | , Proposition 3.27] and in [ , Lemma 11.20].
We observe the connection with projective classes.

Proposition 7.2.11. Let C ¢ CAIg(Pr;) be a big 2-ring and let A - B be a morphism in CAlg(C).
Then A — B is descendable if and only if there exists n € N such that (Pp,Jp)*" is the trivial
projective class (Mod(€)°P,0).

In this case, we will say that A — B is descendable of index < n.

Proof. Let F be the fibre of A - B and consider the Adams tower F®" - ... - F — A. First of all
notice that J3;' = 0 if and only if F®" — A is null-homotopic. Consider indeed the exact sequence
F - A - B and tensor it with M € Moda(C) to get M ® 4 F - M — M ®4 B. Then the map
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M ®4 F — M is the universal “injective map”, in the sense that a map N — M is null-homotopic if
and only if it factors trough® M @4 F — M.

Therefore the claim will be proved once A - B is descendable if and only if F®" - A is null-
homotopic. Assume first that A — B is descendable. Given M € Mod4(C)° let Jp; denote the
ideal of maps f such that f ®4 M is null-homotopic. Then a long but trivial computation shows
that Iy € Jpren, that if N is a retract of M then Jy; € Iy and if My - M — M; is exact then
Ine ©Iar, € In. In particular, since A e thickg(B) it follows that J} ¢ J4 for some n € N. Since
F®" - A, being a composition of elements of Jg belongs to J4, and hence is null-homotopic.

Conversely, assume that F®A™ — A is null-homotopic for some n > 1. Fix M € Mod 4(€) and tensor
the Adams tower with M to get

M@y F®4" ... > M o4 F - M.
For each i > 1, tensoring the fibre sequence F - A - B with M ® 4 F®40~1) gives a cofiber sequence
M ® 4 F®at M ®x Feat-1) M®s By F&at-1)

The third term is naturally a B-module, hence belongs to the thick tensor ideal generated by B.
By induction on 4, it follows that the cofiber of M ® 4 F®4% - M belongs to the thick tensor ideal
generated by B for every i > 1. Now for i = n, the map M ® 4 F®4" — M is precisely idys ® av,, hence
is null-homotopic by assumption. Therefore its cofiber is M & X(M ®4 F®4™) and it belongs to the
thick tensor ideal generated by B. As this thick tensor ideal is closed under retracts, it follows that
M itself belongs to the thick tensor ideal generated by B. Since M was arbitrary, the thick tensor
ideal generated by B is all of Mod4(€). Equivalently, A — B is descendable. O

Corollary 7.2.12. Lax monoidal left adjoints preserve the property of being descendable of index
<n.

Proof. Let f:€C — D be a lax-monoidal left adjoint between objects in CAlg(Pr;), and assume that
A - B in CAlg(@) is descendable of index < n; so, if F is the fibre, then F®4™ — A is null-homotopic
in Moda(€). As f is exact, f(F) is the fibre of f(A) - f(B). As f is lax-monoidal and colimit
preserving, one checks, using the bar-resolution construction of the tensor product of A-modules,
that the induced functor Moda(€) - Modf(4)(D) is also lax-monoidal. This gives, for each i N,
natural maps f(F)®5? —» f(F®4") whose composition with the canonical map f(F®4%) - f(A)
is the canonical map f(F)®/®% - f(A). Specializing to i = n then shows that the canonical map
F(F)®i™ - f(A) is null-homotopic, proving the claim. O

We conclude this section with some examples.

Example 7.2.13. Let A — B be a faithfully flat map in CAlg(Sp) such that m,(A) is countable.
Then A — B is descendable. Indeed, by Proposition 7.2.11 it suffices to show that the composition of
n B-zero maps is null-homotopic. The claim is that n = 2 works. Let M — M’ — M" be a sequence
of B-zero maps and consider a perfct A-module P. If P - M — M’ is a composite, then P - M’ is a
B-zero and to show that it is actually null-hmotopic, consider the unit M’ — res4 (M’ ® 4 B), which
is B-zero, tensor it with the dual P¥ and take homotopy groups to get

7T*(Pv ®4 M') —>7T*(PV ®Aa resA(M' ®4 B))

This map is injective by faithfully-flatness (see Exercise E.7.1). Since the class of P — M’ belongs
to m.(PY ®4 M') and since it is sent to zero in m.(PY ®4 resa(M’ ® 4 B)), the injectivity shows
that P — M’ is null-homotopic and so that M — M’ is phantom. But now 7,(A) is countable, so
that | , Theorem 4.1.5] implies that Mod 4 satisfies Brown representability and then | ,
Theorem 4.1.8] implies that the composite of two phantom maps in Mod 4 is zero, thus showing the
claim.

4Excercise!
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Example 7.2.14. Let A - B be a faithfully flat map in CAlg(Sp). On can improve the previous
result by asking 7. (A) to have cardinality &y, for some k € N, see | , Proposition 3.32]. Even more
[ , Corollary 3.33] shows that every faithfully flat map A - B in CAlg(Sp) such that mo(B) has
a presentation 7o (A)-algebra with at most R generators and relations for some k € N admits descent.
This covers finitely presented faithfully flat map of discrete rings. However, it is known | | and
[ ] that there are faithfully flat extensions of classical rings which are not descendable.

Example 7.2.15. Let A € CAlg(Sp) be connective and such that m; A = 0 for 4 >> 0. Then A —» 7y(A)
is descendable. In this case is actually possible to check the definition, that is, that A € thickg (79 (A)).
Indeed, given an A-module M with 7, (M) is concentrated in one degree, it canonically admits the
structure of a mp A-module and thus it belongs to the thickg (mo(A)). However, the (finite!) Postnikov
decomposition of A in Mod 4 has successive cofibres with 7, concentrated in one degree, so that an
argument by induction shows that A belongs to the thick ®-ideal generated by mgA.

Example 7.2.16. Let R € CAlg(Sp)® be a classical ring and let I ¢ R be a nilpotent ideal. Then the
quotient map R — R/I of classical rings is descendable.

Again this can be checked via the definition. Indeed let thickg(R/I) € Modg be the thick ®-ideal
generated by R/I and notice that Modg; € thickg (R/I). If n is the index of nilpotence, there exists
a filtration 0 = I"™ ¢ --- ¢ I ¢ R whose successive quotients are R/I-modules. In particular, I7/[7*!
belongs to thickg(R/I) and an argument by induction on the exact sequences [7*} — [J — [J/[7+}
allows to conclude that R € thickg(R/I), thus showing that R — R/I is descendable.

We also have the following examples coming from algebraic geometry.

Lemma 7.2.17. Let K be a finite category and let p : K — CAlg(Pry) be a diagram. Let A €
CAlg(limg p). Then A is descendable if and only if the projection A € CAlg(p(k)) is descendable for
every k € K.

Proof. One implication is obvious as being descendable is preserved by lax monoidal left adjoints
by Corollary 7.2.12. Conversely, consider the cobar construction A® : A - CAlg(limg p). Since it
becomes pro-constant after evaluation at each vertex k € K it is constant by Corollary 7.1.6 and since
the limit is exactly 1 at each vertex, it follows that 1 - A must be a limit diagram. O

Lemma 7.2.18. Let f:Y — X be a map of quasi-compact quasi-separated schemes.
(1) Let {j; : Ui & X}ier be a finite cover by quasi-compact opens. Then Ox — [1;c;(ji)«Ou, is
descendable.
(2) If f is fppf, then Ox — f,Oy is descendable.

Proof. Consider first point (1). Assume first that X is affine, and let w : 1;c;U; — X be the induced
morphism. Since the cover is finite by quasi-compact opens, each U; is affine (since X is affine),
hence u;U; is affine. Moreover, u is fppf: each j; is an open immersion, hence flat and locally of
finite presentation, and the family is jointly surjective. Therefore the corresponding map of discrete
rings is faithfully flat and finitely presented. Thus example: finitely presented faithfully flat map of
discrete rings is descendable implies that Ox — w.Oy,y, is descendable. Since pushforward along a
finite disjoint union is the product, one has u.0y,y, ~ [1;e7(ji )« Ov, which proves point (1) when X is
affine. One now passes to a general quasi-compact quasi-separated scheme X. Choose a finite affine
open cover {X,} of X, and let K be the corresponding finite Cech diagram consisting of all finite
intersections Xg,...a,,- By Zariski descent,

QCoh(X) ~ liIIIé QCoh(X,).
o€
Under this identification, the algebra object

Ox — H(]z)*OUz
iel
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is descendable if and only if its restriction to each vertex X, is descendable by Lemma 7.2.17. Since
each X, is affine, the restriction of the above map to X, is descendable by the affine case already
proved. This proves point (1).

The proof of point (2) is similar. Assume first that X is affine. Choose a finite affine open cover
{Vj}jes of Y, and let g : 1e;V; - Y be the induced morphism. By point (1), the map Oy — g.Ou,v,
is descendable in QCoh(Y"). Consider now the composite fg: 1c;V; = X. Since both f and g are
fppf, so is fg. As both source and target are affine, the corresponding ring map is faithfully flat and
finitely presented, hence

oX g (fg)*OLIJVJ ~ f*g*oujvj
is descendable by example: finitely presented faithfully flat map of discrete rings is descendable.
Applying point (2) of Lemma 7.2.9 to the composite of algebra maps Ox — f.Oy — f.g.Ou,v, shows
that Ox — f.Oy is descendable, thus proving the claim in the case where X is affine. Finally, let X
be arbitrary. Choose again a finite affine open cover {X,} and let f, : Y xx X, - X, be the base
change of f to each vertex of the finite Cech diagram. Each f, is again fppf, and since X, is affine,
the affine-target case already proved shows that Ox, — (fs)«Oyxyx, is descendable. Using again
Lemma 7.2.17, it follows that Ox — f,Oy is descendable. O

7.3. Aoki’s result. We now present a huge result due to Aoki | ]

Definition 7.3.1. Let f:Y — X be a morphism between noetherian schemes. We will say that f is
coherently bounded if for every G € Coh(Y), there exists an object F' € Coh(X) and an integer n € N
such that f.G e Thick, (F).

Lemma 7.3.2. The following holds:

(1) Composition of two coherently bounded morphisms is coherently bounded.

(2) Proper morphisms between noetherian schemes are coherently bounded.

(3) Open immersions between separated noetherian schemes are coherently bounded.

(4) Morphism of finite type between separated noetherian schemes is coherently bounded.

Proof. Point (1) is a computation. Point (2) is trivial since quasi-proper morphisms send coherent
complexes to coherent ones (and every proper morphism between noetherian schemes is an example
of such). Point (3) requires more work. Let j : U — X be an open immersion between separated
noetherian schemes, and let G € Coh(U). It is enough to find an object F' € Coh(X) and an integer
n € N such that j.G € Coprod,,(F'). Since every object of Coh(U) is a direct summand of an object
of the form j*F’ for some F' € Coh(X), one may assume that G ~ j*F"’ for some F' € Coh(X). By
[ , Theorem 6.2], there exist an object F"' € Perf(X) and an integer n € N such that j,Op €
Coprod,, (ZF"). Setting F := F' ® F"' € Coh(X), one gets

J«G~ 3§, F' ~ F' ® j.Oy € F' ® Coprod,,(F") € Coprod,,(F' ® F'") = Coprod,, (F)

as required. Finally, point (4) follows from Nagata’s compactification theorem: every morphism of
finite type between separated noetherian schemes is factored into an open immersion followed by a
proper morphism. O

We now recall a consequence of Proposition 7.2.11.

Corollary 7.3.3. Let € ¢ CAlg(Pr;) be a big 2-ring and let A € CAlg(€) be descendable. Then there
exists an integer n € N such that € = thick,({A® C | C € C}).

Proof. Saying that A is descendable means that the unit map 1 - A is descendable. In particular, the
above mentioned proposition states that C€°P ~ Mod; (€)°P = P%* where P4 is the retract closure of
res(P) for P € Mod 4(€). Since passing to opposites is an inert operation (being the conditions only
involving finite coproducts, self-extensions and retracts) it follows that € = P%*. Thus the claim will
be proved if thick; ({A® C | C € C}) = P4. The inclusion (€) is clear (since A ® C =res(A ® C) and
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since every projective class is closed under finite coproducts, retracts and shifts by Lemma 6.1.3); for
(2), if P € Mod4 (@), then the triangle identity res(P) — res(A ® res(P)) — res(P) exhibits res(P) as
a retract of A ® res(P) =res(A ® res(P)), as claimed. O

Lemma 7.3.4. Let L: € » D be in CAlg"8(Pry*) with right adjoint R. Let S ¢ D is such that
D = Thick, (S) for some integer n € N and that R(1p) is descendable. Then € = Thick,,(R(S)) for
some m € N.

Proof. Since R(1p) is descendable, Corollary 7.3.3 implies that there exists k& € N such that € =
thicky ({R(1p) ®c ¢ | c € €}). Now it is not hard to see that L - R satisfies the projection formula

, Cororllary 2.14], that is ¢ ® R(d) ~ R(L(c) ® d) for every ¢ € C and d € D. In particular,
R(1p) ® ¢ ~ RL(c) for every ¢ € €, so that € = thicky({R(L(c)) | ¢ € €}). But now L(C) ¢ D =
Thick,, (5), so that

C = thicky ({R(L(c)) | ¢ € €}) ¢ thicky (Thick, (R(S))) € Thick,(R(S)) cC

thus showing the claim. O
To continue we need a new notion of morphism of schemes.

Definition 7.3.5. Let f:Y — X be a morphism between noetherian schemes. We will say that f is
an h-cover if it is of finite type and universally topologically submersive.

Bhatt and Scholze | , Proposition 11.25 and Theorem 11.12] showed the following.

Proposition 7.3.6. Let f:Y — X be an h-cover of noetherian schemes. Then:
(1) The morphism Ox — f,Oy is descendable.

(2) There is an equivalence of categories QCoh(X) =~ lim QCoh(Y*/X) which specializes to a
similar descent result for perfect and pseudo-coherent complexes.

Proposition 7.3.7. Let f : Y - X be an h-cover between quasicompact separated noetherian
schemes. Suppose that there is an object G € Coh(Y') satisfying QCoh(Y") = Thick, (G) for some
integer n € N. Then there exists an object F' € Coh(X) and an integer m € N such that QCoh(X) =
Thick, (F).

Proof. Since f is of finite type between noetherian separated schemes, Lemma 7.3.2 shows that f
is coherently bounded. In particular, there exists F € Coh(X) and an integer k € N such that
f+G € Thickg(F). On the other hand, the morphism f is an h-cover, and so Proposition 7.3.6 and
Lemma 7.3.4 applied to G imply that QCoh(X) = Thick,,(f.(G)) Putting all together implies that
QCoh(X) = Thickg, (F'). O

We recall the following result due to Neeman | , Lemma 2.7].

Theorem 7.3.8. Let X be a noetherian scheme and let F' € Coh(X) be such that QCoh(X) =
Thick,, (F') for some integer n € N. Then F' is a strong generator of Coh(X).

Proof. Since the proof of this result would occupy the all section, we refer the reader to Neeman’s
article (which is also very pleasent to read). We only observe that Neeman works with the Coprod,,
operators instead of the Thick, ones. This is ininfluent for the statemente here presented, since
Lemma 2.6 in loc. requires to closu under retracts. In any case, Coh(X) = thicks, (F). (]

We deduce the following result.

Theorem 7.3.9 (| , Main theorem]). Let X be a quasi-compact separated quasi-excellent scheme
of finite dimension. Then Coh(X) has a strong generator.
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Proof. By Gabber’s weak local uniformization theorem, there exists an h-cover Spec(R) - X with R
a regular ring, which automatically has finite (global) dimension n. Since Proposition 8.4.5 says that
Modp = Thick,+1(R) is big (n+1)-thickly generated by R, Proposition 7.3.7 implies that there exists
an object F' € Coh(X') such that QCoh(X) = Thick,, (F') for some m € N Apply now Theorem 7.3.8. O

7.4. Descending strong generation. We now discuss how to descend strong generation. The ideas
of this section belong to [ ]

Notation 7.4.1. Let C be a category with finite limits, and let D : €°P - Cat™ be a functor. We will
refer to D as a presheaf of stable categories. Given a morphism j: U — X in C, we write ker(5*) ¢ D(X)
for the kernel of the pullback functor j* = D(j) : D(X) - D(U) so that there is a fiber sequence of
stable categories ker(j*) - D(X) - D(U). We will furthermore say that D : C°P — Cat™ has adjoints

if every j* has a right adjoint j.. We allow change of universes and decorations on the codomain of
D.

Example 7.4.2. Let Sch be the 1-category of quasi-compact quasi-separated schemes. The assign-
ment QCoh(-) : Sch®® - CAlg"8(Prs*) is an example of a presheaf with values in rigidly-compactly
generated stable categories, and for an open immersion j: U < X, the category ker(j*) is exactly the
subcategory of objects supported on the complement of U.

Example 7.4.3. Let X € Sch be a quasi-compact quasi-separated scheme, and let Open(X) be
the category of Zariski open subsets of X. Then QCoh, Perf, and Coh define stable presheaves on
Open(X), with values in CAlg"#(Pr5*), CAlg"8(CatP™™) and Modpe,( X)(Catperf) respectively.

We now introduce a Mayer-Vietoris type notion of flatness.
Definition 7.4.4. Let D : €°° — Cat®™ be a stable presheaf with adjoints. Let f : U — V be a
morphism in C.

(1) We will say that f is D-preflat if for every pullback square

AN v

Aol
UTV

the base-change transformation f*g. — ¢, (f’)* is an equivalence, that is, the induced square
is horizontally right adjointable.

(2) We will say that f is D-flat if for every morphism g : V' - V| the pullback f: U xy V' > V'
is D-preflat.

Example 7.4.5. For the presheaf QCoh : Sch®® - CAlg"#(Prs*), a morphism U — V is QCoh-preflat
if and only if U — V is flat. The same holds for algebraic spaces.

Lemma 7.4.6. Let D : €°° — Cat™ be a stable presheaf with adjoints, and let j : U - X be a
D-preflat monomorphism. Then the restriction functor j* : D(X) - D(U) is a localization.

Proof. It is enough to show that the right adjoint j. : D(U) - D(X) is fully faithful, or equivalently
that the counit j*j. — idpy) is an equivalence. Since j is a monomorphism, the square

Ny

Wl

UT>X

is a pullback square. By D-preflatness, the associated base-change morphism identifies j*j, with
idp (). Hence j,. is fully faithful, and therefore j* is a localization. O
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Now the good definition.

Definition 7.4.7. Let D : €°P — Cat™ be a stable presheaf with adjoints. A Mayer—Vietoris square
is a pullback square

in € such that:
(1) The morphism j is a D-flat monomorphism.
(2) The base-change morphism f*j. — j.(f’)* is an equivalence.
(3) The induced functor f*:ker(5*) — ker((j')*) is an equivalence.

Let us discuss better these conditions.

Remark 7.4.8. Let D : C°P — Cat® be a stable presheaf with adjoints and consider a Mayer-Vietoris
square as in Definition 7.4.7. Notice first of all that if f is D-preflat, then condition (2) holds (and
the converse does not hold, since here one is only testing base change against the single morphism
7). Consider condition (3). Since j and j' are monomorphisms, Lemma 7.4.6 implies that there is a
morphism of localization sequences

ker((j')") —— D(X") 25 Do)

ol el [

ker(j*) —— D(X) T> D).

in which the two horizontal sequences are fibre sequences in Cat®™ and the functor between the kernels
is an equivalence. Finally, notice that the right square is also horizontally right adjointable.

Example 7.4.9. Let
v x!

! 'l lf

Uf)X

be a Nisnevich distinguished square of quasi-compact quasi-separated schemes, that is, j is an open
immersion, f is étale, and if Z = X \ U, then the induced morphism Z’ = X' xx Z — Z is an
isomorphism. Then this is a Mayer-Vietoris square for the presheaf QCoh(-) : Sch®® - CAlg"®8(Prl*).
Indeed, since j is an open immersion, it is a flat monomorphism, and therefore condition (1) of
Definition 7.4.7 holds by Example 7.4.5. Since f is étale, hence flat, condition (2) follows from flat base
change for quasi-coherent sheaves. Finally, ker(j*) identifies with the full subcategory QCoh,(X) ¢
QCoh(X) of objects supported on Z, and similarly ker((j')*) ~ QCoh,/(X’). Since Z' - Z is
an isomorphism, pullback along f induces an equivalence f* : QCoh,(X) - QCoh, (X'), so that
condition (3) also holds.

Mayer-Vietoris squares produce, well, a Mayer-Vietoris sequence.

Lemma 7.4.10. Let D : C°% — Cat® be a stable presheaf with adjoints, and let

UI j XI

! 'l lf



FINITE METHODS FOR STABLE oo-CATEGORIES 72

be a Mayer-Vietoris square in €. Let k=jo f'= foj': U’ - X be the composition. Then there is an
exact sequence idp(xy = j.j* @ fo f* = kk* in Fun®™(D(X), D(X)).

Proof. This is | , Lemma 5.9]. O

Notation 7.4.11. Let D : G — P]rl“t be a stable presheaf (with adjoints) and let P be a property
of objects. Given an object X € € we will denote by P(X) the full subcategory of D(X) spanned by
the objects satisfiying P. We will always assume that P(X) is a stable subcategory of D(X) and that
the assignment X — P(X) extends to a subpresheaf of D in the sense that P extends to a functor
P : €% - Cat™ and there is a fully-faithful exact functor P(X) < D(X). Furthermore, we assume
that for every X € € there exists a function ax:NuU {co} - Nu {co} such that ax(n) < oo for every
finite n and ax (o0) = o0, and for every x € P(X) and every n € Nu {oo} one has
P(X) N Thicky @) () € thick” %) (z).

x(n)
Notice that the requirement is that the function ax is independent from z € P(X). Since the reverse
inclusion thickz(x)(x) c P(X) n Thick? () (2) is automatic, the above assumption is providing a
(finite) control on thickening for the subpresheaf P.

We now need an improvement of Definition 7.3.1.

Definition 7.4.12. Let F': &€ - D be in Prgt and let P be a property of objects. We will say that:

(1) The functor F is P-bounded if for every x € P(E) there exist d € P(D) and n € N such that
F(z) € Thick,(d).
(2) The functor F is strongly P-bounded if there exists n € N such that for every x € P(&) there
exists d € P(D) with F(x) € Thick, (d).
Notice that the composite of P-bounded functors is again P-bounded. The same holds for strongly
P-bounded functors.

Example 7.4.13. In the context of QCoh of quasi-compact @Uasitseparated schemes, consider the
property Perf of being a perfect complex. Let X be quasi-compact separated scheme. Then the
pushforward of every open immersion j : U - X with U quasi-compact is strongly Perf-bounded.
Indeed, the Perf-boundness follows from | , Theorem 6.2]. For the strong version, notice that
Perf-boundness implies the existence of a perfect complex P € Perf(X) and an integer n € N such that
j+Oy € Thick, (P). Now, by using Corollary 5.3.2, for every @ € Perf(U) there exists P’ € Perf(X)
such that @ is a retract of j* P’. Now the projection formula implies that P'®j, Oy ~ j.(*(P")®0y) ~
J«(3°(P")), so that j.(Q) is a retract of P’ ® j,0y. Thus j,Q € smd(P’ ® j.(Oy)) ¢ Thick, (P’ ® P),
and since P’ ® P is compact, the claim follows.

Example 7.4.14. In the context of QCoh of noetherian separated schemes, consider the property
Coh of being a coherent complex. Then Lemma 7.3.2 produces several examples of Coh-bounded
morphism: the pushforward of an open immersion, of a proper morphism and of a morphism of finite
type is Coh-bounded.

Example 7.4.15. Let f: X - Y be an étale morphism of quasi-compact separated schemes. Then:

(1) By | , Proposition 4.9] every smooth morphism of quasi-compact separated schemes has
pushforward which is Perf-bounded, In particular, since every étale morphism is smooth, it
follows that f, is Perf-bounded.

(2) Assume that X and Y are noetherian. Since every étale quasi-compact morphism is of finite
type, it follows by Example 7.4.14 that the pushforward f, is Coh-bounded.

As a consequence of the definitions we deduce the following.


Giovanni Rossanigo
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Theorem 7.4.16. Let D : C°P — Pri‘t be a stable presheaf (with adjoints) and let

UL x

! 'l lf

Uf)X

be a Mayer-Vietoris square. Let P € D be a subpresheaf as in Notation 7.4.11. Assume that j., fx,
and k, are P-bounded. If P(U), P(U’), and P(X') admit (strong) generators, then also P(X) admits
a (strong) generator.

Proof. We prove the claim with strong generators; the one with generators follows by allowing the
indexes to be infinite. Let Gy € P(U), Gyr € P(U’), and Gx: € P(X’) be the strong generators and
choose integers my, my-, mx- € N such that

P(U) = thicky,, (Gu),  P(U') = thicky,,, (Gu),  P(X') = thick,, ., (Gx1).

Since j., f+ and k, are P-bounded, there exist objects G,G’,G" € P(X) and integers Ny, Nx+, Ny € N
such that

j*(GU) € TthkNU(G), f*(GXI) € ThickNX,(ZG'), k*(GUI) € ThiCkNU,(ZG").

Let x € P(X). Since P is a subpresheaf, the pullback functor restricts to P-categories in the sense
that it is j*(z) € P(U), f*(x) € P(X'), and k*(z) € P(U’). Hence j*(z) € thick,,,(Gv), f*(z) €
thick,, ., (Gx), and k*(x) € thick,,,, (Gu). Applying the exact functors j, it follows that

J«3* () € ju thicky,, (Gy) € thick,,, (j+(Gu)) € thicky,, (Thicky, (G)) ¢ Thick,,, n, (G).

Here the first inclusion is the functoriality of Lemma 4.2.12, the second one is from above, and the
third one follows by thick,, ¢ Thick,, and by multiplication of indexes (see Lemma 4.2.9 for the small
case; the big one is analoge). Similarly, f. f*(z) € Thick,, ,n,,(G") and k.k*(x) € Thick,,,, n,, (G").
Denote by m = max{my Ny, mx:Nx/, my Ny} the maximum, so that j.j*(z), fi f*(z) and k.k*(x)
belong Thick,,(G ® G’ @ G"). Use now the Mayer-Vietoris triangle

STk (@) - @ = jug (@) @ fuf T (2) = Rk ()

of Lemma 7.4.10 shows that x belongs to Thicks,,(G & G' ® G"). Since x € P(X), the comparison
hypothesis of Notation 7.4.11 yields x € thick,  (2m)(G ® G’ ® G"). Since the integer N = ax(2m) is
independent of x, it follows that

thicky (G ® G' ® G") ¢ P(X) ¢ thicky (G G’ & G").

Here the first inclusion is by construction. In any case, this shows that G ® G’ ® G” is a strong
generator of P(X). O

Example 7.4.17. Let X be a quasi-compact quasi-separated scheme and consider the presheaf QCoh :
Open(X)°P — Priﬂt regarded as a presheaf with adjoints. The properties of being perfect and coherent
define subpresheaves Perf, Coh of QCoh: for perfect complexes because pullback preserves compact
objects, and for coherent complexes because pullback along an open immersion is t-exact. Consider
now the convention on thickenings of Notation 7.4.11.

(1) For perfect complexes one has thick! () (F) = Perf(U) n Thick3“°M V) (F) for every quasi-
compact open U € X, every F € Perf(U), and every n € N, since Perf(U) = QCoh(U)“ and
compactness reduces arbitrary coproducts to finite coproducts. See Exercise E.4.1,

(2) Likewise, if X is noetherian, then for coherent complexes one has thickS°™ ) (F) ¢ Coh(U) n
Thickgrfj Oh(U)(F Yfor every quasi-compact open U € X, every F' € Coh(U), and every n € N.
See Exercise E.4.2.
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Now let
UnV —V

| |

U——UuV
be a Zariski distinguished square of quasi-compact opens. This is a Mayer—Vietoris square for QCoh.
Moreover, the pushforwards of the three open immersions are strongly Perf-bounded by Exam-
ple 7.4.13, and are Coh-bounded in the noetherian separated case by Example 7.4.14. Therefore
Theorem 7.4.16 implies that the property of admitting a (strong) generator satisfies Zariski descent
for Perf and also for Coh on noetherian separated schemes.

Example 7.4.18. Let Et®®(X) be the category of quasi-compact quasi-separated schemes étale
over a quasi-compact quasi-separated scheme X. Consider the presheaf QCoh : Et9°®(X)°P — Prlﬁt
regarded as a presheaf with adjoints. The property of being perfect defines a subpresheaf Perf ¢ QCoh,
and if X is noetherian then the property of being coherent defines likewise a subpresheaf Coh ¢ QCoh.
Again the convetion of Notation 7.4.11 are satisfied (since they are pointwise and the étale topology
does not play a role). Now let

v s X

f 'l lf
be a Nisnevich distinguished square of quasi-compact quasi-separated schemes. By Example 7.4.9 this
is a Mayer—Vietoris square for QCoh. The morphism j is an open immersion, hence j, is strongly
Perf-bounded by Example 7.4.13; moreover f and k = jo f' = f o j' are étale, hence Perf-bounded
by Example 7.4.15. If all schemes involved are noetherian and separated, then j,., f., and k, are
also Coh-bounded by Example 7.4.14 and Example 7.4.15. Therefore Theorem 7.4.16 implies that the

property of admitting a (strong) generator satisfies Nisnevich descent for Perf, and also for Coh on
noetherian separated schemes.

8. THE ROUQUIER DIMENSION

In this chapter we introduce the Rouquier dimension of a stable category. We begin with the defini-
tion and with its first formal properties. We then discuss a number of examples and counterexamples,
in order to clarify the behaviour of this invariant under basic categorical constructions. We conclude
with a representability result and with computations of the Rouquier dimension in geometric and
algebraic examples.

8.1. The definition.
Definition 8.1.1. Let € e Cat™ be a stable category. The Rouquier dimension of @ is
dimg (C) = inf{f5(€) - 1 for G € C, W5 (C) < oo}.
Notice that dimg(C) e NuU {+o0}.
Remark 8.1.2. Let C e Cat™ be a stable category. There are a couple of immediate observations.
(1) The Rouquier dimension is computed as
dimg (@) = inf{n € N for which there exists G € C such that thick,;(G) = C}.

Indeed, dimg(€) < n if and only if there exists G € € such that € € thick,,1(G).
(2) Tt is clear that exact quivalences of stable categories preserve the Rouquier dimension.

We now show that the Rouquier dimension depends only on the idempotent completion.
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Lemma 8.1.3. Let € e Cat®™ be a stable category and let D ¢ € be a dense full stable subcategory.
Then dimg (D) = dimg (C).

Proof. Assume dimp(D) < n. Then there exists M € D such that @y(D) < n + 1, that is D ¢
thick, 1 (M). Let x € C. By density there exist y € D and z’ € € such that z @ ' ~ y. Since
y € D c thick,+1(M) and thick,,1 (M) is closed under retracts, it follows that « € thick,,,1 (M). Hence
@ ¢ thick,41 (M), so &(C) <n + 1, and therefore dimpg(C) < n.

Assume dimp (@) < n. Then there exists N € € such that &y (€) < n + 1, that is C ¢ thick,,1(N).
By density, N is a retract of some object Ny € D, hence N € thick;(Np). By monotonicity of the
thickenings, it follows thick,1(N) ¢ thick,,1(Np). Therefore € ¢ thick,1(Ny), and since D ¢ € it
follows that D ¢ thick,,,1(No), that is &y, (D) < n+ 1. Hence dimp(D) < n. O

Corollary 8.1.4. The Rouquier dimension is invariant under idempotent-completion.

Proof. By construction, the canonical exact fully faithful functor € = € has dense image: every object
of @ is, by definition, a retract of an object in the essential image. Applying Lemma 8.1.3 to the
dense embedding € ¢ @' gives dim(€) = dim(C"). O

From now on, we will consider the Rouquier dimension of small idempontent-complete stable cat-
egories.

8.2. Formal properties of Rouquier dimension. We now collect a list of formal properties of the
Rouquier dimension (and counterexamples to apparently innocent statements).

Example 8.2.1. The Rouquier dimension is not preserved by fully-faithful exact functors: there are
fully faithful exact functor € = D with dimg(€) > dimg(D). For an explicit example, let k be a field
and consider the ring k[z]. Then Perfy,[,) has dimension 1 (see Theorem 8.4.21). Consider now the
subset S = {(z —n) forn e N} ¢ k(x). Let C:= { P € Perfy[,) | supp(P) € S} € Perfy[,). Then C is
a thick subcategory of Perfy[,;, hence the inclusion € < Perfy[,) is exact and fully faithful. However,
C has no (strong) generator: for any G € C the support supp(G) is a closed subset of Spec(k[z])
contained in S, hence finite. Moreover, if X e thick(G) then supp(X) ¢ supp(G). Choose m € N
outside this finite set. The perfect complex R/(z —m) lies in € but cannot lie in thick(G). Thus no
object generates €, so dimg(€) = +o0.

The situation is different for essentially surjective functors.

Lemma 8.2.2. Let f: € - D in Cat™ be essential surjective up to direct summands. Then dimg (@) >

Proof. If the Rouquier dimension of € is infinite then there is nothing to prove. Assume therefore
dimg (@) is finite, say equal to n. Then there exists an object G € € such that thick, (G) = €. Then
f(G) is a strong generator of D. Indeed, let d € D. Since f is essentially surjective up to direct
summands, there exists ¢ € € such that d is a direct summand of f(c¢). Since c¢ € thick, (G) and f is
exact, Lemma 4.2.12 implies that f(c) € thick, (f(G)). As thick,(f(G)) is thick, it is closed under
direct summands. Hence d € thick, (f(G)). Therefore D = thick, (f(G)), so D is strongly generated
by f(G) and the bound on dimensions follows. O

Corollary 8.2.3. Let ¢: D — & be a Verdier quotient in Cat®. Then dimg (D) > dimg (&).

Proof. Follows from Lemma 8.2.2 since Verdier projections are essentially surjective. O

Lemma 8.2.4. Let C and D be stable categories. Then
dlmR(C‘f ® @) = max{dlmR(G),dlmR(Q)}
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Proof. If one of the Rouquier dimensions appearing on the right side is infinite then there is nothing to
prove. Assume therefore that both dimg(€) and dimg (D) are finite, say equal to n and m, and assume
n > m. Then there are objects G € C and H € D such that thick,1(G) = € and thick,+1 (H) = D. Then
(G,H) € CoD is such that thick,, ((G, H)) = thick,, (G) @ thick,,(H) = thick, (G) ®thick,,(H) = CeD,
so that

dimg(C® D) < dimp(€) = max{dimg(C),dimgr(D)}.
On the other side, the Rouquier dimension of €é&D cannot exceed the ones of € and D, as an argument

with the projections shows (together with Lemma 4.2.12). O

We now prove a bound for the Rouquier dimension of the middle term for right split Verdier
sequence.

Lemma 8.2.5. Let C ER DL Ebea right split Verdier sequence in Cat™. Suppose that € and &
admit strong generators. Then D admits a strong generator and one has

dlmR('D) < dlmR(G) + dlmR((C:) +1.

Proof. Set n :=dimpg(C) and m := dimp(&). Since € and & admit strong generators, one may choose
objects G € C and H € & such that € = thick,,1(G) and & = thick,,,1(H). Let p& : & - D be the fully
faithful right adjoint of p, and set I := f(G) ® p®(H) € D. Then

D = thickmso(F).

Indeed, let d € D. Since € - D — £ is a right split Verdier sequence, there exists an exact sequence
kg - d - p®p(d) with kg € ker(p) = im(f). Hence there exists ¢ € € such that kg ~ f(cq). Since
¢q € € = thick,,1(G) and f is exact, it follows that

kg~ f(cd) € tthkn+1(f(G)) c thickn+1(F).
Similarly, since p(d) € € = thick,,.1(H) and p® is exact, one has
pp(d) € thick,, .1 (p®(H)) € thick,,,1 (F).

The above fibre sequence therefore shows that d € thick,,.;(F') * thick,,+1(F) € thick,4m+2(F), and
since d was arbitrary, this proves that D = thick,4m+2(F). In particular, F' is a strong generator of
D, and therefore dimp(D) <n+m+1=dimg(C) + dimp(&E) + 1. O

Example 8.2.6. The bound in the previous lemma is sharp. Let k be a field and consider the
Beilinson semiorthogonal decomposition Perf(P}) = (Op1, Op1 (1)) proved in Theorem 5.4.8. Set € :=
thick(Op1) and € := thick(Op1(1)). Since both Op1(1) and Op: are exceptional, there are equivalences
C ~ € ~ Perf(k). In particular, dimg(C) = dimg(€) = 0 as we will see in Example 8.4.2. Since the above
semiorthogonal decomposition is admissible, by Lemma 3.3.6 it gives a right split Verdier sequence
C- Perf([P}ﬂ) — &. The previous lemma therefore yields

dimp (Perf(P;)) <0+0+1=1.

On the other hand, since [P,lC is a reduced separated scheme of finite type over k, Rouquier’s lower
bound (which we will see in Theorem 10.2.2) gives

dimp(Perf(P3)) = dimz(Coh(P})) > dim(P}) = 1
and hence a sharp bound.

Example 8.2.7. The author does not know if it is possible to drop the right splitting assumption in
the previous result. It seems unlikely that such dropping is possible...
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8.3. The ghost criteria. Due to its importance, we recall the ghost lemma Remark 6.2.7.

Lemma 8.3.1 (Ghost lemma). Let € ¢ Cat™ be a stable category and let G € € be a strong generator.
If there exists an object = € € such that the n-fold composite of G-ghost maps is not null-homotopic,
then x ¢ thick, (G) and therefore &5 (€) > n.

In particular, if for every strong generator G there is n-fold composite of G-ghost maps which not
null-homotopic, then dimg(€) > n.

Proof. Tt is Remark 6.2.7. O

There is also a partial converse to this result (partial because it requires the existence of thick (G)-
precovers).

Lemma 8.3.2 (Converse ghost lemma). Let C ¢ Cat™ be a stable category and let G € €. Assume
that for every object x € € there exists a map v, : ¢ - = with z¢ € thick; (G) such that every map
y — = with y € thick; (G) factors through v,. If x ¢ thick, (G), then there exist objects x1,...,2, € C

and G-ghost maps
f1 f2 fn

T=Tg-— T — T,
such that the composite f,, o---o f; is not null-homotopic.
Proof. Set x:=x. For every i > 0, complete v,, : (z;)g = x; to an exact sequence

Va, fi+1
(Ii)G > Tj T Li+1-

By the universal property of v,,, every map y — x; with y € thick; (G) factors through v,,. Hence f; 1
is a G-ghost. Suppose now that the composite f,o---o f; were null-homotopic. A repeated application

of the octahedral axiom shows that x can then be obtained from the objects (xo)q,. .-, (Zn-1)a
by at most n extensions. Since each (z;)¢ belongs to thick; (G), it follows that z e thick,(G), a
contradiction and therefore f, o---o f1 is not null-homotopic. O

We can also tell the dual of the f-story.

Definition 8.3.3. Let € € Cat™ be a stable category and let G € €. A map x — y in € is called a
G-coghost if the map home(y, g) - home (2, g) is null-homotopic for every g € thick; (G).

Lemma 8.3.4 (Co-ghost lemma and converse co-ghost lemma). Let C € Cat™ be a stable category
and let G € C.
(1) If there exist objects xg,...,x, € € and G-co-ghost maps
fn fn—l f2 fl

Ty == Tp-g ——> > T1 = Tp

such that the composite f oo f, is not null-homotopic, then zq ¢ thick, (G).

(2) Assume that for every object x € C there exists a map v, : ¢ - xg with 2 € thick; (G) such
that every map x — y with y € thicks (G) factors through v,. If = ¢ thick,(G), then there
exist objects x1,...,x, € € and G-co-ghost maps

fn fn—l f2

Tp —> Tp-1 —> " —> X1 £)"EOZQ'
such that the composite fi o---o f, is not null-homotopic.
Proof. Both statements follow by applying the corresponding ghost statements to C°P. O

Remark 8.3.5. Let C ¢ Cat™ be a stable category and let G € €.

(1) The ghost lemma gives lower bounds on the Rouquier dimension. More precisely, if for every
strong generator G there exists an object x € € and a non-nullhomotopic composite of d many
G-ghosts starting at , then dimg(C) > d. Equivalently, if dimg(C) < d - 1, then there exists
a strong generator GG for which every composite of d many G-ghosts is null-homotopic.
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(2) Assume now the hypothesis of the converse ghost lemma, namely that every object x € C
admits a right thick; (G)-precover zg — x. Then for every n > 1 and every object x € € one
has

x € thick,(G) <= every composite of n many G-ghosts starting at = is null-homotopic.
In particular,
C = thick,(G) <= every composite of n many G-ghosts in € is null-homotopic.
Hence vanishing of n-fold ghost composites gives an upper bound dimg(€) < n -1, while the
existence of a nonzero n-fold ghost composite gives the opposite lower bound.
Therefore the ghost lemma and its converse combine into the following criterion:

x € thick, (G) \ thick,-1(G)

if and only if there exists a nonzero composite of n — 1 many G-ghosts starting at , and equivalently
a nonzero composite of n — 1 many G-coghosts ending at x. In particular, for such categories the
generation time of G is exactly one plus the maximal length of a nonzero composite of G-ghosts, and
the Rouquier dimension is the minimum of these maximal lengths over all strong generators.

Example 8.3.6 (] , Lemma 2.17]). If € € Cat™ is k-linear and Ext-finite over a field k, in the
sense that for every x,y € C the total graded vector space @;cz m; home(z,y) is finite-dimensional,
then the evaluation and coevaluation morphisms

P 7o home (G, Yiz) e LG - . z—>@Pm home (X2, G)Y @, ©7'G.

ieZ ieZ
produce the require precovers for Lemma 8.3.2 and Lemma 8.3.4. Notice that being ext-finite is
implied but not equivalent® to € being proper over Mody.

Ext-finite categories are very “rare” (as proper categories are).

Example 8.3.7. Being quasi-projective over k does not imply being ext-finite. For example, A} is
quasi-projective but not ext finite since the global sections of the monoidal unit are given by k[t]
which is not finite dimensional over k.

8.4. Examples. We now compute the Rouquier dimension in concrete examples.

Example 8.4.1. Let C e Cat™ be a stable category. Then:
(1) The Rouquier dimension dimg(€) = -1 is negative if and only if € = 0.
(2) The Rouquier dimension dimpg(€) = 0 is zero if and only if there exists an object G € € such
that every object of € is a retract of a finite sum of shifts of G.

This exhausts the trivial cases.

Example 8.4.2. Let k € CAlg(Sp)® be a field and consider the category of perfect complexes Perfy,.
Since every perfect complex is a bounded complex of finite rank projective k-modules, and since for
k-modules being projective is the same of being free, it follows that every perfect complex is a bounded
complex of finite generated k-modules. Thus Perfy, = thick; (k), making dimg (Perfy) = 0.

Example 8.4.3. The category of compact spectra Sp“ is not strongly generated. If it was, then
Lemma 5.1.4 implies that the sphere spectrum 3§, being a classical generator, should be a strong
generator. In particular, there should exist an integer n € N such that Sp“ = thick, ($). Christensen
has showed in | ] that there are n-fold composite of $-ghosts of arbitrary lenght, so that &g (Sp) =
oo and the sphere spectrum cannot strongly generate. See Exercise E.6.2.

5Consider QCoh(BG,,). The stack BG,, is not proper over k, but QCoh(BG,) ~ Fun(Z%5* Mod;) is clearly
ext-finite.
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The next goal is to provide a bound on Rouquier dimension on Perfy for a classical ring R via the
global dimension. We recall the definition and some properties, following Section 0002.

Remark 8.4.4. Let R € CAlg(Sp)® be a classical ring and let M € Mod; be a classical R-module. We
say that M has finite projective dimension if it has a finite length resolution by projective R-modules.
The minimal length of such a resolution is called the projective dimension of M. It is clear that the
projective dimension of M is 0 if and only if M is a projective module. The ring R is said to have finite
global dimension if there exists an integer n € N such that every classical R-module has a resolution
by projective R-modules of length at most n. The minimal such n is then called the global dimension
of R, and it is denoted by gl.dim(R). For a noetherian ring R € CAlg(Sp)?, Lemma 000FE states that
R has finite global dimension n if and only if it is regular of Krull dimension n.

Proposition 8.4.5. Let R € CAlg(Sp)” be a classical ring of global dimension n. Then Modpg =
Thick,,1 (R).

Proof. Consider the big 1-thickening Thick; (R). Then M e Thick, (R) if and only if 7. M is a classical
graded projective R-module. For (=), if M € Thick;(R) then M is a retract of a coproduct of shifts
of R, so that by applying , it follows that 7, M is a retract of a free graded R-module, hence classical
graded projective. Conversely (<), assume that 7, M is a classical graded projective R-module. Write

™M= P

i€Z

with P; € Mod% classical projective R-module so that m; M ~ P;. Let HP; be the Eilenberg-MacLane
R-module associated to P; and define

N=@PX'HP,.

i€Z
Then 7, N = 7, M trivially. Notice that N € Thick; (R), being it a coproduct of shifts of HP;, that is,
of retracts of free R-modules. Thus the claim will be proved if there exists a map N — M inducing
isomorphism on homotopy groups. Now notice that for P € Mod}; be a classical R-module there are
equivalences
o hompjed (XCHP, M) ~m homyoa, (P, m; M)
= HomMod% (Pa TriM)

so that a map N — M is determined by maps P; — m; M. Picking the isomorphisms P; — m; M implies
the claim.

Given M € Modg, consider 7w, M = @,z m; M. Since the abelian 1-category of graded R-modules
has enough projectives (and since the free objects are sums of shifts of R), there exists a surjection
Py » meM with Py s = @iz X" P and Py € Mod}, projective. By defining Qo = @z X H Py ;, it
follows that 7,Qo ~ Py . and that Qo € Thick;(R). Now the surjection Py . — 7. M may be realized
as a map Qg — M in Modg, so that every graded surjection may be realized by a map in Modg.
Consider now the fibre sequence M7 - Qg - M. By the long exact sequence in homotopy

=My - Qo > M = i My - -

it follows that m; M — m;_1 M is zero, because m;Q¢ — m; M is surjective. Thus splicing the sequence
and using arbitrariness of i produces an exact sequence 0 - T, M; - 7,Qg - 7. M — 0 of graded
R-modules. Iterate now: pick a surjection P; , - m.M;, realize it via some Q; € Thick; (R) and a map
Q; » M;, and deduce exact sequences 0 - w, M;,1 - 7, Q; — . M; — 0. This produces a resolution

> 7Tx—C)l - W*QO - 7T>(-M -0

of m, M in classical graded R-modules.
Since the global dimension of R is n, every graded R-module has projective dimension < n. Hence
m.M, is projective, so M,, € Thick;(R). By induction on the fibre sequences M;;; — @Q; — M;,


https:/\mkern -5mu/stacks.math.columbia.edu/tag/00O2
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equivalently on Q; — M; — XM;,1, it follows that M; € Thick; (R) * Thick,_;11(R), so that M e
Thick,,1(R). O

Corollary 8.4.6. Let R ¢ CAlg(Sp)” be a classical ring of global dimension n. Then Perfg =
thick,1 (R) and dimg (Perfr) < n.

Proof. Follows from Proposition 8.4.5 and Exercise E.4.1 since R has generation time R(PerfR) <
n+1. O

Example 8.4.7. Stevenson proved in | , Proposition 1, Proposition 2 and Example 3] that there
is a commutative coherent ring of infinite global dimension for which the category of perfect complexes
has finite Rouquier dimension: given a field &, take [T k. in particular, the converse of the statement
on perfect complexes of Proposition 8.4.5 does not hold.

Our next goal is to compute the Rouquier dimension of the category of perfect complexes for a
noetherian regular ring using Corollary 8.4.6 as an upper bound. To do that, we need a bound in the
other direction and we use the argument of | ], which we recast in the language of A-linear stable
categories. The idea is to use the ghost lemma.

Remark 8.4.8. Let A € CAlg(Sp) and let C € Modperf(A)(Catperf) be a small idempotent-complete
A-linear category. As seen in Construction 2.3.7, the action functor admits an ind-right adjoint. In
the case where the base is a module category over a ring spectrum, this ind-right adjoint produces an
A-module action on the mapping spectrum home(z,y) for every z,y € C. See Exercise E.8.1

Proposition 8.4.9. Let A € CAlg(Sp) and let C € Modperf(A)(Catperf). Then the homotopy category
hC is naturally m,A-linear. Equivalently, for every homogeneous element = € m4A and every object
M € C, there is a natural morphism

Ty MeMegA—-MeoyXtA=yiM
in hC, and the graded groups 7, home(z,y) are naturally graded 7, A-modules.

Proof. First of all, a class = € m4A is represented by a map z : A - £?A in Perf(A); indeed, myA =
mghom(A, A) = mphom(A, 2?A) as mgA-modules. Now tensoring with M produces a morphism z; :
M®sA—- M®s XA, hence a natural transformation id,e = ¢ This yields a morphism of graded
rings m. A - Z*(hC) from w,A to the graded center of hC. In particular, every m,home(x,y) is
naturally a graded 7, A-module. O

We now need refinement of the notion of Koszul complex Remark 5.3.3.

Notation 8.4.10. Let A € CAlg(Sp) and let € € Modpe,s, (CP°™) be an A-linear category. Let z € mgA
be homogeneous. The Koszul object of x in Perf(A) is defined to be the cofibre K 4 () := cofib(A 5
Y4A) € Perf(A). If M € @, define the Koszul object of x on M by

M |z := cofib(xpr : M — XM € C.

More generally, for a finite sequence (x1,...,2;) of homogeneous elements of 7, A, define recursively

M/(z1,...,2¢) = (MJ|(z1,...,2¢-1)) |24

Lemma 8.4.11. Let A € CAlg(Sp) and let € € Modpes, (CP™) be an A-linear category. Let
(x1,...,2,) € m.(A) be a finite sequence and M € € be an object. Then there is a canonical equivalence
M(z1,...,2n) > M @4 Ka(21) ®4 - ®4 Ka(zy,).

Proof. The action functor — ®4 —: € x Perf(A) — € is exact in each variable, hence carries the exact
sequence A > Y*1A - K, (z) to the exact sequence M =5 SN — M ® 4 K4(x). This identifies
M |z with M ® 4 K4(z). The iterated statement follows by induction. O
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Remark 8.4.12. Let A € CAlg(Sp)? be a classical ring and regard Perf 4 as a module over itself. Given
fi,--+, fr € A, then Lemma 8.4.11 implies that the Koszul complex AJ/(f1,..., fr) of Notation 8.4.10
coincides with the Koszul complex K*(f1,..., f») of Remark 5.3.3.

Definition 8.4.13. Let A ¢ CAlg(Sp) and let € € Modpere, (CatP™) be a A-linear category. Let
M € @ be an object and regard 7, Ende(M) as a graded 7, A-module.

(1) A sequence of homogeneous elements z1,...,2; € T, A is said to be M-regular if for every
1 <7 <t, multiplication by z; induces an injective morphism

2 Ende(M)/(21, ..., 2i-1)mEnde (M) - % (r,Ende (M) /(21, . .., zi1)mEnde(M)),

and moreover
m.Ende(M)/(z1,...,2¢)7Ende(M) £ 0.
(2) Let acm,A be a homogeneous ideal. We define the a-depth of M by

depth 4 (a, M) := depth, 4 (a, 7. Ende(M)).

Thus depth 4 (a, M) is the supremum of the lengths of 7, Ende (M )-regular sequences contained
in a, provided ar,Ende(M) # 7, Ende(M), and it is oo otherwise.

Notice that depth 4(a, M) measures how many homogeneous scalars in a can act successively as
non-zero-divisors on the graded endomorphism module of M. The point of Letz’s argument is that
such a regular sequence produces a non-zero composition of ghost maps, and therefore a lower bound
for generation time.

Definition 8.4.14. Let A ¢ CAlg(Sp) and let € € Modpes, (Cat®™) be a A-linear category. We
will say that C is Ext-noetherian over A if for every pair of objects X,Y € € the graded m, A-module
7. home(X,Y") is noetherian.

Lemma 8.4.15. Let A € CAlg(Sp) and let € € Modpes, (CatP™) be a A-linear category. Fix G € @
and suppose that m, home(G, M) is noetherian over m,A. Then 7, home(G, N) is noetherian for
every N € thick(M). In particular, 7, home(G, M [/x) is noetherian for every finite sequence z of
homogeneous elements of 7, A.

Proof. Let D c € be the full subcategory of those N € € such that 7, home(G, N) is noetherian over
m.A. Since noetherian graded modules are closed under shifts, finite direct sums, direct summands,
and extensions, the subcategory D is thick. As M € D, it follows that thick(M) c D. O

Lemma 8.4.16. Let A € CAlg(Sp) and let € € Modpere, (Cat®™) be a A-linear category. Let G, M € C
and let x € w3 A be homogeneous. Assume that 7, home (G, M) is noetherian over w4, A. Then for n > 0
the composite

Z_I(M//$n+1) ~ M l anM
is G-ghost.
Proof. Since € is Ext-noetherian over A, the graded module 7, home (G, N) is noetherian over . A.
In particular, its z-power torsion submodule I'(;)7, home(G,N) = {a € 7, home(G,N) | 2™a =
0 for some m > 0} is finitely generated. Hence there exists n > 0 such that "T'(,y7, home (G, M) = 0.

Consider now the exact sequence M — L DINf . M fJz™+! defining the Koszul object of 2"+ €
T(n+1)a On M. Rotating and applying 7, home (G, —) produces an exact sequence

n+1
7, home (G, XY (M fl2"*1)) — 7, home(G, M) Z— Tu—(n+1)a home (G, M)
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Thus the image of the first map is the kernel of multiplication by z"*!, hence it is contained in
I'(gym home (G, M). Multiplication by 2™ therefore kills this image, so the composite

7, home (G, S (M ")) > m, home (G, M) > 74_pg home (G, M)

is zero, and this shows the claim. O

Lemma 8.4.17. Let A e CAlg(Sp) and let € € Modpere, (CatP™) be a A-linear category. Let M € @
and let xq,...,2; € m, A be an M-regular sequence. Then there is a natural isomorphism of graded
7, A-modules

7 home (S M (21, ... 2¢), M) 2 m.Ende(M)/(21,. .., 7¢)

carrying the canonical morphism 7'M J/(z1,...,7;) = M to the class of id ;.

Proof. The proof goes by induction on t. The case t = 0 is tautological. Assume therefore the
claim true for ¢ — 1 and write 2’ = (21,...,2,1). Consider the exact sequence M [z’ — LM 2" —
MJ/(z1,...,x:) defining the Koszul object of (x1,...,2;) on M. Rotate it to get S~ 'M J/(z1,...,2¢) —
Mz’ - S Mz and apply £CD to get
STEM (1, .. x0) » DD Mz’ Zs pld=CD pp
Since x; is regular on m.Ende(M)/(x1,...,2¢-1), the relevant part of the associated long exact se-
quence shortens to a short exact sequence and yields an identification
JEnde(M)/(z1, ... x0
7. home(S7"M (21, ..., 2¢), M) = mbinde (M) /(1 2t-1) ¥, Ende(M)/(z1,...,2¢).

Tt

Here the first step follows from induction, and the second one by definition of quotients. A diagram
chase shows that the canonical map is sent to the class of id . O

Corollary 8.4.18. Let M € C and let z1,...,z¢ € m, A be an M-regular sequence. Then for every
choice of integers ny,...,n; >0, the composite

ni
Ty

t
T
UMty - M s Rl g
is non-zero in hC.

ni+1 ng+1

Proof. By [?, Theorem 16.1], the sequence of powers z7*"", ..., x;*"" is again M-regular. Applying
Lemma 8.4.17 to this sequence produces an isomorphism

7+ home (ST M (2 et ), M) 2 mEnde (M) /(27 2t

under which the canonical map to M corresponds to [idas]. Hence the displayed composite corresponds
to the class [z]*---x}*] € W*End@(M)/(x?”l, e m?”l). Since 1, ...,z is T Ende (M )-regular, this
class is non-zero. O

We can finally start proving the lower bound.

Proposition 8.4.19. Let A € CAlg(Sp) and let € ¢ Modpcrf(A)(Catperf). Let G,M € € and as-
sume that Exts(G, M) is noetherian over . A, and let a € 7, A be a homogeneous ideal such that
am.Ende(M) # m.Ende(M). Then

depth 4 (a, M) +1 <6 (Q).

Proof. Let z1,...,z; € a be an M-regular sequence. By Lemma 8.3.1 it suffices to construct a non-zero
composite of ¢ many G-ghosts. Set M := M and M; := S™H M (a7 2™ for 2 < s < ¢
Since each Mj lies in thick(M), Lemma 8.4.15 implies that 7* home (G, M;) is noetherian for all s.
Choose now the integers ny, ..., n; inductively. Suppose that ni,...,ns_; have already been chosen.
Applying Lemma 8.4.16 to the object M, and to the homogeneous element x € m, A produces ns >0
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such that the composite 71 (M,Jz7=*1) - M, Lo, wnslelpg, s G-ghost. After rewriting this in
terms of iterated Koszul objects, it follows the existence of a G-ghost morphism

STEM (et ety s mneleslmstlyppprard | pnently

S

Composing these ¢ ghost maps for s =¢,t—-1,...,1, and using the commutativity of the 7, A-action
produces the composite

Sty T ey,

By Corollary 8.4.18, this morphism is non-zero. This proves the claim since it forces &, athcalC (G) =
t+1=depthy(a,M)+1. O

Theorem 8.4.20. Let A € CAlg(Sp) and let C ¢ Modperf(A)(Catperf) be Ext-noetherian over A. Let
M €@ and let a ¢ . A be a homogeneous ideal such that a7, Ende(M) #+ m.Ende(M). Then

depth 4 (a, M) < dimg(C).

Proof. If the right hand side is infinite, then there is nothing to prove. Assume therefore that it is
finite and let G € C be a strong generator. Since € is Ext-noetherian over A, the graded m, A-module
7, home (G, M) is noetherian. Apply Proposition 8.4.19 to get depth 4 (a, M) < &e(G) - 1. Taking
the infimum over all strong generators G gives depth 4(a, M) < dimpg(C). O

We can finally compute the Rouquier dimension of a noetherian regular. Recall that a noetherian
ring has finite global dimension n if and only if it is regular of Krull dimension n.

Theorem 8.4.21 (] , Theorem 1]). Let R be a classical commutative noetherian regular ring.
Then dimg (Perf(R)) = dim(R).

Proof. By confusing R with its Eilenberg-MacLane spectrum, it follows that Perf(R) is Ext-noetherian
over R. Assume first that (R, m) is local so that depthp(m, R) = dim(R). Since 7. hompes, (R, R) ~ R,
an application of Theorem 8.4.20 with M = R € Perf(R) shows that

dim(R) = depth(m, R) < dimg (Perfr)

and since the opposite inequality holds from Corollary 8.4.6, the equality follows. For the general
case, suppose first that dim(R) < co. Let G € Perf(R) be a strong generator and choose a maximal
ideal m ¢ R such that dim(R) = dim(Ry). Localization induces an exact functor Perf(R) — Perf(Ry,)
which does not increase generation time Perf( o) (Gm) < perf( r)(G) by Lemma 8.2.2. Since Ry, is
regular local, the local case gives

dlm(R) = dlm(Rm) < dlmR(Perf(Rm)) < Perf(Rm)(Gm) -1< Perf(R)(G) - 1.

Taking the infimum over all strong generators G yields dim(R) < dimg(Perf(R)), and so equality (by
using Corollary 8.4.6). Finally, assume that dim(R) = co. If G were a strong generator of Perf(R),
say with Perf( r)(G) =n < oo, then for every maximal ideal m one would have

dlm(Rm) SPerf(Rm)(Gm) -1<n-1.

This is impossible because R has maximal ideals of arbitrarily large height. Hence Perf( R) admits no
strong generator, and therefore dimg(Perf(R)) = co = dim(R). O

8.5. A representability result.
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9. THE SMOOTH (OR DIAGONAL) DIMENSION

In this chapter we discuss the smooth, or diagonal, dimension of a stable category relative to a
base, a notion of dimension relative to a base. We begin with the definition and with the first exam-
ples, emphasizing the relation with smoothness of the diagonal bimodule. We then study the formal
properties of this invariant, such as its behaviour under tensor products and gluing constructions.
Finally, we compare the diagonal dimension with the Rouquier dimension, obtaining inequalities in
both directions (under suitable assumptions).

9.1. The definition.

Definition 9.1.1. Let A € CAlg"®(Cat”*") be a small rigid 2-ring and let € ¢ Cat‘frf be an A-module.
The diagonal dimension of C over A is defined as

dima (€/A) = inf{n € N for which there are F, G € € such that Ae € thick,+1(F ®4 G)}.
Notice that dima (C/A) e Nu {+oo}.
Remark 9.1.2. It is clear that the diagonal dimension is invariant under equivalences of modules.

Lemma 9.1.3. Let A € CAlg"8(CatP™™) be a small rigid 2-ring and let C e Cautilerf be an A-module.
Then the diagonal dimension of € is finite if and only if € is smooth.

Proof. Assume first that the diagonal dimension of € over A is finite. Then there are objects F,G € C
and a integer n € N such that A € thick,,1(F ®4 G) € C°° ®4 C and this implies that the diagonal
bimodule is compact, thus showing smoothness. Conversely, assume that € is smooth as an A-module.
Then the diagonal bimodule A € Ind(C°? ® 4 €) is compact. By construction of the tensor product
in Catpcrf, the category C°P ® 4 C is the thick closure of the essential image of the exterior tensor
product C°P x € - @°? @4 C given by (x,y) —» x ®4 y. Hence there exist finitely many objects
iy TryYly-- ., Yr € C and an integer m € N such that A € thick,,({z; ® 4 y;}i_1). Set F := @], x;
and G = @;j_; ;. Then thick,, ({z;®ay:}i-;) € thick,,(F®4 G) since F®4 G ~ @, ; x;®4 y; and each
x; ® 4 y; is a retract of F ® 4 G. It follows that A e thick,,(F ® 4 G) and thus dima(C/A) <co. O

We now show that the diagonal dimension depends on the base.

Example 9.1.4. Let A e CAlg"8(CatP*") be a small rigid 2-ring. Since A ®4 A ~ A, and since the
identity belongs to thick; (id4 ®id4) ~ thicky (id4), it follows that dima (A/A) = 0.

Lemma 9.1.5. Let K/k be a finite field extension. Then

0 if K/k is separable,

di Perfy [Perfy,) =
ima (Perfyc/Perfy) {+oo if K/k is inseparable.

Proof. Let p: K ®, K — K be the multiplication map. Under the equivalence Perf(K)°? ®pers(r)
Perf(K) ~ Perf( K ® K) the diagonal bimodule of Perf(K) over Perf(k) corresponds to K, regarded
as a K ®j; K-module via p.

Assume first that K/k is separable. By [ , Lemma 00U3], the map k — K is étale. Hence,
after base change along k¥ - K, the map K - K ®; K is again étale. Since R is a finite K-algebra,
[ , Proposition 03PC] implies that K ® K ~ [[;-; K; for some finite separable field extensions
K;/K. Now the multiplication map pu: K ®; K - K is a K-algebra map. Therefore it factors through
one of the factors K; — K. Since Kj is a field, this map is injective, hence an isomorphism. It follows
that K is a direct summand of K ®; K as a K ®; K-module. In particular, K is a finitely generated
projective K ® K-module, hence K € Perf(K ®; K). Therefore the diagonal belongs to (K ®; K)1,
so that

dima (Perf(K)/Perf(k)) = 1.
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Assume now that K /k is inseparable. Let ks € K be the maximal separable subextension of K /k.
Then K[k is finite purely inseparable. Suppose for contradiction that dima (Perf(K)/Perf(k)) < co.
By Lemma 9.1.3, this means that the diagonal is perfect, that is, that K is a perfect K ®; K-
module. Since k/k is finite separable, the K-algebra ks ®y K is finite étale over K. Hence, by | ,
Proposition 03PC], it is a finite product of finite separable field extensions of K. The multiplication
map ks ®x K - K is a K-algebra map, so one of these factors is isomorphic to K. Thus one may write
ks ®r K ~ K x S for some finite étale K-algebra S. Tensoring over ks with K gives

KerK~Ko, (ks®r, K)~ (K@, K)x (K ®,S).

Under this decomposition, the multiplication map u : K ®; K — K factors through the first factor
K®, K - K, namely through the multiplication map for the extension K/k,. Since perfect complexes
over a product split componentwise, the assumption that K is perfect as an K ®; K-module implies
that K is perfect as a module over K ®;_ K. But this is a contradiction® since K /k, is a finite purely
inseparable extension. Therefore K is not perfect as an K ®; K-module and Lemma 9.1.3 implies that
the diagonal dimension cannot be finite. Hence

dima (Perf(K)/Perf(k)) = co.
This proves the proposition. O

Example 9.1.6. Let k = F,(t) and K = F,(t'/?). Then K /k is an inseparable finite field extension, so
that dima (Perfp ;1) /Perfr, (1)) = +00 whereas dima (Perfp, (1/p)/Perfp ;1)) = 0 by Example 9.1.4.

9.2. Formal properties of diagonal dimension. We now discuss the structural properties of the
diagonal dimension.

Lemma 9.2.1. Let C,D and & ¢ Cat’™" be small idempontent-complete stable ctageories and let
F:CxD — € be a functor exact in each variable separately. Then for every n,m € N and every x € C
and y € D the functor F restricts to F : thick,, (z) x thick,,(y) — thick,im-1(F(z,y)).

Proof. Let z € thick, (z) and w € thick,,(y). Then Lemma 4.2.9 implies the existence of a filtration
0=2z9— - = 2z, = z such that the cofibre cofib(z;_1 — z;) belongs to thick;(z) for every i = 1,...,n.
Similarly, there exists a filtration 0 = wy - -+ = w,, = w such that the cofibre cofib(w;—1 - w;)
belongs to thick (y) for every i =1,...,m. By Lemma 4.2.9 it suffices to define a filtration on F(z,w)
of lenght n +m — 1 such that the successive cofibres lie in thick; (F'(xz,y)). To define such a filtration
consider the poset on (¢,7) with 0 <¢ <n and 0 < j <m ordered by (¢,7) < (¢',;") if and only if ¢ < ¢’
and j <j'. For k=0,....,n+m, let Ty = {(4,5) | i +j < k} be the triangular part of the poset and
define v, = colim ;4 jyer, F(z;,w;). Then the inclusions T < Tj.1 produce a filtration

0=vp —v1 _’"'_"Un+m:F(va)-

Notice that v; = 0 since the only points with ¢+ j <1 have ¢ =0 or j = 0. Therefore the above is a
filtration with lenght n +m — 1. It is not hard to see that

cofib(vp_1 = vi) = @ F(cofib(zi—1 = z;),cofib(wj_1 - w;))

i+j=k
for every k=0,...n+m. Now F(thick;(z),thick;(y)) ¢ thick; (F(z,y)) proving the claim. O

The diagonal dimension plays well with tensor products.

Proposition 9.2.2. Let A ¢ CAlg"8(CatP*™) be a small rigid 2-ring, and let B, € € Mod 4 (Cat"*'")
be two A-modules. Then

dimA(B ® 4 G/A) < dlmA('B/.A) + dlmA(e/.A)

SExercise!
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Proof. If one of the two dimensions on the right-hand side is infinite, there is nothing to prove. Thus
assume that n := dima(B/A) and m := dima(C/A) are finite. By definition, there exist objects
Fp,Gp € B and Fe,Ge € C such that Ag € thick,,1(Fg ®4 Gs) and Ae € thick,,+1(Fe ®4 Ge).
Consider the exact bifunctor
-®q —: (BOp ®a 3) X (GOP ®A C) - ('BOP ®4 'B) ®4 (GOP ®4 (?) v (B ®4 C)OP ®4 (B ®a (3)
The diagonal bimodule of B®4 € is Agg,ec ~ Az ®4 Ae. Applying Lemma 9.2.1 to the bifunctor
- ®4 —, shows that
Ag ®4 Ag € thickn+m+1((Fg ®a GB) ®a (Fe ®a Ge))
Using again the symmetry constraints, the generator on the right identifies with (Fz ® 4 Fe) ®4
(Ge®aGe)e (BoaC)P @y (B®g C). Therefore
Apg, e € thick,im1((Fp ©4 Fe) ®4 (Gp ©4 Ge))
and hence dima (B ® 4 C/A) < n +m. O

Lemma 9.2.3. Let A € CAlg"8(CatP*") be a small rigid 2-ring, and let B, € € Mod 4 (Cat®™) be two
A-modules. Then
dima (B ® C/A) = max{dima (B/A),dima (C/A)}.

Proof. Set n := dima (B/A) and m := dima(€/A). Consider first the upper bound. If one of n,m
is infinite there is nothing to prove, so assume they are finite and, without loss of generality, n >
m. Choose objects Fz,Gp € B and Fe,Ge € C such that Ag € thick,,1(Fs ®4 Gg) and Ae €
thicky,4+1(Fe ®4 Ge). Set F = (Fp,Fe) e B®Cand G:= (Gg,Ge) € Bod C. Then

FosG=(FpesGp)® (F'ge4Ge)® (Fe®aGs)® (Fe®a Ge),
so both Fg ®4 Gg and Fe ® 4 Ge are retracts of F ® 4 G. Hence Ag € thick,.1(F ®4 G) and
A € thick,,+1(F ®4 G) ¢ thick,+1(F ®4 G). Under the canonical decomposition

(BaC)P o4 (BoC)~(BP®,B)e(BPo4C)a(CP®4B)a(CPeyC),
the diagonal bimodule identifies with Agge ¥ Ag®Ae. Since thick, 1 (F®4 G) is a thick subcategory,
it is closed under finite direct sums. Therefore Agge € thick, 1 (F ®4 G) and hence
dima (B ® C/A) < n =max{n,m}.

To prove the lower bound, let 7 : B® C - B and 7e : B ® € — € be the projections. If Agge €
thick, (X ®4Y") for some X,Y € B @ C, then applying the exact functors 73 ®4 73 and 7° ® 4 me
gives Ag € thick, (73 (X) ®4 75(Y)) and Ae € thick,(me(X) ®4 me(Y)). Thus n <r and m < r, so
max{n,m} <r and taking the infimum over all such r yields

max{dima (B/A),dima (C/A)} < dima (B & C/A).

We have a similar statement for split Verdier sequences.

Lemma 9.2.4. Let A € CAlg"®(CatP*") be a small rigid 2-ring, and let € - D — & be a right split
Verdier sequence in Mod 4 (Cat®®™). Then

dima (D/A) < dima (€/A) + dima (E/A) + 1.

Proof. If one of the two dimensions on the right-hand side is infinite, there is nothing to prove. Thus
assume that n := dima (C/A) and m := dima (€/A) are finite. By definition, there exist objects Fe,Ge €
Cand Fe,Gg € € such that Ae € thick,+1(Fe®4 Ge) and Ag € thick,,+1(Fe ®4 Ge). Let ¢: € - D be
the fully faithful right adjoint of p. Since right split Verdier sequences are equivalent to semiorthogonal
decompositions by Lemma 3.3.7 the essential image of 7 is a right admissible subcategory of D. Denote
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by i' : D — @ the right adjoint of . Then there is an exact sequence of exact A-linear endofunctors
ii' - idp — gp. Passing to the corresponding kernels in Ind(D°P ® 4 D), one gets an exact triangle

Ke - Ap - Kg,

where Ke ~ (i°° ®4 1)(Ae) and Kg ~ (¢°°P ®4 q)(Ag). Since i°® ®4 7 and ¢°P ® 4 ¢ are exact, they
preserve thickenings. Therefore Ke € thick,+1(i(Fe) ®4 i(Ge)) and K¢ € thick,,+1(q(Fe) ®4 ¢(Ge)).
Set F:=i(Fe)®q(F:) and G :=i(Ge) ® q(G¢). Then

FouGx(i(Fe)®ai(Ge)) ® (i(Fe) ®a q(Ge)) @ (¢(Fe) ®ai(Ge)) @ (q(Fe) ®4 q(Ge)),
so both i(Fe) ®4 i(Ge) and q(Fe) ®4 q(Ge) are retracts of FF® 4 G. Hence Ke € thick,+1(F ®4 G)

and K¢ € thick,,+1(F ®4 G). Since Ap sits in an exact triangle with left term in thick,+1(F ®4 G)
and right term in thick,,+1(F ®4 G), it follows from the additivity of the thickening filtration that

Ao € thick, 11 (F ®4 G) * thick,,+1(F ®4 G) € thickyymio(F ®4 G).

Therefore
dima (D/A) <n+m+1=dima(C/A) +dima(E/A) + 1,

as claimed. O
We are left to study the behaviour of the diagonal dimension under essentially surjective functors.

Remark 9.2.5. Mere essential surjectivity up to direct summands does not control the diagonal
dimension.

(1) There exists an exact essentially surjective functor Perf(k[x]) — Perf(k[x]/(x?)) such that
dima (Perf(k[x])/Perf(k)) < oo and dima (Perf(k[z]/(x?))/Perf(k)) = co. Indeed, the exten-
sion of scalars — ®[,] k[x]/(2?) : Perf(k[x]) - Perf(k[x]/(2?)) is essentially surjective, since
its image contains the unit k[x]/(2?), which generates Perf(k[2]/(2?)) as a thick subcategory.
On the other hand, k[z] is smooth over k, whereas k[z]/(z?) is not smooth over k. The claim
then follows from Lemma 9.1.3.

(2) There exists an exact essentially surjective functor Perf(k[e]/(¢?)) — Perf(k) such that
dimn (Perf(k[]/(?))/Perf(k)) = co and dima (Perf(k)/Perf(k)) = 0. Indeed, the extension
of scalars — ®[cy/(c2) k : Perf(k[e]/(¢?)) — Perf(k) is essentially surjective, since its image
contains the unit k. Moreover, k[¢]/(¢?) is not smooth over k, while Perf(k) has diagonal
dimension 0.

9.3. The comparison with the Rouquier dimension. We now explore the relations between the
Rouquier and diagonal dimension.

Example 9.3.1. One may expect that the diagonal dimension bounds for above the Rouquier one,
in that dimg(€) < dima(€/A) for € € Mod(Cat*™) and A e CAlg"#(CatP") a small rigid 2-
ring. This is in general false. Indeed, let k be a field and let R = k[x,y] and set A = € = Perf(R).
Thne Example 9.1.4 implies that dima (A/A) = 0. On the other hand, R is a classical commutative
noetherian regular ring of Krull dimension 2, so Theorem 8.4.21 gives dimg (Perf(R)) = dim(R) = 2
so that dimg (€) =2 > 0 =dima (C/A).

Proposition 9.3.2. Let A ¢ CAlg"#(Cat”™) be a small rigid 2-ring, and let € € Mod 4 (CatP*") be
an A-module. Assume that C has finite diagonal dimension over A and that A has finite Rouquier
dimension. Then

dimg (€) < (dima (C/A) + 1)(dimg(A) +1) - 1.

Proof. Let m = dimg(A) be the Rouquier dimension of A. Then there exists a € A such that A =
thick,,+1(a). Similarly, let n = dima (C/A) be the diagonal dimension of € over A and pick objects
F,G € € such that Ae € thick,,1(F ®4 G) inside C°P ® 4 €. Under the identification CP ® 4 € =~
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Fun{ (€, C) of Proposition 2.3.15 the diagonal bimodule Ae corresponds to the identity functor, while
F®4 G corresponds to the functor x — home(F,2)®4 G. Since exact functors preserve the thickening
filtration, it follows that for every = € C one has

x € thick,11 (home (F,z) ® 4 G).

Now home (F, z) is an object of A, hence home(F,z) € thick,,.1(a). Applying the exact functor
(=) ®4 G gives home(F,x) ® 4 G € thick,,;1(a ®4 G). Therefore the multiplicative behaviour of
thickenings (proved in Lemma 4.2.9) yields z € thick(p41)(m+1)(a ®4 G). In particular, it follows that
€ = thick(,41)(m+1)(a ®4 G) and thefore that dimg(C) < (n+1)(m+1) - 1. O

We deduce the following bound.

Corollary 9.3.3. Let A € CAlg"$(Cat®™) be a small rigid 2-ring such that dimg(A) = 0, and let
€ € Mod 4 (Cat®™) be an A-module. Then

dimg (€) < dima (C/A).
Proof. This is the special case m = 0 of Proposition 9.3.2. O
We now prove a mild converse.

Remark 9.3.4. Let C ¢ Cat™ be a stable category and let G € € be a strong generator with generation
time n, so that C = thick,(G). Since the construction of shifts, finite coproducts, retracts and
extensions is stale under taking duals, it follows that C°P = thick,, (G°P).

Proposition 9.3.5. Let A ¢ CAlg"8(Cat”®") be a small rigid 2-ring, and let € € Mod4 (CatP*") be
an A-module. Assume that € is smooth over A and that dimg(€) < oo is finite. Then

dima (€/A) < 2dimp (€).

Proof. Let n = dimg(C) be the Rouquier dimension of € and let G € € be such that € = thick,1(G).
Then €°P = thick,.1(G°P) by Remark 9.3.4. Apply now Lemma 9.2.1 (to the functor — ® 4 —) to get
CP® 4 € = thicks,4+1 (G°P®G). Since € is smooth over A, the diagonal bimodule is compact, and hence
it belongs to A € C°P ® 4 € = thicky,+1(G°P ® G), so that dima (C/A) < 2n, which is the claim. O

The next goal is to understand how to force a module to be smooth, by using Hoschild (co)homology.

9.4. Examples.

10. ORLOV’S CONJECTURE

In this chapter we turn to Orlov’s conjecture. We begin with an approximation result by compact
objects, following Lank and Olander, which provides an important tool for computing the Rouquier
dimension of categories with a bounded t-structure. We then combine the results of the previous
chapters to obtain the universal upper and lower bounds predicted by Rouquier’s theory. We conclude
with a proof of Orlov’s conjecture in the quasi-affine regular case, following Olander’s argument.

10.1. Approximation by compact objects. We now discuss an important tool to compute Rouquier
dimension due to Lank and Olander [ , Proposition 3.5].

Lemma 10.1.1. Let € ¢ Cat™ be a stable category with a t-structure. Let z — y be a map in € whose
cofibre lies in Cs,. Then the induced map home(y,c) = home(x,¢) is an equivalence for all ¢ € Ccq_q.

Proof. Consider the exact sequence x — y — z in which the cofibre lies in C,. Apply home(-,c)
to get the exact sequence home(z,¢) - home(y,c) - home(z,c). Use that home(z,¢) ~ 0 since
C¢€ ega_l . O
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Lemma 10.1.2. Let € € Cat™ be a stable category with a t-structure. Let a € Z and n € N and let
z -z’ and y — 3’ be two maps. Assume:

(1) The cofibre of x — 2’ lies in Cyqyn and 2’ € Ceqq.

(2) The cofibre of y - ¢’ lies in Cs, and y' € Ceyin-1.

If z is a retract of y, then 2’ is a retract of 3/'.
Proof. By assumption there exists a retract x SN Y 5 2. Tt suffices to complete the dotted diagram

iy Ty

L1

2 -y -3 2
to a solid one, ensuring that the composite is the identity. The goal is to apply Lemma 10.1.1 to
construct the dotted maps.
(1) To construct ' — y’, consider the map x — z’. By assumption its cofibre lies in Cy44ny and

since y € Cegyn—1, Lemma 10.1.1 allows to lift the map x — y — ¢’ to a map 2’ — y’ making
the diagram commute.

(2) Similary, to construct y’ — ', consider the map y — y’. Its cofibre lies in Cs, and since
2’ € Ceq_y Lemma 10.1.1 allows to lift the map y — = — 2’ to a map y' — 2’ making the
diagram commute.

The same can be done to ensure that =’ — ¢’ — 2’ is the identity since N € N. O

Lemma 10.1.3. Let C e Cat™ be a stable category with a t-structure. Let G € € be a bounded object
and d € N. There exists an N € N such that, for every a € Z and every z € coprod,(G), then there
exist an object ' € coprod,;(G) N Ceqyn-1 and a map = — 2’ whose cofibre lies in C,,.

Proof. Let amp(G) € N the amplitude of G, introduced in Lemma 3.5.5. The proof goes by induction
on d. For d =1 the integer amp(G) works. Indeed, if x € coprod, (G) then there exists an equivalence
x ~ @; X" G where the sum is finite. Notice that every shift ¥™G has amplitude amp(G). Given
a € Z, define.
(1) The obejct 2" to be the sum over those indexes i such that 2™ G ¢ C,,. In this case, 2’ € Can_q.
(2) The object 2" to be the sum over those indexes ¢ such that 2™ G € Cy,.
Thus z ~ 2’ ® 2" and the projection map = — z”” does the job. Assume thefore the claim for d — 1. To
prove the claim for d, set N = Ng_1 + amp(G) + 1. Let z € coprod,;(G) and a € Z. Then z fits into an
exact sequence y - x — z in which z € coprod, (G) and y € coprod,_; (G). Rotating produces an exact
sequnce Y71z - y - x in which 7'z € coprod, (G). By the inductive hypothesis, there exists a map
y -y with 3’ € coprod,_;(G) N Ccn, ,_a Whose cofibre lies in Cs,. Split w = X712 as in the base case
in w’ € coprod; (G) N Ccn,_,—o and w" € coprod; (G) N Csn,_,-a+1. Consider then the solid diagram

wW———Yy ——
I
L1
N
w -3y - 2’

First, there is a map w’ — y’. This can be proved via Lemma 10.1.1: the cofibre of w — w' is
w" € Con,_,—a+1 and y’ lies in Cen,_,—q. Complete now the diagram and conclude. O

Lemma 10.1.4. Let € € Cat™ be a stable category with a t-structure. Let G € € be a bounded object
and let d € N. Let x € C be an object. There exists an N € N such that the followings:

(1) The object x € Cc,-1 for some a € Z.
(2) There is a map y — x whose cofibre lies in Csqy .
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(3) The object y belongs to thicks(G).
imply that z € thicky(G).

Proof. Suppose (1)-(2) and (3) are true for the integer N € N found in Lemma 10.1.3. Since
y € thicky(G), the object y is a retract of an object y’ in coprod,;(G) by Lemma 4.2.11. Hence
Lemma 10.1.3 provides a map ¢ — y” with y"” € coprod;(G) n Ccqsn-1 and cofibre in Cy,. Apply
Lemma 10.1.2 to get that z is a retract of y”. O

Definition 10.1.5. Let € € Cat® be a stable category with a t-structure and let P ¢ € be a collection
of objects. We will say that P approximates C if for every object x € C and integer a € N, there is a
map p — x with p € P whose cofibre lies in Cs,.

Example 10.1.6. Let X be a quasi-compact quasi-separated scheme. One of the main results of
[ ] is that F' € PCoh(X) and integers a € N, there exists a map P — F in QCoh(X) with
P ¢ Perf(X) perfect whose cofibre lies in QCoh(X )s,. In particular, Perf(X) apporximates PCoh(X).

Here it is the result of Lank and Olander.

Proposition 10.1.7. Let € € Cat®™ be a stable category with a bounded t-structure. Let G € € be
an object and n € N an integer. Let P € C be a collection of objects that approximates €. Then the
following are equivalent:

(1) € =thick,(G).

(2) P ¢ thick,(G).
Proof. The implication (1) = (2) is obvious. For (2) = (1), let = € €. Since the t-structure is bounded,
there exists a € Z such that x € Cc,_1. Take N as in Lemma 10.1.3. Since P € C approximates, there

exists a map y — x whose cofibre lies in Gy, n and since y € P ¢ thick,, (G) it follows that x € thick, (G)
by Lemma 10.1.3. O

We deduce the following.

Theorem 10.1.8 (| , Theorem 1.1]). Let X be a noetherian scheme. Let G € Coh(X) and d € N.
The following are equivalent:

(1) Coh(X) = thicky(G).
(2) Perf(X) c thickq(G).

Proof. Apply the previous proposition together with Example 10.1.6. O
10.2. Towards the conjecture.

Theorem 10.2.1 (Rouquier’s universal upper bound). Let X be a quasi-compact smooth separated
scheme over a field k. Then dimg(Coh(X)) < 2dim(X).

Proof. Let d be the dimension of X. By Lemma 5.4.2 it is dima (Coh(X)/Perf;) < 2d. Since the
Rouquier dimension of Perfy, is zero, Corollary 9.3.3 applies and shows the required bound. O

we may want to know who is the strong generator: see Example 2.6. approx by perfect complexes,
use Proposition 5.4.4

Theorem 10.2.2 (Rouquier’s universal lower bound). Let X be a reduced separated scheme of finite
type over a field k. Then dim(X) < dimp(Coh(X)).

Proof. If dimp(Coh(X)) = co there is nothing to prove. Set n := dimp(Coh(X)), and choose G ¢
Coh(X) such that Coh(X) = thicky1(G).

Let Y ¢ X be an irreducible component of dimension dim(X). Since X is reduced, the generic
point of YV is regular (see [ , 00ER, 02LV]). Moreover, because X is of finite type over a field,
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the regular locus Reg(X) is open | , 07TR5]. Hence Reg(X) nY is a non-empty open subset of
Y. Choose a non-empty affine open U € Reg(X) nY, and write U = Spec(R). Then R is a classical
commutative noetherian regular ring, and dim(R) = dim(U) = dim(Y") = dim(X). By Theorem 10.1.8
one has Perf(X) ¢ thick,,1(G). Let j: U - X be the open immersion. Then
Perf(U) ¢ thick,+1 (57 G).
Indeed, let P € Perf(U). By Corollary 5.3.2, P is a direct summand of the restriction j*Q of some
Q € Perf(X). Since @ € Perf(X) ¢ thick,+1(G) and j* is exact, it follows that j*@Q € thick,,1(§*G).
As thick,+1(j*G) is thick, it is closed under direct summands, hence P € thick,,1(j*G). Applying
Theorem 10.1.8 to the noetherian scheme U shows that Coh(U) = thick,.1(j*G). Since U is regular
noetherian, one has Coh(U) = Perf(U) and therefore dimpg(Perf(U)) = dimg(Coh(U)) < n. Apply
now Letz’s theorem Theorem 8.4.21 to the commutative noetherian regular ring R to get
dim(X) = dim(R) = dimp(Perf(U)) = dimr(Coh(U)) <n
so that dim(X) < dimg (Coh(X)). O
Putting these two results together proves the following.

Corollary 10.2.3. Let X be a quasi-compact smooth separated scheme of finite type over a field k.
Then dim(X) < dimg (Coh(X)) < 2dim(X).

Orlov’s conjecture [ , Conjecture 10] asks for equality.

Conjecture 10.2.4. Let X be a quasi-projective projective over a field k. Then dimg(Coh(X)) =
dim(X).

Example 10.2.5. Notice that Orlov’s conjecture is not true for non-regular schemes. Indeed, let k&
be a field and consider the zero dimensional scheme X = Spec(k[z]/(2?)). Then dimg(Coh(X)) =1.

Remark 10.2.6. As already observed, there are schemes that are not quasi-projective projective over
a field for which the statement of Orlov’s conjecture hold. For example:

(1) Letz’s result | , Theorem A] (proved in these notes in Theorem 8.4.21) for classical com-
mutative noetherian regular rings.
(2) Olander’s result [ , Theorem 2] (proved in these notes in Corollary 10.3.2) for quasi-affine

noetherian regular schemes.

10.3. Olander’s result. We now prove Orlov’s conjeture in the case of quasi-affine noetherian regular
schemes, a result due to Olander | ]

Theorem 10.3.1. Let X be a noetherian regular scheme of dimension d < co. Assume X has an
ample invertible sheaf L. Then Coh(X) = thickgi1 ({Z®7" }120)-

Corollary 10.3.2 (] , Theorem 2]). Let X be a quasi-affine noetherian regular scheme of di-
mension d < co. Then Coh(X) = thickg1(Ox).

EXCERCISES
We list some useful exercises.
E.1. Stable categories.

Exercise E.1.1. Recall the definition of triangulated category. Prove that the homotopy category
of a stable category is triangulated. Can you find an example of a triangulated category which is not
the homotopy category of a stable category?

Exercise E.1.2. Construct the spectrum object functor Sp : Cat'™P" - Cat®® as a right adjoint to
the inclusion of stable categories into Cat'®P*,
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Exercise E.1.3. Let € ¢ Cat™ be a stable category. Show that € is enriched in Sp in the following
sense: there exists a functor home(—,-) : €°P x € - Sp such that Q*° home ~ Home. Is every Sp-
enriched category stable?

Exercise E.1.4. Let C e Cat®™ be a stable category with a t-structure (Csg,Cco). Show that every
exact sequence x — y — z in € induces a long exact sequence

ce > Mpi1Z = TR = TplY = TpZ = Tp 1T = ...
in CY.

E.2. Idempotent-completion.

Exercise E.2.1. Recall the construction of the Grothendieck group Ky of a small stable category.

Exercise E.2.2. Let A € CAlg"8(Cat®™) be a small rigid 2-ring. Show that an A-module € is
dualizable in Mod 4 (Cat”®™) if and only if it is smooth and proper.

Exercise E.2.3. Recall the construction of the Grothendieck construction and show explicitly that
the category of sections of the Grothendieck construction of a diagram I — Pr" exhibits the lax limit.

E.3. Verdier sequences and recollements.
Exercise E.3.1. Is the notion of stable recollement symmetric in its inputs?

Exercise E.3.2. Let i: @ - D be a fully-faithful functor in Cat®*. Assume that both € and D come
equipped with bounded ¢-structures and that i is t-exact. Show that the quotient functor ¢: D - D/C
is the initial t-exact functor to a stable category with a bounded t¢-structure.

Exercise E.3.3. Let X be a noetherian scheme and let j: U - X and ¢: Z < X be a decomposition
of X into an open U and closed Z. Then j* induces an equivalence

Coh”(X)/Coh%(X) — Coh®(U)
of abelian categories.

Exercise E.3.4 (The wrong way recollement). Let € € Pr;’w be a compactly generated stable category
with a set K which consists of compact objects and is closed under shift. Then there is a recollement

i Ji
\/\ [\
K+ —i.»C—j*> (K)
F\_/ K/
i Jx
where i, and j; are inclusions of full subcategories. Here
K* ={xe€|myhome(K,z) =0 for each k € K}
and (K) is the smallest stable subcategory of € which contains K and is closed under coproducts.
Deduce Proposition 3.5.8.
E.4. Calculus of subcategories.

Exercise E.4.1 ([ , Proposition 1.9]). Let C € Priﬁt be a presentable stable category and let
B c C¥ be a full subcategory. Show that:

(1) Every compact object in Coprod,,(B) belongs to smd(coprod,,(B)).

(2) Every compact object in Coprod(B) belongs to smd(coprod(B)).

Exercise E.4.2 (| , Lemma 2.6]). Let X be a noetherian separated scheme and let F' € Coh(X).
Prove that for every n € N one has

Coh(X) N Thick@ ) (F) ¢ thickS" ) (F).
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E.5. Generators.
Exercise E.5.1. Let R € CAlg(Sp)? be a classical ring.
Exercise E.5.2. Let XY be smooth projective

Exercise E.5.3 (Splitting lemma). Let X be a regular noetherian scheme of dimension d, and let
K € Coh(X). Fix an integer b € Z, and assume that m;(K) = 0 for every ¢ with b—d <i < b. Show that
the exact sequence

Tep-dK = K = Top K

splits. Equivalently, prove that K ~ 7, ¢ K & 75, K.
E.6. Projective classes.

Exercise E.6.1. Let F: @2 D : G be an adjunction in Cat™. Let P = thick; (im(F)) and J = {f €
pA! | R(f) ~0}. Show that (P,J) defines a projective class on D.

Exercise E.6.2.
Exercise E.6.3. Exact sequence and surjectivity

Exercise E.6.4 (| , Lemma 3.4]). Let @ € Pr5; be a presentable stable category and let (P,7)

generated by a small category. Let i be an ordinal and let F ¢ Ab®[@] be a cohomological functor

which sends coproducts into products. Show that the category EI(F,P*") has a weak terminal object.
Hint: use transfine induction.

E.7. Strong generation and descent.

Exercise E.7.1. Recall that a map A — B in CAlg(Sp) is faithfully flat if:

(1) The map mo(A) —» mo(B) is faithfully flat.

(2) The natural map 7. (A) ®,(a) T0(B) = 7«(B) is an isomorphism.
Show that for every A-module N, the natural map m.(N) — m.(N ®4 B) identifies with the base-
change map 7.(N) = 7.(N) ®x,(a) To(B) and in particular is injective. Equivalently, prove that
there is a natural isomorphism 7, (N ®4 B) = 7, (N) ®,(a) mo(B). Deduce that if f: P — M is a map
of A-modules with P perfect, and if f®4 B: P®4 B - M ® 4 B is nullhomotopic, then f is already
nullhomotopic.

Hint: use the Kiinneth spectral sequence E> = Tor;fq(A) (M (N),m4(B)) = mpiq(N®4 B), together

with the identification 7, (B) = m,(A) ®x,(a) To(B) and the flatness of 7o(B) over mo(A). Then use
the duality.

E.8. The Rouquier dimension.

Exercise E.8.1. Let A € CAlg(Sp) and let C € Modpjoq , (Pr;). Show that for every pair of objects
x,y € C there exists an object homg(x,y) € Moda such that, functorially in M € Mod 4, there is a
natural equivalence

hOrnModA (Ma me('xa y)) = hom@(M ® z, y)

Deduce that the mapping space home (x,y) refines functorially to an A-module spectrum.

Exercise E.8.2 (The graded center of a triangulated category). Let T be a triangulated category
with suspension functor X.

(1) For d € Z, define Z%(T) to be the set of natural transformations 7 : idy = %% such that
Nse = (=1)4%(n, ) for every z € T. Show that Z*(T) = @z Z4(T) carries a natural structure of
graded ring, where for n € Z4(T) and 6 € Z¢(T) the product is defined by (1), = £¢(n,) 00, :
x - Ntey,
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(2) Let z,y €T, let n€Z, and let f: 2 - X"y. Show that if n € Z4(T), then S¢(f)on, = nsnyof =
(~1)™" () o f.

(3) Deduce that every n € Z¢(T) defines a degree-d endomorphism of Ext%(z,y) = @,z Homy (z, £"y),
and therefore Ext%(z,y) is naturally a graded Z*(T)-module.

(4) Deduce that if R* is a graded ring and there is a morphism of graded rings R* — Z*(7T), then
every Ext3(z,y) is naturally a graded R*-module.

E.9. The smooth (or diagonal) dimension.
E.10. Orlov’s conjecture.

Exercise E.10.1 (The countable dimension). Let € ¢ CatP" be small idempotent-complete stable
category. We define the countable dimension of C to be the smallest integer d € N such that there
exists a countable subcategory § ¢ € such that € = thickg1(9).

(1) Which properties of ?? do still hold for the countable dimension?

(2) Can you formulate a ghost lemma for the countable dimension?

(3) Show that the countable dimension of Sp* is zero.

Notice that by 7?7 a smooth projective variety over a field

Exercise E.10.2 (Very difficult!). Prove Orlov’s conjecture.
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