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ABSTRACT. We prove two representability results for rigidly-compactly generated oco-categories and
functors between them. The first one represents contravariant linear functionals out of a category of
perfect objects with values in a category of (pseudo)-coherent objects in terms of (pseudo)-coherent
objects. The second one represents covariant functionals out of coherent objects with values in a
category of coherent objects in terms of perfect objects. The techniques used belong to the realm
of “functional analysis” of presentable stable categories and ultimately depend on the interaction
between three notion of finiteness, namely compactness, dualizability and coherence. These results
apply to Ec-ring spectra, quasi-compact quasi-separated schemes and certain spectral algebraic
spaces.
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1. INTRODUCTION

Many of the stable categories arising in homotopy theory and derived algebraic geometry are
rigidly-compactly generated: they are compactly generated stable categories with a compatible sym-
metric monoidal structure such that the monoidal unit is compact and compact objects are dualizable.
Typical examples include the oo-category of spectra Sp, module categories over connective [E-rings,
and the derived co-category QCoh(X) of quasi-coherent sheaves on a quasi-compact quasi-separated
scheme X. In such contexts it is fruitful to regard compact objects as the “finite” part of the theory,
while various t-structures single out further finiteness conditions (namely, almost compactness and
bounded almost compactness in homotopy theory and pseudo-coherence and coherence in algebraic
geometry).

A fundamental input of rigidly-compactly generated categories is that colimit-preserving linear func-
tors are controlled by kernels. To be concrete, let Cat®*'" denote the oo-category of small idempotent-
complete stable co-categories and equip it with the symmetric monoidal structure constructed by
Blumberg, Gepner, and Tabuada in | ] and recall that a commutative algebra A € CAlg(Catperf)
is rigid if and only if every object is dualizable. Then the main “kernel theorem” asserts that for
every pair M, N € Mod A(Catperf) of small idempotent-complete A-modules, the A-linear Yoneda em-
bedding identifies Ind(M°P ® 4 N) with A-linear exact functors M — Ind(N); here Ind denotes the
ind-completion. The goal of this paper is to establish two finitary kernel theorems that refine the
above equivalence when the source is restricted to “finite objects in the t-structure”.

These finite objects are defined for tor-finite categories and the finitary kernel theorems are state-
ments about functors between them. To be concrete, a tor-finite category is a rigidly-compactly
generated category A € CAlgrig(Pri’w) equipped with a t-structure generated by a set of compact
objects Sy € A¥. This t-structure is required to be accessible, compatible with filtered colimits, right
and left complete, and since for this data there exists a notion of finite tor-dimension one requires that
compact objects are of finite tor-dimension, so that tensoring with compacts has uniformly bounded
t-exactness properties. On the side of morphisms, a functor between tor-finite categories is just a rigid
functor which is right t-exact and has a right t-exact up to a shift right adjoint.

As said before, in a tor-finite category A one has well-behaved notions of pseudo-coherence and
coherence. We denote by PCoh(A) and Coh(A) the corresponding full subcategories. Pseudo-coherent
objects are defined to be the connective objects in the ¢-structure whose coconnective truncation
defines a compact object in the coconnective part, and coherent objects are simply the bounded
pseudo-coherent objects. Under mild assumptions, these objects relate to Neeman (bounded) pseudo-
compact objects studied in [ , Definition 0.20].

As the Grothendieck—Neeman duality applies to rigid functors that have a compact object-preserving
right adjoint (for us the quasi-perfect functors), our finitary kernel theorems apply to functors of tor-
finite categories that have a pseudo-coherent object-preserving right adjoint, that is, to quasi-proper
functors in the terminology (which we adopt) of Lipman-Neeman [ , Page 3]. In particular, we
prove the first finitary kernel theorem, which asserts that, for a quasi-proper functor f“: A — B, the
exact A“-linear functors on compact objects with pseudo-coherent (respectively coherent) values are
represented by pseudo-coherent (respectively coherent) kernels in B.

Theorem 1.0.1 (Functors out of (B<)°P). Let f¥: A — B be a quasi-proper functor and assume that
San € S is a finite generating set. Assume furthermore that the family (evs)ses, detects coconnective
objects. Then there are equivalences of categories

PCoh(B) - Funj. ((B“)°?,PCoh(A)),  Coh(B) —» Funii ((B*)°?, Coh(A))
induced by the A“-linear Yoneda embedding.

In the statment, the clause “Sg, € Sp is a finite generating set” forces certain projective classes
generated by Sg, and Sg to agree, even if the t-structure geneated by them do not agree. It constitutes
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the main ingredient of the proof and, in applications, it ultimately reduces to produce a finite collection
of compact connective generators (which are not required to compactly generate the given t-structure).

A complementary problem is to represent exact A“-linear functors defined on coherent objects of
B. Here the appropriate representing objects are no longer coherent kernels, but rather compact
kernels, and one must use the dual A“-linear Yoneda embedding. The obstruction is that Coh(B)
is usually not generated, as a stable category, by compact objects alone. We therefore introduce a
descent condition designed to reduce the representability question to a setting where coherence and
compactness coincide. Concretely, we define morphisms k' : B — R of universal descent to a reqular
tor-finite category R. Regularity is easy to explain, since it simply reduces to R = Coh(R). Universal
descent, instead, is a technical assumption that produces an explicit finite-stage retract of the identity,
allowing one to descend many properties from the target to the source. In particular, it allows us to
prove the following finitary kernel theorem, which asserts that, for a quasi-proper functor f“: A — B,
the exact A%-linear functors on coherent objects with coherent values are represented by compact
kernels.

Theorem 1.0.2 (Functors out of Coh(B)). Let f“: A — B be quasi-proper and assume that B
admits a morphism of universal descent A" : B - R to a regular category such that there exists a finite
generating set Sg, € Sg for which (ev,)res, detects coconnective objects on A. Then there exists an
equivalence of categories

(B“)°P - Funy. (Coh(B),Coh(A))
induced by the dual A“-linear Yoneda embedding.

These formal results have applications which the reader can find in Section 5. The first one is in
the realm of [E-rings.

Corollary 1.0.3. Let f: A > B be a map between connective Eq.-rings and assume that B is an
almost compact A-module. Then there are equivalences of categories

PCoh(B) — Funpy, g 4y (Perf(B)°?, PCoh(A)), Coh(B) - Funpy,g4)(Perf(B)°?, Coh(A))
induced by the Perf(A)-linear Yoneda embedding.

The second application is to schemes, and it provides the following generalization of [ , Ex-
ample 0.7]. To state it, let us denote by Perf(-) ¢ D%, (=) € D_,, (-) the stable categories of perfect,
bounded with coherent cohomology and bounded above with coherent cohomology complexes, respec-
tivelys.

Corollary 1.0.4. Let f: X — Y be a proper map and assume that Y is noetherian. Then there are
equivalences of categories

Don(X) = Fungy oy (Perf(X)°?, Doy (V)  Degp (X) = Funf iy (Perf(X)°P, Doy, (V).

coh coh
induced by the Perf(Y)-Yoneda embedding. If furthermore X admits a regular alteration, then there
is an equivalence of categories
Perf(X)*" — Fun;);rf(Y) (Dgoh (X), Dgoh(y))
induced by the dual Perf(Y)-Yoneda embedding.
We also prove a representability result for quais-proper morphisms between arbitrary quasi-compact

quasi-separeted schemes. Still in the realm of algebraic geometry, we also prove a representability result
for spectral algebraic spaces.

Corollary 1.0.5. Let f: X - Y be a morphism of finite cohomological dimension of quasi-compact
quasi-separated spectral algebraic spaces which is proper and locally almost of finite presentation.
Assume also that Y is noetherian. Then there are equivalences of categories

PCoh(X) — Funpy, gy (Perf(X)°?, PCoh(Y")), Coh(X) — Funpy, gy (Perf(X)?, Coh(Y)).
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induced by the Perf(Y)-Yoneda embedding.

Related work. The present work was inspired by an informal question that appeared in | , Remark
0.9]. Tt suggests an interesting parallelism between two representability results proved by Ben-Zvi,
Nadler and Preygel in [ ], namely Theorem 1.1.3 (and more precisely Remark 1.1.6.(ii)) and
Theorem 1.2.4, and two representability results proved by Neeman in the previous mentioned paper.
In particular, Theorem 1.0.1 may be seen as a generalization of | , Theorem 0.4.(i)] and Theo-
rem 1.0.2 as a partial (and actually incomplete) generalization of | , Theorem 0.4.(ii)]; both of
our results appear then as a first step in understanding abstract relative finitary kernel theorems.

Linear overview. In the following we give an overview over the content. In Section 2 we recollect some
background on commutative algebra in Prslft and the construction of the linear Yoneda embedding
as well as providing a 2-categorical formulation of Grothendieck-Neeman duality. In Section 3 we
introduce pseudo-coherent and coherent objects in right-complete presentable t-structures, study their
formal properties and provide practical criteria to compute these subcategories. We also compare
them with Neeman pseudo-compact objects. In Section 4 we prove the main duality statements:
we introduce tor-finite categories and quasi-proper functors, prove Theorem 1.0.1, develop universal
descent, and prove Theorem 1.0.2. Finally, in Section 5 we discuss applications to module categories,
schemes and spectral algebraic spaces.

1.1. Acknowledgements. This paper constitutes the author’s master thesis. I thank my advisors
Denis-Charles Cisinski and Amnon Neeman for many helpful discussions and suggestions. I also thank
Michele Riva for having read an early draft of these pages.

1.2. Notation and terminology. We will refer to “oco-categories” simply as “categories”. If we want
to emphasise that a category has discrete mapping space, we will call it a “1-category”.

Notation 1.2.1. Recall that a category € is called stable if it is pointed, admits finite limits and
finite colimits, and a commutative square is a pullback if and only if it is a pushout. Equivalently, C
is pointed and every morphism admits a fibre and a cofibre, which canonically agree. Recall that a
functor is exact if it preserves finite limits and colimits.

Notation 1.2.2. Let C be a stable category. A t-structure (Csp,Cso) on € will be graded homologi-
cally'. That is, we imagine C as linearized in the following way --- — e,,1 — &, = &,_1 —.... We will
think of objects in Cs,, as existing to the left of n, whereas objects in C, will exist on the right. In
particular, we will call these objects n-connective and n-coconnective. The inclusions of the connective
and coconnective objects admit a left and right adjoint respectively, that is

Ten : € 2 Copp tlgn, isn : Cop 2 €t Top.

Let €% = G50 N C«g denote the heart of the t-structure. We will denote by m, : € - €% the functor
T<0Tso[—n] for any n € Z, and refer to m, as the n-th homotopy group of the t-structure. We will also
add a superscript (for example, Ws ) if more categories with t-structure are considered. Finally, we
will denote by
e =UCsn € =UC, C=cne
n>0 n>0

the full subcategories of C spanned by the eventually connective, eventually coconnective and bounded
objects.

More notation will come in the following section.

1Recall that to switch to the cohomological convention it suffices to define €™ = C<_,, for every n € Z.
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2. RIGID GEOMETRY

2.1. Remarks on commutative algebra in Pr". We begin with a list of observations. Most of
the material appears in [ , Section 4.8], in | , Section 4], in [ , Chapter 1.1] and in
[ , Section 4].

Remark 2.1.1. Recall that a category C is presentable if it is accessible (that is, there exists some
small regular cardinal x such that € ~ Ind,(D) is the ind-completion of a small category D) and
admits small colimits. Let Pr denote the category of presentable categories and colimit-preserving
functors (or equivalently, left adjoints). Lurie constructed a symmetric monoidal structure on pr
characterized by the following universal property: given two presentable categories € and D, their
Lurie tensor product is a presentable category € ® D with a functor €xD — C® D such that for every
presentable category &, precomposition with it induces an equivalence

Fun®(C® D, &) -» Fun™"(€ x D, &).

Here the superscript L, L denotes the full subcategory spanned by those functors € x D — £ which
preserve colimits separately in each variable. It follows from this universal property that the symmetric
monoidal structure is also closed. To be precise, for every pair of presentable categories € and D,
there exists a natural equivalence

Fun®(C® D, &) ~ Fun™* (€ x D, &) ~ Fun™ (€, Fun™(D, &))

in & e Pr", so that FunL(—, —) exhibits the internal hom. Since FunL(Spc, @) ~ C, it follows that the
category of spaces Spc is the neutral element for the Lurie tensor product.

We will need a stable version of this observation.

Remark 2.1.2. Let Sp denote the category of spectra, defined as the colimit Sp = colim(Spc, 24
Spc, = ...)in Pr, or dually, as the limit Sp =~ lim(... 2 Spc, 2, Spc,) in Pr®, the category of
presentable categories and right adjoints. Here Spc, denotes the category of pointed spaces, whereas
> and 2 denote the suspension and loop functors, respectively. Adjoining a point to a space and then
“infinitely suspending it” produces a functor X3° : Spc — Sp. It follows that a presentable category C is
stable if and only if the canonical map ide ® X7 : € - C® Sp is an equivalence. In particular, since Sp
is a stable category, the inverse of the equivalence Sp — Sp ® Sp makes Sp into a commutative algebra
of Pr¥. It follows that the category of stable presentable categories and left adjoints can be realized
as Prlﬁt ~ Modsp(PrL) and that taking spectrum objects — ® Sp : Pr* — Priﬁt defines a symmetric
monoidal functor.

Remark 2.1.3. Let Cat®™ denote the category of small stable categories and exact functors. Let
CatP*™ denote the full subcategory of Cat™ spanned by the idempotent-complete stable categories.
Then the ind-completion functor Ind : CatP™ - Prl induces an equivalence between CatP*" and
the subcategory Pr;’w of Pr; spanned by the compactly generated stable categories and by the left
adjoint functors preserving compact objects. The inverse is given by taking compact objects (-)* :
Prly¥ - Cat?™. Now the symmetric monoidal structure on Pr restricts to a symmetric monoidal
structure on PrsLt’w. In particular, | , Proposition 4.4] implies that the above equivalence can
enhanced to a symmetric monoidal equivalence. More precisely, the tensor product of A, B € CatP*™
is given by a small idempotent-complete stable category A ® B which is the recipient of the universal
functor A x B - € which is exact in each variable. In other words, there exists an equivalence

Fun®(A ® B, C) ~ Fun™ (A, Fun®(B, €))
of categories for all A, B, € e CatPe™.

We also remind the relevant features of commutative algebra objects and modules.
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Remark 2.1.4. It follows by construction that a commutative algebra object in CAlg(Catperf) can
be identified with a small idempotent-complete stable category equipped with a symmetric monoidal
structure whose tensor product is exact in each variable. Let A € CAlg(Catperf) be a commutative

algebra object. Let Mod4 (CatP®™") be the category of modules over A in CatP" and regard it as a

symmetric monoidal category with the induced relative tensor product ® 4. This symmetric monoidal
structure is also closed, and the internal hom may be identified with the pullback

Fun(-,-) — Fun®(-,-)

Fung(-,-) — Fun(-,-)
where Fung (-, -) denotes the category of A-linear functors. Objects of Fun’y'(-,-) will be called

A-linear functors. Similarly, let Mody,qq A)(Pr;) be the category of modules over Ind(A) in Prk,
and equip it with the relative tensor product ®,q(4). Again, this symmetric monoidal structure is

closed, with internal hom Fun%nd( A)(—, -) defined similarly. Objects of this category will be called
Ind(A)-linear functors.

Since the ind-completion is symmetric monoidal, the definitions of linear functors immediately
imply the following.

Lemma 2.1.5. Let A ¢ CAlg(CatP®™") be a commutative algebra object and let M € Mod 4 (CatP*'")
be an A-module. Then precomposition with the Yoneda embedding & : M < Ind(M) induces an
equivalence

&7 Fung g ) (Ind(N), N) > Fun (M, N)
of A-modules for every N € Mod,g(a) (Prk).

2.2. The linear Yoneda embedding. Following | , Section 4.2] we now recall the construction
of the enriched Yoneda embedding.

Construction 2.2.1. Let A € CAlg(Cat?*") be a commutative algebra and let M € Mod 4 (CatP™™")
be an A-module. Let m € M and consider the action functor —®@m : A — M. By definition this functor
preserves finite colimits and hence it admits an ind-right adjoint homy¢(m,-) : M — Ind(A). The
functoriality of these cosntruction produces a functor

& 4 : M - Fun®™(M°P,Ind(A))
which is given on objects by m — homy¢(-,m).
In general the above functor is not fully-faithful; dualizability is exactly what is needed.

Definition 2.2.2. A commutative algebra in Cat® is called rigid if every object in it is dualiz-
able. We let CAlg"8(CatP*") denote the full subcategory of CAlg(CatP*") spanned by the rigid
commutative algebras.

We recall the following folkore result.

Lemma 2.2.3. Let A € CAlg"8(Cat™*) be a rigid commutative algebra.
(1) Taking duals defines a symmetric monoidal equivalence (-)" : A — A°P.

(2) Let M € Modypna(a) (Prk) be a presentable Ind(A)-module. Then the action of A on M restricts
to the full subcategory M“ ¢ M of compact objects.

Proof. Consider point (1). Since A is rigid, every object a € A admits a (chosen) dual a" together
with evaluation and coevaluation maps ev, : a ® a¥ — 14 and coev, : 14 — a¥ ® a satisfying the
triangle identities. Define the functor (-)¥ : A — A°P by taking duals. Since for dualizable objects
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there are canonical equivalences (a ® b)Y ~bY @ a” ~ a¥ ®b¥, the functor (-)" is symmetric monoidal.
Moreover, ()Y is adjoint to itself: the unit 7, : a > (a")¥ and counit &, : (a¥)¥ — a are the usual
double-dual maps. Dualizability implies 7, (equivalently ¢,) is an equivalence for every a, hence (-)V
is an equivalence of symmetric monoidal categories.

Consider point (2). Fix a € A. The action endofunctor a ® —: M — M preserves colimits (because
the Ind(A)-action does), hence is a left adjoint. Since a is dualizable in A, the functor a ® — has right
adjoint oY ® —. In particular, a¥ ® — preserves filtered colimits (indeed it preserves all colimits), so
a ® — preserves compact objects. In particular, the A-action restricts to M% ¢ M. O

The following result has been proved many times in the literature. We recall the proof for com-
pleteness.

Lemma 2.2.4. Let A € CAlg"™8(CatP™) be a rigid algebra and let M e Modlnd(A)(Pr;’w) be an
Ind(A)-compactly generated module. Then M is dualizable, and the dual can be identified with
MY = Ind((M¥)°P).

Proof. Set MY = Ind((M*)°P). First of all, point (2) of Lemma 2.2.3 implies that the Ind(A)-action
on M restricts to an A-action on the small idempotent-complete stable category M. Hence (M“)°P
is canonically an A-module as well, and therefore Ind((M*“)°P) inherits a canonical Ind(A)-module
structure. In particular, MY € Modp,q( A)(Pr17t7°’). To prove dualizability of M with dual MY, it suffices
to construct, for every module B € Mod,q(a) (Pri‘t)7 a natural equivalence

MY ®mnd(a) B = Fun%nd(A)(M7 B),

where ®1,4(4) denotes the relative Lurie tensor product. Because Mod,q(x) (Pr;) is closed symmetric
monoidal, for every B and B there is a natural equivalence

(1) Fung gy (MY ®ma(ay B, €) = Fung gy (MY, Fungygeqy (B, €)).
Since taking opposites is compatible with Ind(A)-linearity, there is a natural equivalence
Fung, g4y (B, €) = Fung, 44, (C°P, BP)°P.

Plugging this into (1) and using the closed structure again (and currying-uncurrying) gives a chain of
natural equivalences

FUHILnd(A) (MY ®1maca) B,€) = FUHILnd(A) (Y, FUHILnd(A)(€0p7 B?))
= Fun%nd(/l) (eop, Fun%nd(‘/l) (Mv7 Bop))
= Fun%nd(/l) (Fun%nd(ﬂ) (Mva gop)0p7 G)

Yoneda then implies that MY ®,q(a) B = Fun%nd(ﬂ)(MV,B(’P)"p. By using Lemma 2.1.5 twice it
follows that

Fun%nd(ﬂ)(Mv,‘BOP)OP ~ Fun ((M*“)°P, BP)°P ~ Fun (M), B) ~ Fun{‘nd(ﬂ)(M,‘B)
thus concluding the proof. O

Corollary 2.2.5. Let A € CAlg"8(Cat®™) be a rigid algebra and let M, N € Mod4 (CatP™™) be two
A-modules. Then there exists a natural equivalence

Ind(M° ®4 N) = Fun (M, Ind(N))

in MOdInd(A) (Pri‘t’w ) .
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Proof. There are equivalences
Ind(M? ® 4 N) = Ind(M°?) ®pq(a) Ind(N)
~ Ind(M)" ®ppqay Ind(N)
= Fun, 4y (Ind (M), Ind(N))
~ Fun® (M, Ind(N)).

Indeed the first one follows since Ind : Mod 4 (CatP*?) — Mod pnq( A)(Pr;’“’) is symmetric monoidal,
the second one by Lemma 2.2.4 since A is rigid, the third one by definition of internal hom and the
last one by Lemma 2.1.5. O

Remark 2.2.6. Let A ¢ CAlg™8(CatP™) be a rigid algebra and let M e Mod,(CatP™™) be an
A-module. Then Corollary 2.2.5 implies that the functor & 4 : M = Funf (M°P, Ind(A)) of Construc-
tion 2.2.1 is fully-faithful and exhibits the target as the ind-completion of the source.

This motivates the following.

Definition 2.2.7. Let A € CAlg"8(CatP*") be a rigid algebra and let M € Mod 4 (CatP™") be an A-
module. We will refer to the functor & 4 : M < Fun$ (M°P, Ind(A)) as the A-linear Yoneda embedding
of M.

2.3. Grothendieck duality. A central feature of rigidly-compactly generated categories and of func-
tors between them is that Grothendieck—Neeman duality admits a clean axiomatic formulation in this
setting. One such formulation is due to Balmer, Dell’Ambrogio, and Sanders [ , Theorem 1.7].
We will now recast this duality in the language of (oo, 2)-categories, which we will henceforth refer to
simply as 2-categories.

Remark 2.3.1. To work 2-categorically with presentable stable categories, one uses the standard
Cat-enriched enhancement: for A, B ¢ Prlﬁt the mapping category is

Homyp,t (A, B) = Fun® (A, B),

and composition is induced by composition of functors. More intrinsically (in the sense of complete
Segal objects, see | , Chapter 1.1, 6.1.8]), one may package this as an 2-category 2PrSLt whose un-
derlying 1-category ¢; 2131"3t is the usual symmetric monoidal 1-category of presentable stable categories
and colimit-preserving functors, and whose hom-1-categories are Fun®™ (A, B). In particular, adjunc-
tions internal in this 2-category coincide with ordinary adjunctions of functors. Finally, the Lurie
tensor product of presentable categories upgrades (functorially) to this 2-categorical enhancement,
yielding a symmetric monoidal 2-category structure on 2Pr;‘t.

Every 2-category supports the notion of “internal left adjoint”, bootstrapped from the usual notion
of adjunction of categories. We now specialize it to modules in QPrSIft.

Definition 2.3.2. Let B ¢ CAlg(Prl}) be a commutative algebra. Let f“: M — N be a map in
Mods (Pri‘t). We will say that fU is an internal left adjoint if its right adjoint f& preserves colimits
and the square

B o M2 B eN
actMl laCtN

f

is horizontally right adjointable.
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In other terms, the functor f“: M — N is an internal left adjoint if and only the right adjoint f®
preserves colimits and the canonical right-lax B-module structure acty (b, ff(n)) - fR(acty(b,n))
is an equivalence for every be B and n € N.

We now procede towards Grothendieck—Neeman duality.

Remark 2.3.3. Let B ¢ CAlg(PrlJt) be a commutative algebra and let f: M — N be an internal
left adjoint. Then fF is a B-module map. Furthermore, f® admits a right adjoint f*) which has the
structure of a right-lax B-module structure. This lax structure can be constructed explicitly as

actoc(b, f (m)) > fO R (acta(b, fPD(m))) = FD (actac (b, fHFD (m))) = fO) (actae(b,m))

for b e B and m € M. Here the first map and last map are given by the unit and counit of f& 4 f(1),
respectively.

Remark 2.3.4. Let M e CAlg(Pr5) be a commutative algebra and let N € CAlgM/(Prlft) be an
algebra object under M. Under the equivalence CAlgy, /(Prgt) ~ CAlg(Moda(Prk)) the category N

inherits the structure of a M-module. In particular, if f*: M — N is the structure map, then the
M-module structure M x N — N on N is given by (m,n) = fX(m) ®x n.

Remark 2.3.5. Let f“: M - N be a map of commutative algebras in Prl; which is an internal left
adjoint of M-modules. Then the functor f% is colimit preserving and M-linear and the right adjoint
f has a right lax M-module structure. Consider now the equivalences

Homu (fR f0(2) ®a¢ v, 2 ®¢ y) = Homae (F(F P (2) @ f~(y)), 2 @ v)
= Homx (fM (z) @ /X (1), F (@ @ y))

where the first one follows by linearity of f® and the second one by adjunction. If e : fRf(1)  idy
is the counit of f& 4 £, then the obejct e, @2 idy produces a canonical morphism

FO ) en fU(=) - fP (= o ).
The Grothendieck-Neeman duality is about understanding this morphism.

Definition 2.3.6. Let f“: M — N be a map of commutative algebras in Pr; which is an internal left
adjoint of M-modules. We will say that Grothendieck-Neeman duality holds for f* if the canonical
map f (=) ®x f¥(-) - fM (= @ —) is an equivalence.

We have then the following 2-categorification of Grothendieck-Neeman duality.

Theorem 2.3.7. Let f“:M - N be a map of commutative algebras in PrSLt which is an internal left
adjoint of M-modules. Then the right adjoint f® is an internal left adjoint of M-modules if and only
if Grothendieck—Neeman duality holds.

Proof. Assume that f% is an internal left adjoint. Then f(!) is M-linear. Since the lax structure on
f@) is given by the canonical map (=) @x fY(-) = fM) (= ®y -) the claim follows. Conversely,
if this map is an equivalence, to show that f% is an internal left adjoint it suffices to show that f)
preserves colimits. Since fY is colimit preserving, evaluating at the unit in the first argument shows
that £ is colimit preserving. O

The following observations are a translation of this language for rigidly-compactly generated cate-
gories.

Remark 2.3.8. Let B ¢ CAIg(Pr;) be a commutative algebra and assume that B is generated by
the dualizable objects. Then by | , Corollary 3.8] every right-lax B-linear functor is B-linear.
Therefore a B-module map f¥: M — N is an internal left adjoint if and only if its right adjoint is
colimit preserving.
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Example 2.3.9. Let f“:M - N be a morphism of commutative algebras in Prgt. Assume that M
and N are rigidly-compactly generated. Then fU, being symmetric monoidal, preserves dualizable
objects, thus it preserves compact objects. But every functor preserving compact objects between
compactly-generated categories has a filtered colimit preserving right adjoint. In the stable case this
implies that the right adjoint preserves colimits. Hence Remark 2.3.8 implies that f% is an internal
left adjoint. To spell it out: every functor f*: M — N in CAlg"#(Prk*) is an internal left adjoint in
Moday (Prh).

Grothendieck Neeman duality asks the functor f® to be an internal left adjoint of M-modules.
Once again, Remark 2.3.8 implies that f® is an internal left adjoint if and only if the right adjoint
D preserves colimits (and thus it has a further right adjoint). Since f (1) is exact, this is equivalent
to ) preserving filtered colimits, which in turn is equivalent to f® preserving compact objects. This
is Neeman’s criterion in [ , Theorem 1.7]. Notice that if this is the case, the functor f“ admits
a left adjoint.

Definition 2.3.10. Let p~ : B - M be a map of commutative algebras in Prgt which is an internal
left adjoint of B-modules. The object w, = p™") (1g) is called the dualizing object of p* : B — M.

3. PSEUDO-COHERENT AND COHERENT OBJECTS

3.1. Right-complete presentable t-structures. Recall that a ¢-structure on a presentable stable
category is accessible if the connective aisle is presentable, and it is compatible with filtered colimits
if the coconnective aisle is closed under filtered colimits.

Definition 3.1.1. Let C ¢ Pr; be a presentable stable category equipped with a t-structure (Csg, C<g).
We will say that the t-structure (Cso, C<p) is right-complete presentable if it is accessible, compatible
with filtered colimits and right complete. We will furthermore say that the t-structure is excellent if
it is also left-complete.

Lemma 3.1.2. Let C ¢ Pr; be a presentable stable category with accessible ¢-structure. Then the
following are equivalent.
(1) The category Cgo is compatible with filtered colimits.
(2) The functor i : C<o — € preserves filtered colimits.
(3) The functor i<7<o : € — C preserves filtered colimits.
(4) The functor i507s0 : € — € preserves filtered colimits.
(5) The functor 75 : € - Cyo preserves filtered colimits.
These equivalent conditions imply the following.
(6) The functor i : Cs9 — € preserves compact objects.
(7) The functor 7<o : € - G preserves compact objects.
Furthermore,

(a) If € is compactly-generated, then so is €.y (with compact objects being retracts of objects of
the form 7¢c for ¢ € €¥). In this case, the above conditions are equivalent to 7<y preserving
compact objects.

(b) If € and Csg are compactly-generated, then the above conditions are equivalent to iso pre-
serving compact objects.

Proof. The equivalence (1) < (2) is by definition. The implication (2) = (3) follows since 7 is a left
adjoint whereas the converse (3) = (2) follows since the t-structure is accessible. A similar argument
(coupled with the fact that also Cso is presentable) shows the equivalence (4) < (5). To conclude,
note that (2) < (5) follows by considering the cofibre sequence of functors 7sg — id - T<_; ~ £ 717
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on C. Assume now the equivalent conditions (1)-(5). The implication (2) = (7) follows since a
right adjoint preserving filtered colimits has a left adjoint preserving compact objects. The same
argument imples (5) = (6). Consider the “furthermore” part. Point (a) follows since a left Bousfield
localization of a compactly generated category is again compactly generated. For point (b), if € and
Cso are compactly generated, then (6) implies (5) since a left adjoint that preserves compact objects
between compactly-generated categories has a right adjoint that preserves filtered colimits. O

We also need to incorporate a monoidal structure.

Definition 3.1.3. Let C e CAlg(Prk) be a commutative algebra with a t-structure (€sq, C<). We will
say that the t-structure is compatible with ® if the inclusion functor Csg < € is symemtric monoidal.

In other terms, t-structure is compatible with ® if the monoidal unit is connective and connective
objects are closed under tensor products.

Remark 3.1.4. Let € ¢ Prgt be a presentable stable category. Then | , Proposition 1.4.4.11]
implies that any small collection of objects S € € determines an accessible t-structure on €, which is
minimal among ¢-structures such that S ¢ C59. Assume now that C € CAlg(Pr;) is a commutative
algebra object. If S is closed under tensor products and contains the monoidal unit, then the resulting
t-structure is also compatible with ®. More generally, to check that the ¢-structure is compatible with
® it suffices for the monoidal unit to be in C5y and S ® €5 € Csg.

Corollary 3.1.5. Let C ¢ CAlg(Pr;). Then the monoidal unit 1e determines an accessible ¢-structure
whose connective aisle is the smallest full subcategory of € closed under colimits, retracts and tensor
products containing 1e.

In general, the t-structure determined by a collection of objects is neither compatible with filtered
colimits nor right complete. We now look for conditions that fix these issues.

Lemma 3.1.6. Let C ¢ P]rgt be a presentable stable category and let .S ¢ C“ be a small collection of
compact objects that generates, in the sense that for every nonzero object x € C there exists s € S and
n € 7 for which the abelian group my Home(X"s,z) is nonzero”. Let C«y be the full subcategory of C
spanned by those objects x € € for which the groups mo Home(3"s,x) vanish for all s € S and n > 0.

(1) Then the t-structure generated by S is compatible with filtered colimits.
(2) Then the t-structure is right-complete.

(3) The connective half Cso is compactly generated. More precisely, let G denote the smallest
full subcategory of € which contains the generators and is closed under finite colimits and
extensions. Then the inclusion § = € extends to an equivalence of categories Ind(G) — Cxo.

In other words, the t-structure is right-complete presentable and compactly generated.

Proof. This is | , Proposition C.6.3.1]. O
The previous result is particularly useful if coupled with the following.

Lemma 3.1.7. Let C € Pr;’w be a compactly generated stable category with a t-structure. Let
S € CyonC¥ be a set of connective compact objects such that € is the smallest localizing subcategory
containing S. Then every compact object € € €~ is eventually connective.

Proof. Since S ¢ €~ and since C~ is thick, the thick closure of S lies in €~. Since € is the smallest
localizing subcategory containing S, the thick closure of S coincides with €¢¥. Thus C¥ c C~ . O

2Notice that this forces € to be compactly geneated.
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Another assumption that will be useful later is left completeness. Recall that a t-structure (Csq, C<o)
on a stable category € is left complete if the canonical functor € — lim,en(Cep, 7<) is an equivalence
of categories.

Remark 3.1.8. Let € be a stable category equipped with a left complete t-structure (Csg, C<o). Let
T € NpenCsp. Then 7<px ~ 0 for all n € N so that = ~ 0 by left completeness. In other words, the
t-structure is left separated. The converse holds if € has countable products and the connective half
is closed under such products; see | , Proposition 1.2.1.19].

We summarize the situation.

Remark 3.1.9. Let Ce¢ CAlg(Prstt’w) be a commutative algebra and let S ¢ € be a small collection of
compact objects. Let (Csq, C<o) be the accessible t-structure generated by S. Convinient assumptions
are then the followings.

(1) The collection S generates.
(2) The t-structure is left complete (and hence left separated).
(3) The t-structure is compatible with ®.

Then (1) coupled with Lemma 3.1.6 implies that the t-structure generated by S is right-complete
presentable and compactly generated. It does not say anything about left completeness and compat-
ibility with ®. Nonetheless, point (3) is equivalent to requiring the monoidal unit to be in €5 and
S®Cso € Cs. In particular, if S is closed under tensor products and contains the monoidal unit, then
point (3) is satisfied. Another convinient assumption is:

(4) Compact objects € ¢ €~ are eventually connective.

Then Lemma 3.1.7 gives an easy condition for (4) to be satisfied, namely that € is the smallest
localizing subcategory containing S.

It may seem hard to construct such S in applications. We give an idea here (which we will study
more in detail in Section 5).

Example 3.1.10. Let X be a geometric object of some kind such that there is a category of “quasi-
coherent sheaves” QCoh(X) € CAlg"8(Prly*) and assume that there exists a “standard t-structure”
compatible with ®. Let Perf(X') denote the full subcategory on compact objects. Then the essentially
small category Perf(X)so = Perf(X) n QCoh(X)s¢ is symmetric monoidal. If X satisfies “connective
perfect generation”, meaning that the connective half is generated by Perf(X)so, then by picking a
small skeleton® S ¢ Perf(X)so and by applying Lemma 3.1.6, the resulting ¢-structure is the same one
we started from. It follows formally that the ¢-structure is right-complete presentable and compactly
generated (and compatible with ®). This leaves us to check left completeness. For (4), it is often the
case that QCoh(X) admits a single “perfect” generator which is eventually connective, thus shifting
it and including it in S allows us to deduce that compact objects are eventually connective.

Another case where S is easy to construct is when the monoidal unit is a compact generator.

Example 3.1.11. Let € ¢ CAlg"#(Pr5*) and assume that the monoidal unit generates. Then the
t-structure generated by S = {1} < € produces a right-complete presentable ¢-structure compatible
with ®. Furthermore, € € €. Again, left completeness is not automatic.

3In general the small skeleton S does not inherit a symmetric monoidal structure from Perf(X)so so that it is not
clear that the t-structure generated by S is compatible with ®. Fortunately, the ¢t-structure generated via Lemma 3.1.6
depends only on the skeleton of the generators, so that the t-structure generated by S and the one by Perf(X )¢ coincide.
In practice, it is useful to close S under ® and unit to an essentially small collection S®. The symmetric monoidal
category S® < Perf(X)so is not a skeleton anymore, but it has the same skeleton of S, so that the resulting ¢-structures
are the same.
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Example 3.1.12. The left completeness in the previous example really needs to be checked. Consider
for example the complex K-theory spectrum KU and consider the category of modules Mod g (Sp).
Then the connective half t-structure generated by KU is all of Mod iy (Sp), since KU a 2-periodic
spectrum. This ¢t-structure is obviously not left complete.

3.2. t-exact functors. We add to the previous discussion the input of functors.

Definition 3.2.1. Let f : B - € be an exact functor between stable categories with t-structures
(B0, B<o) and (Cxp, Ccp). We will say that:

(1) The functor f is right t-ezact up to a shift r € N if it sends O-connective objects to (-r)-
connective objects. That is, f(Bsp) € Cs_p.

(2) The functor f is left t-exact up to a shiftl € N if it sends O-coconnective objects to I-coconnective
objects. That is, f(B«o) € B-

In the case where r,[ are zero, we will say that f is right t-exact, left t-exact, respectively.
The next observation explains the discrepancies between the indexes.

Remark 3.2.2. Let f“: B 2 C: f® be adjoint functors between stable categories equipped with
t-structures (Bsg, B<g) and (Csp, Cco). Let 7 € N. Then a compuation with hom-spaces shows that f-
is right t-exact up to a shift 7 if and only if f® is left t-exact up to a shift r.

Remark 3.2.3. Let f“: B 2 C: fR be adjoint functors between stable categories equipped with
t-structures (Bsg,B<o) and (Cso,Csp). Let ip : BY - B and ie : €Y - € be the inclusions of the
hearts. We denote by f& and f& the compositions

i fL ﬂ_e o fR Tr'B
fo:B? LB se -5l fEevSesB LB
and call them the induced functors of f“ - f&.
We conclude with a technical result.

Lemma 3.2.4. Let f¥: B 2 @: f® be adjoint functors between stable categories equipped with
t-structures (Bso, B<g) and (Csp, C<o). Assume that fU is right t-exact up to a shift r e N.

(1) Given x € By and y € Cp, there are a natural isomorphisms

f(mgw) > 7l (@), 75 (W) ~ £ (s (1)
in €% and BY, respectively.

(2) The adjunction f - f® determines an adjunction f& - f&.
Proof. Consider (1). By duality it suffices to prove the first isomorphism. Consider x € Byy and
consider the cofibre sequence Tﬁx -z —> T;%.’E in B. Since z is 0-connective, we can identify T;%x
with 72 (). Apply f% to obtain the cofibre sequence fL(Tflx) - fY¥(z) » fY(7Fx) in C. Since f-
is right t-exact up to a shift r, it sends connective objects to (-r)-connective objects. In particular,

the natural map fY(73’z) - 7% f%(x) has to be an equivalence. The proof of point (2) is a chain of
equivalences. Take z € BY and y € €% and compute

Homes (f3 (), y) = Homes (7§ f“iz (z),y)
~ Home (f"i5(2),ic(y))
= Homs (in (2), fRie(y))
= Homspo (7, my fie(y)) = Homse (2, fo (y))-

Here the first equality is the definition of f&, the second by our assumption (since f¥(Bsg) € €50 and
since i¢(y) is O-coconnective, the space of maps flig(z) — ie(y) is discrete by using the standard
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argument with the cofibre sequence given by truncating), the third one by adjunction f“ + f® and
the fourth one again by assumption (since f%(Cy) € B and since ip(z) € Bsg is O-connective, the
space of maps ip(x) - fRie(y) is discrete, again by the same argument above). The last equality is
the definition of f&. O

3.3. Finite objects in a {-structure. Let C ¢ Pr" be a presentable category. Recall that an object
x € Cis almost compact if for every integer n > 0 the truncation 7¢, is a compact object of 7,,C. Here
T<nC denotes the full subcategory of € spanned by the n-truncated objects, that is, by those objects
x € € such that the mapping space Home(y, ) is n-truncated for all y € C.

Definition 3.3.1. Let C ¢ Pr; be a presentable stable category equipped with an accessible t¢-
structure. We will say that an object x € C is pseudo-coherent if it is n-connective z € G, for
some n € Z and almost compact as an object of Cs,. We will furthermore say that x is coherent if
pseudo-coherent and coconnective, that is = € Cg,, for some m € Z.

We let Coh(C€) € PCoh(€) denote the full subcategories of € spanned by the coherent and pseudo-
coherent objects, respectively.

Remark 3.3.2. The nomenclature we have chosen here comes from algebraic geometry. Pseudo-
coherent objects were first introduced by Illusie in | | via a slightly different definition. There,
pseudo-coherent complexes on a scheme are defined as complexes which, locally, are (quasi-)isomorphic
to bounded above complexes which admit projective resolutions by finitely generated projectives. If
the scheme appears to be noetherian, then pseudo-coherent complexes are precisely the bounded-above
complexes whose cohomology is coherent. A similar statement can be deduced from Theorem 3.4.7
and from Section 5.

Remark 3.3.3. Let C be a stable category equipped with a ¢-structure (Cso,Cso). Then an object
x € Cs,, is k-truncated as an object of Cs,, if and only if x € Ccpyx. In particular, 7<xCspn = Csp N Capik-

The first result of this section shows some basic properties of these subcategories.

Lemma 3.3.4. Let Ce Pr; be a presentable stable category equipped with an accessible t-structure.
Then Coh(€) c PCoh(C) are idempotent-complete stable subcategories of C.

Proof. To show that Coh(C) € PCoh(C€) are stable subcategories of C it suffices to prove that they
are closed under finite colimits and desuspensions. This follows immediately since almost compact
objects are closed under finite colimits and desuspensions (because compact objects are), together
with the stability of connective and bounded objects. A similar argument shows also that Coh(€) ¢
PCoh(C) are closed under retracts, since compact objects are. It follows that Coh(€) and PCoh(C)
are idempotent-complete, since a stable thick subcategory of a presentable category is. O

Warning 3.3.5. In the assumptions of Lemma 3.3.4 we cannot conclude that Coh(€) and PCoh(C)
are essentially small. There might exist objects x € €~ such that 7<,x ~ 0 for every n € Z. To fix this
issue it is sufficient to assume that the t-structure is left complete. Indeed, since the t-structure is
accessible, each G, is presentable so that each truncation 7«,,Cs, is presentable. In particular, its
subcategory of compact objects is small. Left completeness then identifies pseudo-coherent objects
with the category of towers xyp — x1 — ... where each x,, € (7<,Csn)® and such that the maps are
Postkinov compatible, and this category is small.

Corollary 3.3.6. Let C € Prgt be a presentable stable category equipped with an accessible left
complete t-structure. Then Coh(€), PCoh(€) € CatP*'T.

We can also analyse the interaction between (pseudo)-coherent objects and compact objects.

Remark 3.3.7. Let C¢ Pr; be a presentable stable category equipped with an accessible and com-
patible with filtered colimits ¢-structure.
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(1) If ¥ c €7, then €¥ c PCoh(C).
(2) If € c €, then C¥ c Coh(C).
Indeed, being the t-structure compatible with filtered colimits, Lemma 3.1.2 implies that each trun-

cation functor 7, : € — C, preserves compact objects, leaving us to prove that compact objects are
bounded below for point (1) and bounded for point (2).

We now analyze the behaviour of pseudo-coherent and coherent objects under the formation of
geometric realization.

Lemma 3.3.8. Let C¢ Pr; be a presentable stable category equipped with an accessible t-structure.
Then the full subcategory PCoh(€) n €y < € is closed under the formation of geometric realization of
simplicial objects.

Proof. Let zo be a simplicial object of PCoh(€) n Csp such that each xj is a compact object of
Ten (PCoh(€) N Cyp). To show that the geometric realization |z4| can be computed in PCoh(€) n Cyy
and that it is preserved by the inclusion PCoh(€)nCy¢ < € it suffices to notice that 7, (PCoh(€C)nCsg)
is equivalent to a (n + 1)-category, so that the equivalence

|a| = colimppyence i

exhibits the geometric realization |z.| as a finite colimit, which is then preserved by the inclusion
PCoh(€)n €y cC. O

Our next goal is to prove a converse of this result.

Remark 3.3.9 (| , Lemma 1.2]). Let € be a stable category equipped with a ¢—structure. If
2 €C and m(x) =0 for [ < i, then x € Cy;. Indeed, since x belongs to €7, it belongs to some €,_,, for
some n > 0. Thus the canonical map 7»_,x — z is an equivalence. Now, since m;(x) = 0 for every I < i,
the cofibre sequence Ts1,; = 7oz — X7im () implies that, as long as [ < i, the map 7s14; — 7>z is an
equivalence. The chain of equivalences 7s;x = T5;_1x = +++ = T>_, & — x shows then the claim.

Remark 3.3.10 (| , Lemma 1.3]). Let C be a stable category and equipped with a left separated
t-structure. Then:
(1) Every object x € €7, with m,(«) 2 0 for all n € Z, must vanish.

(2) If f:2 - yis a morphism in €~ such that m,(f) is an isomorphism for every n € Z, then f is
an equivalence.
Indeed, x belongs to N;Cs; by Remark 3.3.9 and left separatedness implies z ~ 0. Point (2) follows by
applying (1) to the cofibre of f.

Recall that a full subcategory S ¢ Csq is a generating subcategory if for every object x € C5¢ there
exists a morphism @®;.;7¢; — x which induces an epimorphism on 7y and each ¢; is S.

Lemma 3.3.11. Let € ¢ Pr;’w be a compactly generated stable category equipped with a right
complete and left separated presentable ¢-structure. Assume also that:

(S) There exists a generating subcategory S ¢ C5¢ which is closed under finite colimits and exten-
sions and consists of pseudo-coherent connective objects of C.

Let € PCoh(C) n Cyo be a connective pseudo-coherent object. Then z can be obtained as the
geometric realization of a simplicial object x, such that each z,, is in S.

Proof. By the (prestable) Dold-Kan correspondence [ , Theorem C.1.3.1], it suffices to construct
a sequential diagram

D) % D(1) ...
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mapping to = such that the cofibre of each map f,, is a n-fold suspension of an object of S and such
that the canonical map colim,qy D(n) — z is an equivalence. Equivalently, it suffices to produce a
cofibre sequence

D(n) -z - X"c(n)
for each n € N such that D(n) is in S and ¢(n) is connective (and pseudo-coherent). The argument
goes by induction. Set, by convention, D(0) to be the zero, so that the cofibre of 0 - z is . The
inductive hypothesis constructs a diagram

D(n) >z - X"c(n)

with D(n) in S and ¢(n) connective and pseudo-coherent (thus X"c(n) € Csy,). In particular X"c(n)
is in PCoh(€C) n C,,. Thus ¢(n) € PCoh(€) n Csp is connective and pseudo-coherent. Since S is a
generating subcategory of C,p, there exists a morphism ®;e;p; - ¢(n) with p; € S for every i € [
inducing a mp-epimorphism. Since myc(n) is compact, being ¢(n) pseudo-coherent, there exists a finite
set Iy € I such that @;ez,p; — ¢(n) induces the required mg-epimorphism. Set P = @;cz,p;. Since S is
closed under finite colimits, it follows that P € S. Define D(n + 1) via the pullback square

D(n+1) — X"P

x —— X"¢(n)
Then the cofibre sequence D(n) - D(n + 1) - X" P exhibits D(n + 1) in S, being S closed under
extensions. Furthermore, the equivalence cofib(D(n +1) — ) ~ £"*fib(P - ¢(n)) shows that the
map D(n+ 1) — x induces an isomorphism on 7; for 0 < i <n—2. It follows by Remark 3.3.10 that
the canonical map colim,y D(n) — x is an equivalence. Since, by construction, the cofiber of each
map D(n) - D(n+ 1) is an n-fold suspension of an object of S, the claim follows. O

Remark 3.3.12. Let € be as in the assumptions. Denote by €%, the full subcategory of the connective
half C.g spanned by the compact objects. Then Lemma 3.1.2 implies that C* n Cy¢ = €%,. It follows
that if Cyo is compactly generated, then assumption (S) is satisfied.

There is another notion of finiteness that we should explore.

Definition 3.3.13. Let C be a stable symmetric monoidal category equipped with a t-structure
compatible with ®. Let a < b € Z. We will say that an object x € € has tor-amplitude in [a,b] if
z®—: C — € is right t-exact up to —a and left t-exact up to b. We will say that an object has
finite tor-dimension if it has tor-amplitude in [a,b] for some a < b€ Z. We let Tor(€) denote the full
subcategory of € spanned by the objects of finite tor-dimension.

In other words, = € € has tor-amplitude in [a,b] if tensoring with x restricts to functors z ® - :
Cs0 = Csq and x ® — : Ccg — Cqp.

The next observation connects our definition of finite tor-amplitude with the classical one.
Remark 3.3.14. Let C be a stable symmetric monoidal category equipped with a t-structure com-
patible with ®. Let x € € and let n € Z. Consider the following properties.

(1) For every y € Cso the object x ® y € Csy, is n-connective. Equivalently, z € Cy,,.

(2) For every m € N and for every y € Csp N Cg,y, the object z ® y € C,, is n-connective.

(3) For every y € €% the object x ® y € C»,, is n-connective.
Clearly (1) = (2) = (3). The implication (3) = (2) follows by induction. Indeed, if y € Cso N Cepp,
then tensoring the cofibre sequence LFmy(y) = Texy — Ter-1y with @ produces a cofibre sequence
r® YFm(y) - 2 ® Tapy =  ® Tep_1y. The first term belongs to Cs,ix € Csy, and the claim follows

since the connective half of a t-structure is closed under extensions. The implication (2) = (1) is not
true in general. It holds for instance if the monoidal unit is (connective and) eventually coconnective.
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More generally, it holds if = € Cs, is eventually connective: indeed it follows by choosing m with
a+m+1>n and using the triangle 7o,,11 = ¥ = Temy With y € Cyp.

Lemma 3.3.15. Let € be a stable symmetric monoidal category equipped with a t-structure com-
patible with ®. Let x € C.

(1) If z has tor-amplitude in [a,b], then 7, (z ® y) ~ 0 for every y € ¥ and n ¢ [a, b].

Assume that C € CAlg(Pr;) is presentable, that ® preserves colimits in each variable and that the
t-structure is right-complete presentable. Assume also the monoidal unit is eventually coconnective
(or that x € Csa).

(2) If z is such that 7, (x ® y) ~ 0 for every y € C¥ and n ¢ [a,b], then z has tor-amplitude in
[a,b].

Proof. Assume that z has tor-amplitude in [a,b] and let y € €° be discrete. Then 2 ®y € €54 N Cqp 50
that m,(z ®y) ~ 0 for n ¢ [a,b]. This proves (1).

Consider (2). Since the monoidal unit is connective and eventually coconnective (or since z € C»4),
Remark 3.3.14 coupled with the assumption of homotopy groups implies that tensoring with x produces
a functor Csg — Cs,. To show that x ® — is left t-exact up to b, consider y € Cy. Since the t-structure
is right complete, the canonical map colim,en 7>—,y — ¥ is an equivalence. Since 7 is a left adjoint,
the above map produces an equivalence colimyen T7<oT>-ny — y. Since Cog is comatible with filtered
colimits it suffices to show that z ® y € C« for y € C5_,, N Cc9. This can be proved by induction,
similarly to Remark 3.3.14, on the cofibre sequence 7>_py = To_p_1y = X F*n_p 1y for 0<k<n. 0O

We now study the categorical properties of objects of finite tor-amplitude.

Lemma 3.3.16. Let C be a stable symmetric monoidal category equipped with a ¢-structure. Then
Tor(C) is a stable subcategory, closed under retracts. In other words, it is a thick subcategory. If €
is also presentable, then Tor(C) is idempotent-complete.

Proof. Tt suffices to show that Tor(€) is pointed (which is trivial), stable under cofibres and desus-
pensions. Closure under desuspensions follows since ® is exact in each variable separately. Closure
under cofibres follows since the connective half is closed under cofibres, and the same happens to
coconnective halves, after a possible shift. Finally, since the connective and coconnective half of a
t-structure are closed under retracts, the claim follows for Tor(€). The last claim is a general fact of
stable thick subcategories of presentable stable categories. O

Objects of finite tor-amplitude control many “geometric” properties. Let C ¢ CAlg(Pr;’“') be a
commutative algebra with a right-complete presentable t-structure compatible with ®. Then we may
define Perf(€) to be the intersection PCoh(€) nTor(C€), and call its objects perfect objects. The next
result is an instance of “perfect object controlling the geoemtry”.

Lemma 3.3.17. Let C ¢ CAlg(Prlﬁt’w) be a commutative algebra with a right-complete presentable
t-structure compatible with ®. Assume that € ¢ Tor(C).

(1) Then €¥ c PCoh(C).

(2) If the unit of the monoidal structure is eventually coconnective, then €“ ¢ Coh(C).
Proof. This is an application of Remark 3.3.7. Indeed point (1) follows since the monoidal unit is
connective so that every compact object is eventually connective, whereas point (2) follows since the

unit e is eventually coconnective (and the usual argument by induction shows that every compact
object is eventually coconnective). O

We can now analyze the behaviour of pseudo-coherent and coherent objects under tensor products.
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Lemma 3.3.18. Let C ¢ CAlgrig(Prl“t’w) be a rigid commutative algebra equipped with a right-
complete presentable ¢-structure compatible with ®. Assume that €“ ¢ Tor(C). Then PCoh(€) and
Coh(C) are C¥-modules.

Proof. Since 1¢ € sy, it follows that Tor(€) € €. In particular, € ¢ C~. Let 2 ¢ PCoh(C) be pseudo-
coherent and let ¢ € C¥ be compact. It follows that = ® ¢ is in €7, being the ¢-structure compatible
with ®. To be precise, if z € Cxy and ¢ € Cxps then c® x € Coyps. Fix n e N and consider a filtered
diagram y : I - 7¢,(Csnar). Then
colimje; Hom_ (e, xn,)(Ten(c ® 2),%;) = colim;e; Home (¢ ® 2, ;)

=~ colim;e; Home (2, ¢ ® ;)

~ Home (, colimer ¢ @ ;)

~ Home/(x, ¢ ® (colim;er y;))

~ Home(c ® x, colimger y;)

= HomTSn(ezN]\/I) (TSVL(C ® .CE), colimyes y7)
Here the first equivalence follows by fully-faithfullness and the second one by rigidity. For the third
one note that, since ¢¥ € €“ is of finite tor-dimension, the objects ¢¥ ® y; are in some truncation of a
shift of the connective half, so that pseudo-coherence of z allows to commute the colimit. The fourth
equivalence follows since ® commutes with small colimits in each variable, the fifth one by rigidity

and the last one by fully-faithfullness. The case of coherent objects follows then from above plus the
fact that tensoring with a compact object (hence a tor-finite object) preserves bounded objects. [

We summarize (again) the situation.

Remark 3.3.19. Let C¢ CAlgrig (Pr;’w) be a rigid commutative algebra and let S € €“ a collection
of compact objects. Let (Csg, C<p) be the accessible t-structure generated by S. Assume that:

(1) The collection S generates.

(2) The t-structure is left complete (and hence left separated).

(3) The t-structure is compatible with ®.

(4) Compact objects C* ¢ Tor(C) are of finite tor-dimension.
Then Remark 3.1.9 implies that the t-structure is right-complete presentable, compactly generated and
compatible with ®. Regarding pseudo-coherence, point (4) together with Lemma 3.3.18 imply that
Coh(€),PCoh(C€) are C¥-modules. It also implies that €¥ ¢ PCoh(€), and, if the unit is eventually
coconnective, also ¥ ¢ Coh(€). In any case, point (2) together with Corollary 3.3.6 imply that
Coh(€),PCoh(€) € Modew (CatP™™). Furthermore, assumption (S) of Lemma 3.3.11 is satisfied: it
follows that every connective pseudo-coherent object can be realized as the geometric realization of a
simplicial object whose pieces are in €%, = C* n Cyo.

We will come back to these type of categories in Definition 4.1.4.
3.4. Coherent categories. Even if pseudo-coherent and coherent objects behaved well categorically,
it is not entirely clear how to compute them explicitly. The goal of this section is to fill this gap by

showing that, under some coherence assumption, PCoh(€) can be computed in terms of the homotopy
groups of the t-structure.

Definition 3.4.1. Let C ¢ Prlft’“’ be a compactly generated stable category equipped with a right
complete presentable t-structure. We will say that the t-structure is coherent if it restricts to PCoh(C).

Before exploiting all the properties of coherent ¢-structures we point out a few discrepancies between
our definition and the one already available in the literature.
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Warning 3.4.2. Our definition of coherent category is not the same of Ben-Zvi, Nadler and Preygel
[ , Definition 6.2.7]. Lemma 6.2.5 in loc. shows how to compute pseudo-coherent objects
in terms of their homotopy groups, proving the same statement of Theorem 3.4.7. The autoher
believes that this claim is actually false. Indeed, if R is a connective Es-ring spectrum with mo(R)
coherent, then Modpg is coherent in the sense of Definition 6.2.7. In particular, since R € (Modg)* ¢
PCoh(Modz), Lemma 6.2.5 implies that every m,(R) is finitely presented as a mo(R)-module. This
is true if and only if R is coherent in the sense of | , Definition 7.2.4.16].

Warning 3.4.3. Furthermore, our definition is different form the Canonaco-Neeman-Stellari |
Definition 10.1.1].

We now study the heart of a coherent t-structure.

Lemma 3.4.4. Let C¢ Pr;’” be a compactly generated stable category equipped with right-complete
presentable ¢-structure. Then the following conditions are equivalent.

(1) The t-structure on C restricts to one on PCoh(C), that is the t-structure is coherent.
(2) The inclusion zié : G = C«q preserves compact objects.
(3) Desuspending Y71 @y —» G preserves compact objects.
Assume that €¥ ¢ €. Then in this case Coh(€)¥ = PCoh(€)? = (€¥)“. In particular,
(4) The subcategory of compact objects in the heart (€?)¥ c € is abelian.

Proof. Consider (1) < (2). First of all, recall that the ¢-structure restricts to PCoh(C) if and only if
for every € PCoh(€) the truncation <,z € C, is again pseudo-coherent. Since T<,, ©Ten = Temin(n,m)
the claim then follows by noting that 7,z € Cg, is compact if and only if 7<,,z € Cc,, is compact
for all m > n and i)}, : Cqp, — €y preserves compact objects for m > n. The equivalence (2) < (3)
follows since C<; = L!1€.. Assume now the equivalent conditions (1)-(2) and (3). First of all, note
that the ¢-structure also restricts to Coh(C), thus producing hearts Coh(€)? and PCoh(€)® so that
the equality Coh(€)? = PCoh(€)? is essentially by definition. To prove that PCoh(€)® = (€%)“, note
that (S) is always true and that (2) follows since i$j preserves compact objects. Finally, since the
heart of a ¢-structure is always abelian, the above equalities allow us to prove (4). g

Recall that a locally coherent abelian 1-category is a compactly generated Grothendieck abelian 1-
category whose compact objects form an abelian category. Examples include modules over a coherent
ring and quasi-coherent sheaves over a coherent scheme.

Lemma 3.4.5. Let C ¢ Pr;’W be a compactly generated stable category equipped with coherent
t-structure such that €¥ ¢ €. Then €Y is a locally coherent abelian 1-category.

Proof. Since (€%)“ forms an abelian subcategory of ¥ by Lemma 3.4.4, it suffices to show that €°
is compactly generated. Since € is compactly generated, Lemma 3.1.2 implies that C.g is compactly
generated. Since Lemma 3.4.4 implies that zéz‘) : Co = .1 preserves compact objects, | , Corollary
5.5.7.3] implies that C% ~ C<1 /€« is compactly generated. O

We may wonder if condition (4) of Lemma 3.4.4 is equivalent to the other coniditions. This is not
always the case as we need the following strenghment.

Lemma 3.4.6. Let C ¢ Pr;’w be a compactly generated stable category equipped with right-complete

presentable t-structure such that €¥ ¢ €. Consider the following condition for n > 0.

(HC),, The category C»qnCgy, is compactly generated and the compact objects are closed under finite
limits.

Then the t-structure is coherent if and only if (HC),, holds for every n > 0.
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Proof. Assume that the t-structure is coherent. Fix n > 0 and consider the truncation 7s¢ : C<, —
Cs0 N Ccpp, with kernel C<_1. Since Csq is compactly generated by Lemma 3.1.2 and since the inclusion
Cco = G preserves compacts, an application of | , Corollary 5.5.7.3] implies that Cyo N Cgy, is
compactly generated. To show that the comapct objects of Csy N Cs, are closed under finite limits,
since Tso is right exact, it suffices to show that the compact objects of C., are closed under finite
limits. This follows by Lemma 3.4.4.

Conversely, assume that (HC),, holds for every n > 0. To show that the t-structure is coherent
it suffices to show that the it restricts to PCoh(€). Let x € PCoh(C) and assume without loss of
generality that x € C5g. Fix k € Z. Then 7¢x is clearly connective and almost compact in 7« Csq, thus
T<xx € PCoh(€). For the other truncation, consider the fibre sequence 712 - x - mo(x). Apply the
truncation 1, for every n >0 to produce a fibre sequence 7<, 712 = T<n@ = mo(z). Since all the terms
belong to Cso N Cgp, it follows that 7<,7s12 =~ fib(7<pz = 7o (x)) in C5N Cy,. Since z and m(x) belong
to PCoh(€) n €, the first one by assumption and the second one being mg(x) ~ 7<ox the truncation
of a pseudo-coherent object, it follows by assumption (HC),, that 7<,7s12 is compact in Csg N Cqp.
Since this holds for every n > 0, it follows that 7512 € PCoh(C). In particular, the ¢-structure restricts
to PCoh(C). O

As we will see, even though condition (HC),, seems very hard to check in practice, many interesting
categories satisfy it.
Then we have the following.

Theorem 3.4.7. Let Ce Pr;’w be a compactly generated stable category with a coherent t-structure.
Assume that the t-structure is left separated and € ¢ €~. Assume also that:

(S) There exists a generating subcategory S ¢ C5¢ which is closed under finite colimits and exten-
sions and consists of pseudo-coherent connective objects of C.

Then:

(1) The heart Coh(€)¥ = Coh(€) n €Y consists precisely of the compact objects of €Y.

(2) An object x e PCoh(€) if and only if m,z € (€)% and 7,z =0 for n << 0.

(3) An object z € Coh(€) if and only if m,z € (€°)* and 7,z = 0 for all but finitely many n.
In particular, PCoh(C) is the left ¢-completion of Coh(C).

Proof. Point (1) follows by Lemma 3.4.4. Since point (3) follows immediately from point (2) by
noticing that coherent objects are defined to be bounded above, it suffices to show (2). Let = € C.
Since both conditions imply that x is eventually connective, it is safe to assume that z € Cyp is
connective. Suppose first that @ € PCoh(€) n €y is pseudo-coherent and connective. Since x is
connective, m,(z) ~ 0 for n < 0. Since the t-structure restricts to PCoh(€) by Lemma 3.4.4, it follows
that 7,2 belongs to PCoh(€) n €y, for every n > 0. The cofibre sequence Toni12 = Ton® — X" m, (2)
implies then that X", (z) belongs to PCoh(€) N €s,. Since X", (x) belongs to Cgp, it follows that
Y"1, (x) € PCoh(€) n X"CY. By desuspending and applying point (4) of Lemma 3.4.4 it follows that
mn(z) € PCoh(€) nCY = (C¥)“ is compact for every n > 0.

Assume now that z € Cyg is connective and that m,(z) € (€)% for every n > 0. By Lemma 3.3.8
it suffices to prove that x can be obtained as geometric realization of a simplicial object o such that
every x; is in S. As in the proof of Lemma 3.3.11, it will suffice to construct a sequential diagram

D) % D1y & D2) > ...

mapping to = such that the cofibre of each map f, is a n-fold suspension of an object of S and such
that the canonical map colim,ey D(n) — z is an equivalence. Equivalently, it suffices to produce a
cofibre sequence D(n) - x - X"¢(n) for each n € N such that D(n) is in S and ¢(n) is connective.
The proof will show that ¢(n) can be constructed to have compact homotopy groups. The argument
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goes by induction. Set, by convention, D(0) to be the zero, so that the cofibre of 0 - z is =z,
hence connective with compact homotopy groups. The inductive hypothesis constructs a diagram
D(n) - z - X"(n) with D(n) in S and ¢(n) connective with compact homotopy groups. In
particular, since moc(n) € (€¥)“ and since S is generating, there exists a finite set I and a morphism
®@;erpi — c(n) with p; € S for every i € I inducing a mg-epimorphism. Set P = @®;¢5,p;. Since S is closed
under finite colimits, it follows that P € S. Define D(n + 1) via the pullback square

D(n+1) —— ¥"p

x —— X"¢(n)

Then the cofibre sequence D(n) - D(n + 1) - X" P exhibits D(n + 1) in S, being S closed under
extensions. Furthermore, the equivalence cofib(D(n + 1) - x) ~ X" Hib(P — ¢(n)) identifies c(n + 1)
with fib(P — ¢(n)). Since ¢(n) has compact homotopy groups and since P is pseudo-coherent (thus it
has compact homotopy groups by the previous implication) and since (€%)* is abelian, it follows that
the fibre of P — ¢(n) has also compact homotopy groups m; which vanish for ¢ <0 (being P — ¢(n) a
mo-epimorphism), thus concluding the induction hypotheses. The above equivalence shows also that
the map D(n+1) — z induces an isomorphism on 7; for 0 <4 < n-2. It follows by Remark 3.3.10 that
the canonical map colim,.y D(n) — x is an equivalence. Since, by construction, the cofiber of each
map D(n) - D(n+1) is an n-fold suspension of an object of S, the claim follows by the (prestable)
Dold-Kan correspondence. O

3.5. Pseudo-compact objects. We now introduce Neeman’s pseudo-compact objects.

Definition 3.5.1. Let € be a stable category equipped with a t-structure (Csg,C<p). An object x € C
is called pseudo-compact if for every n > 0 there exists a cofibre sequence ¢ - r — d where ¢ € C¥ is
compact and d € Cy,, is n-connective. We will denote by € the full subcategory of C spanned by the
pseudo-compact objects. We also denote by €% the intersection G, n €,

Let C be compactly generated and equipped with a compact generator G € C¥ such that G € Cs_n
and moHome(G, Csn) = 0 for some integer N > 0. Then | , Lemma 2.9 and Proposition 2.10]
show that € and €% are stable thick subcategories of €. In particular, if C e Prl,“t is presentable, then
€. and €% are idempotent-complete.

Warning 3.5.2. A priori there is no reason to expect C. to be a small category. This issue will be
fixed in Lemma 3.5.10.

Lemma 3.5.3. Let C ¢ CAlg(Prl‘t"’J) be commutative algebra equipped with a right-complete pre-
sentable t-structure compatible with ®. Let G € C be a compact generator which is (-N') coconnective
G € Co_y and mo Home (G, Csy) =0 for N e N.

(1) Then € is a C¥-module.

(2) If € c Tor(@), then €% is a C¥-module.
Notice that, contrary to Lemma 3.3.18, there is no need to assume that C is rigid.
Proof. Let x € €, and ¢ € C¥. Since C is generated by a single compact object which is eventually
connective, it follows that ¢ € Cs_p, for some m > 0. Fix n > 0. Being x € €, pseudo-compact, the
definition with n+m > 0 produces a cofibre sequence ¢’ > x — d with ¢’ € ¥ and d € Cs;,1,,. Tensoring

with ¢ produces then the cofibre sequence ¢’ ®e ¢ » x ®¢ ¢ - d ®¢ ¢ where ¢’ ®¢ ¢ is again compact
and d ®¢ ¢ € Cspym ®e Csom € Csyy. This proves point (1). Point (2) follows similarly. O

In the following it will be useful to work with an equivalence class of t-structures rather than a
single one.
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Remark 3.5.4. Let € be a stable category with a pair of t-structures (€1, €L,) and (€2,,C%,). We
will say that the t—structures are equivalent if there exists an integer A € N such that C;A cC?c G;_A.
Equivalently, if Cé_ 4 CSC%c C’é 4. Being equivalent is an equivalence relation on the (possibly large or
even very large) set of ¢-structures on a stable category. It is a common belief that all the meaningful
constructions associated to a t-structure should only depend on the equivalence class. For example,
the full subcategories €, C* and €’ are insensitive to equivalent t-structures.

Notice, however, that not every property of t¢-structures is preserved by passing to equivalence
classes. For example:

(1) Being accessible is not preserved.

(2) Being compatible with filtered colimits is not preserved.
(3) Being compactly generated is not preserved.

(4) The heart of the t-structure depends on a representative.

On the other hand, being right or left complete is instead preserved by the passing to the quotient.

Remark 3.5.5. Let Ce Prl“t’w be a compactly generated stable category, and assume that € admits a
single compact generator. Then this compact generator determines an equivalence class of t-structures.
In particular, | , Lemma 0.13] and | , Example 0.17] imply that this equivalence class
is insensitive to compact generators, in the sense that two different compact generators generate the
same equivalence class of t-structure. We will refer to this equivalence class as the preferred equivalence
class.

The next observation is a useful criterion to produce left complete ¢-structures.

Remark 3.5.6. Let C ¢ Pr;’w be a compactly generated stable category equipped with a compact
generator G € C¥ such that mo Home (G, X'G) =0 for i >> 0. Then | , Lemma 3.6] implies every
t-structure in the preferred equivalence class is left and right complete.

Definition 3.5.7. | , Definition 8.3] Let € ¢ Prl“t’w be a compactly generated stable category
equipped with right-complete presentable ¢t-structure. Assume that € comes equipped with a compact
generator G € C¥ such that the ¢-structure is in the preferred equivalence class and there exists an
integer N > 0 such that G is (-N)-connective, G € C»_n and mo Home(G,Csn) = 0. A strong (G,
approzimating system is a sequence of objects and morphisms D(1) — D(2) — ... such that:

(1) Each D(%) belongs to (G)y.

(2) The map m(D(:)) - m(D(i+1)) is an isomorphism in C¥ whenever [ < i.
In this definition we also allow n = co by declaring (G)e = €¥. Given an object z € C, a strong
(G)n-approzimating system for x is a strong (G),—approximating system D(1) - D(2) - ... with a
map to x that induces isomorphism 7;(D(i)) - m;(«) whenever i > [.

The notation (G),, is borrowed from | , Reminder 0.12]. It denotes the full thick subcategory
of € whose objects are finite coproducts of at most n-extensions of the objects X¢G, for i € Z.

Our next goal is to show that every pseudo-compact object admits a C“-strong approximating
system. This is a key result in Neeman’s paper, and we now present his argument for completeness.
But first we recall a couple of technical results.

Remark 3.5.8 ([ , Lemma 1.4 and Remark 1.5]). Let € € Pr; be a presentable stable category.
Assume that C comes equipped with a ¢-structure with both Csg and Cy closed under small colimits
in €. Let D(1) > D(2) — ... be a sequence of objects and morphisms in €. Then, for every [ € Z,
there is an exact sequence

0 - colim; m;(D(i)) — m(colim; D(i)) — colimy m_y (D (%)) - 0
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in the heart €. Here colim® is the derived functor of the colimit. In particular, if the sequences
m(D(1)) -» m(D(2)) - ... eventually stabilize for every I, then the colim® terms all vanish, and the
natural map colim; m;(D(i)) = m;(colim; D(4)) is an isomorphism.

Remark 3.5.9 (] , Lemma 2.8]). Let C € Pr; be a presentable stable category. Let (Csg, C<o) be
a t—structure on C. Assume that C comes equipped with a compact generator G € € and an integer
N > 0 such that 7o Home(G,Csn) = 0. Then for any compact object ¢ € €¥ there exists an integer
n > 0, depending on ¢, with mo Home (¢, Csy,) = 0. Indeed, since G is a compact generator, it follows
that ¢ e @ = (G) must belong to some (G)l="™]. By picking n = m + N the claim follows.

We can now prove the following.

Lemma 3.5.10 (] , Lemma 8.5]). Let C ¢ PrsLt"” be a compactly generated stable category
equipped with a right-complete presentable ¢-structure. Assume that € comes equipped with a com-
pact generator G € €% such that the ¢-structure is in the preferred equivalence class and there exists
an integer N > 0 such that G is (—N)-connective, G € C»_y and mp Home(G, Csy) = 0. Then:
(1) Every (G)n-strong approximating system D(1) - D(2) — ... is a strong (G),-approximating
system for the sequential colimit colim; D(i). Moreover colim; D(i) belongs to C7.
(2) Given z € C and a strong (G),-approximating system D for z, then the canonical map
colim; D(i) — x is an equivalence.

(3) Every object = € €, admits a strong C“—approximating system.

Proof. Consider (1). Take a {(G),-strong approximating system D(1) - D(2) — ... and let d =
colim; D(¢) be the colimit. We first show that d is in C»_,, for some n > 0. Since every factor D(7) is
in (G)p, it is also in C@¥. In particular, being G € Co_y , every D(i) is in €.

Choose now n > 0 such that D(1) € C»_,. Since the map m;(D(1)) —» m(D(m)) is an isomorphism
for all [ <1, it follows that m;(D(m)) =0 for all [ > —n and all m. Remark 3.3.9 implies now that the
D(m) all lie in Cs_,,. Hence the colimit d also belongs to Cs_,,. Now Remark 3.5.8 implies that the
map colim; 7;(D(7)) — m(d) is an isomorphism for every [ € Z. On the other side, the cofibre sequence
D(m) - D — cofib,, lies in €7, and since the map m;(D(m)) - m;(d) is an isomorphism for m > [ it
follows that m;(cofib,,) = 0 for all m > 1. Once again Remark 3.3.9 implies that cofib,, € Csp41, and
as D(m) € (G),, c C¥ it follows that d € C

Consider (2). Since the map colim; D(i) — x is a morphism from an object of C to an object in €7,
it must be a morphism in €. Remark 3.5.8 implies then that the natural map m;(colim; D(4)) — m(x)
is an isomorphism in €Y. Apply now Remark 3.3.10 to deduce the claim.

Consider (3). The proof is by induction. Since z € €, there exists a cofibre sequence D(1) - z —
cofiby with D(1) € € and cofib; € Cy3. When [ < 1, the exact sequence

w41 (cofiby ) » m(D(1)) » m(xz) - m(cofiby)

has 741 (cofiby) = 0 = m(cofiby ), starting the construction of D(n). Assume that the sequence has
been constructed up to an integer n > 0, so that there exists a map f,, : D(m) - x, with D(m) € C¥,
and so that m;(f,,) is an isomorphism for all m <. Remark 3.5.9 allows one to choose an integer
N > 0 so that mo Home(D(m),Csn) = 0. Because = belongs to C, there exists a cofibre sequence
D(m+1) - x - cofiby,41 with D(m + 1) € € and cofib;+1 € Conimes. As in the paragraph
above, the map m(D(m + 1)) - m(x) is an isomorphism for all m + 1 > [. Since the composite
D(m) - - D(m + 1) is null-homotopic, the map f,, must factor as D(m) - D(m +1) - =z,
concluding the proof. O

We can now prove our comparison result between pseudo-coherent and pseudo-compact objects by
means of Lemma 3.3.11.
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Proposition 3.5.11. Let C ¢ PrsLt’w be a compactly generated stable category equipped with right-
complete presentable t-structure. Assume that € comes equipped with a compact generator G € C¥
such that the t-structure is in the preferred equivalence class and such that 7o Home (G, X¢G) = 0 for
1 >>0. Assume also that:

(S) The subcategory C“ n €y S Cy is a generating subcategory of Csg.
Then PCoh(C) = C;.

Proof. Let x € C. First of all, since € has an eventually connective compact generator, every compact
object is bounded below. In particular, every object in C is an extension of bounded below objects,
and hence bounded below. Since every object in PCoh(€) is bounded below, it is safe to assume that
x € Cyg is 0-connective.

Assume first that z € PCoh(€) n Cyp. The proof of Lemma 3.3.11 showed that = can be written
as a sequential colimit x ~ colim,, D(n) where each D(n) € €“ n Cyp is compact and connective. Fix
now n > 0. Since D(n+1) is in €“ N Csg and the ¢-structure is compatible with filtered colimits, point
(6) of Lemma 3.1.2 implies that D(n + 1) is compact in C. In particular, the map D(n+1) - z is a
morphism from a compact object to z, and it is a 7;-equivalence for every i < n, hence its cofibre lies
in €y, thus showing x € C;.

Assume now that x € C n Cyy. We will prove that x is pseudo-coherent by showing that it can be
written as a sequential colimit  ~ colim; D(¢) of 0-connective and pseudo-coherent objects D(i). Then
the co-Dold-Kan correspondence coupled with Lemma 3.3.8 will conclude. Now we can easily modify
the proof of point (3) of Lemma 3.5.10 and pick the D(4)’s in C5onC¥. Since z is 0-connective (hence
in €7), point (2) allows us to apply Remark 3.3.10. We deduce that the canonical map colim; D(i) - =
is an equivalence, thus concluding the proof. This implication does not use assumption (S). O

4. DUALITIES

We now take the first steps towards the two main results of this paper.
4.1. Tor-finite categories. We start by axiomatizing the categories which are “tor-finite”.

Construction 4.1.1. Let € ¢ CAlg"® (Prl“f) be a rigidly-compactly generated stable category. We let
Acc®(€) denote the (possibly very very large) set of essentially small collection of compact objects S €
@« for which the inclusion S < €% is symmetric monoidal. We regard Acc®(€) as a poset ordered by
inclusion. Then every rigid functor f“: € - D in Pr»* determines a functor f : Acc®(€) - Acc®(D).
In particular, the assignment €+ Acc®(€) may be regarded as a covariant functor CAlg’rig (Pr;’w) -
Cat. The cocartesian unstraightening produces then a cocartesian fibration Pr®® — CAlg"8(Pri).
Objects of Pr®® may be identified with a pair (G, Se) consisting of a rigidly-compactly generated
stable category € and a symmetric monoidal embedding Se € €*; morphisms in Pr®® are then rigid
functors f¥:€ - D in Pr;’“’ such that fY(Se) < Sp.

Remark 4.1.2. Let (€, S¢) be in Pro®. Accordingly to Remark 3.1.4, picking a small skeleton of
Se produces an accessible t-structure on €. The construction of this ¢-structure is insensitive to the
choice of the skeleton generating it. In particular, the symmetric monoidal embedding Se — €~ shows
that the t-structure on C is compatible with ®. It follows that (€, Se) may be identified with a
rigidly-compactly generated stable category € together with an accessible t-structure on € which is
compatible with ®. In the following we will always tacitly assume this type of construction.

Remark 4.1.3. Let (C,Se) be in Pr®® and assume that Se generates, meaning that there exists
a small skeleton of generators inside Se. Then Lemma 3.1.6 implies that the accessible t-structure
generated by Se is right-complete and compatible with filtered colimits. In other words it is right-
complete presentable and compatible with ®.
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Definition 4.1.4. We let Pr*®" denote the non-wide non-full subcategory of Pr®® on those (€, Se)
such that Se generates and the resulting the ¢-structure is left complete and €“ ¢ Tor(€) and on those
functors whose right adjoint is right t-exact up to a shift. We will refer to objects and functors in
Pr'°" as tor-finite categories and functors of tor-finite categories, respectively.

Remark 4.1.5. To spell it out:

(1) An object in Pr'" consists of a rigidly-compactly generated category € together with a t-
structure generated by a collection of compact objects Se. The t-structure is accessible,
compatible with ®, compatible with filtered colimits, left-complete and right-complete. Fur-
thermore, €* ¢ Tor(C).

(2) A functor in Pr*" consists of a rigid functor f*: € — D which is right ¢-exact and such that
its right adjoint f®:D — @ is left t-exact and right t-exact up to a shift. Notice that f* is an
internal left adjoint in Pr;, so that f® preserves all colimits.

Furthermore, since the monoidal unit is connective, Lemma 3.3.17 implies that €“ ¢ PCoh(€)nTor(C).
More importantly, Corollary 3.3.6 and Lemma 3.3.18 imply that Coh(€),PCoh(€) € Mode« (Cat”*'")
are small idempotent-complete stable modules over C“.

The next observation links tor-finite categories to the theory of approximation of Neeman.

Remark 4.1.6. Let B ¢ Pr?t be a compactly generated stable category and let S € B“ be a small
collection of compact object that generates. Then for every connective object = € By there exists a
cofibre sequence s - x — ¢ where s is a sum of objects of Sg and c € By is 1-connective.

Indeed since Sg is generating there exists a mp-epimorphism s - z with s a sum of objects of Sg.
The long exact sequence in homotopy associated to the cofibre sequence s - = — ¢ shows that not
only c € Bsg, but ¢ € Bsq since mge ~ 0.

Remark 4.1.7. Let B ¢ P]ri“t be a compactly generated stable category and let S € B“ be a small
collection of compact object that generates. In other terms, the smallest localizing subcategory
Locg(S) containing S is all of B. Then S thickly generates the compact objects, in the sense that
B« = Thicky(S), where Thickg(S) € B denotes the smallest idempotent-complete stable subcate-
gory containing S. Indeed, let Locg (S) € B be the localizing subcategory generated by S. Since S
consists of compact objects, the compact objects of Locs (S) are exactly the thick closure of S, that
is (Locg (5))“ = Thicks (S). In particular, the equality Locg (S) = B, yields B = Thicks (.S).

4.2. Quasi-perfect and quasi-proper functors. The goal of this section is to study the behaviour
of (pseudo-)coherent object under morphisms of commutative algebras.

Lemma 4.2.1. Let f“: A — B be an internal left adjoint in Pr; and assume that A and B are
equipped with accessible and compatible with filtered colimits ¢-structures such that f% is right ¢-
exact and f® is right t-exact up to a shift. Then fU restricts to a functor f: PCoh(A) - PCoh(B).

Proof. Let x € PCoh(A) be pseudo-coherent, and assume without loss of generality, that = € Asp.
Since fU is right t-exact, f“(x) is in Bsg. Let y; : I = T<,(Bso) be a filtered diagram. Then:

colimjer Hom,_ (3,.) (TsnfL(iL’), y;) = colim;e; Homs. (TgnfL (x),yi)
= colimye; Homsp (7<p f1(2), i)
~ colim;e; Homg (7, (), y5)
~ colim;e; Hom g (7n (), fRy:)

Here the first and second equivalence follows by fully-faithfullness, the third one by [ , Proposition
5.5.6.28] and the last one by adjunction. Since f® is left t-exact and right t-exact up to a shift N € N,
it follows that fR®(y;) € 7<nAs_n. Thus the claim will be proved (after translating back through
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the preceding equivalences) if the inclusion A,y < As_n preserves compact objects. This follows by
Lemma 3.1.2, being the t-structure compatible with filtered colimits. O

The situation is much easier with pseudo-compact objects.

Lemma 4.2.2. Let f“: A — B be in CAlg"8(Pry*). Assume that A and B are equipped with
t-structures such that f& is right t-exact. Then f% preserves pseudo-compact objects.

Proof. If © € A_, then for every m > 0 there exists a cofibre sequence b - = — e where b € A, is
compact and e € As,,. Exactness of f& produces then the cofibre sequence fL(b) - fL(z) — fL(e),
which exhibits f(x) as a pseudo-compact object of B since fL preserves compacts being rigid. O

We are more interested in understanding when the right adjoint f® : B - A preserves pseudo-
coherent objects. Note that, when f® sends pseudo-coherent to pseudo-coherent, then it also preserves
coherent objects, being left t-exact. Anyway, let us give a name to these functors.

Definition 4.2.3. Let fY : A - B be a functor of tor-finite categories. We will say that fU is
quasi-proper if the right adjoint f®:B — A preserves pseudo-coherent objects.

The nomenclature comes from algebraic geometry. Indeed, a map f : X — Y between quasi-
compact quasi-separated schemes is called quasi-proper if the (derived) pushforward f, preserves
pseudo-coherent complexes. We suggest Lipman and Neeman'’s article | | for a nice review of all
the categorical properties of the (derived) pushforward. For us what matters is that they also review
the notion of quasi-perfect maps, that is those maps of quasi-compact quasi-separated schemes whose
(derived) pushforward preserves perfect complexes. This notion has an immediate generalization in
our context.

Definition 4.2.4. Let f* : A - B be a functor of tor-finite categories. We will say that fU is
quasi-perfect if the right adjoint f®: B — A preserves compact objects.

Remark 4.2.5. Let f“: A - B be a functor of tor-finite categories. Then f¥ is quasi-perfect if and
only the right adjoint f® is an internal left adjoint in Mod 4 (Priﬁt) by Example 2.3.9. In particular,
the Grothendieck-Neeman duality, that is Theorem 2.3.7, applies.

The main result of the above mentioned article is | , Theorem 1.2]. Tt says that a quasi-compact
quasi-separated map f : X — Y between quasi-compact quasi-separated schemes is quasi-perfect if
and only if it is quasi-proper and the twisted inverse image f(*) is ¢t-bounded (or, equivalently, that
f is quasi-proper and of finite tor-dimension). We can prove a (partial) analogue of this statement in
the abstract setting we are developing.

Lemma 4.2.6. Let f*: A - B be a functor of tor-finite categories. Then f¥ is quasi-proper if and
only if f® carries compact objects to pseudo-coherent objects.

Proof. The implication (=) is trivial since B ¢ PCoh(B) in a tor-finite category. Consider («<). Let
N e N be the error of right t-exactness of f® so that f%(Bso) € As_n. Let 2 € PCoh(B) be pseudo-
coherent. After a shift, it is safe to assume that x € Byo is connective. In paritcular, Lemma 3.3.11
implies that z can be written as a sequential colimit z ~ colim,cy D(n) where the cofibre of each
map D(n-1) - D(n) is a n-fold suspension of an object of BS, = BY n By, thus of a compact and
connective object of B. Since f" is an internal left adjoint, the functor f® preserves colimits, thus
R(x) ~ fR(colimuey D(n)) = colim fR(D(n)). Now the cofibre of each fR(D(n-1)) - fR(D(n))
is given by the n-fold suspension of an object of PCoh(A) n As_y since fR carries compact objects
to pseudo-coherent objects. By the co-Dold-Kan correspondence, this sequential colimit corresponds
to a simplicial object whose pieces are pseudo-coherent and (—N)-connective. Thus, after a shift,
Lemma 3.3.8 implies that f®(x) is pseudo-coherent. O
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Lemma 4.2.7. Let fY: A - B be a functor of tor-finite categories which is left t-exact up to a shift.
Then f® restricts to a functor Tor(B) — Tor(A).

Proof. Let x € Tor(B). To show that tensoring with f®(z) defines a left t-exact and right t-exact
functor up to a shift it suffices to notice that fR(z)®—-~ fR(z® fL(-)) is a composition of left t-exact
and right t-exact functors up to a shift, since f% is left t-exact up to a shift. O

In particular, we deduce the following result.

Corollary 4.2.8. Let fY: A - B be a functor of tor-finite categories.
(1) If f& is quasi-perfect, then it is quasi-proper.
Assume that A“ = PCoh(A) n Tor(A).
(2) If f& is quasi-proper and left t-exact up to a shift, then it is quasi-perfect.

Proof. For point (1), if f¥ is quasi-perfect, then its right adjoint f® preserves compact objects. Then
the second condition of Lemma 4.2.6 applies. For point (2), since f® preserves pseudo-coherent
objects and since fU is left t-exact up to a shift, Lemma 4.2.7 implies that f® restricts to a functor
B« ¢ PCoh(B) nTor(B) - PCoh(A) nTor(A) = A¥. Thus f® preserves compact objects, hence f* is
quasi-perfect. O

4.3. Functors out of (B¥)°P. Let f“ : A — B be a functor of tor-finite categories. Then f
restricts to a functor between compact objects and exhibits B as a small idempotent-complete stable
commutative algebra under A%. In particular, we may regard B* as an A“-module in CatP®". Thus
an application of Corollary 2.2.5 produces an equivalence

B - Fun ((B*)°P, A)

in Mod 4 (Prk). The equivalence is explicitly given by x = B(-,z) where B(-,-) = fRHomgy (-, -)
is the linear Yoneda. Our goal is now to study the above Yoneda embedding when the source is a
B“-module By € B, such as Coh(B) € PCoh(B). In general, by restricting the source to a B“-module
By ¢ B, the linear Yoneda embedding will still be fully-faithful. However, it will cease to be an
equivalence, since not every exact and A“-linear functor (B“)°? — A arises from an object of By. For
this reason, it is helpful to approach the problem from the other side. Instead of restricting the source
of the linear Yoneda embedding, it is easier to restrict its target, and then identify its kernel.
We now study the case of (pseudo-)coherent objects in tor-finite categories.

Lemma 4.3.1. Let f*: A - B be a quasi-proper functor. Then the A%-linear Yoneda embedding
produces functors

PCoh(B) - Funjl. ((B“)°?,PCoh(A)),  Coh(B) - Funii ((B¥)°", Coh(A))
which are fully-faithful.

Proof. Indeed, being PCoh(B) a small idempotent-complete stable B¥-module, the tensor product of
B restricts to a functor PCoh(B)xB“ — PCoh(B). Since fU is quasi-proper, the right adjoint f® sends
PCoh(B) to PCoh(A). It follows that the first functor is fully-faithful, being the restriction of a fully-
faithful functor. The claim for coherent objects follows since coherent objects are the coconnective
pseudo-coherent objects, and fF is left t-exact. O

We begin with some simple observations.

Remark 4.3.2. Let f“: A - B be a functor of tor-finite categories. Then for every b € B the
evaluation at b admits a left adjoint

b : A2 Funf. ((BY)°P,A) s evy
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and a right adjoint. Indeed, since limits and colimits in the functor category are computed pointwise
and are preserved by evy, the usual yoga with Kan-extension implies that ev, has adjoints on both
sides.

Remark 4.3.3. Let fY: A - B be a functor of tor-finite categories. The counit e : by o evy, — id
evaluated at an exact A“-linear functor F : (B¥)°? - A and at an object b € B admits a section

given by the unit 1,4 — B(b,b) as a consequence of the triangle identities. In particular, evy(ey(F)):
B(b,b) ® 4 F'(b) — F(b) is a split epimorphism.

Remark 4.3.4. Let f“: A - B be a functor of tor-finite categories. Denote by Fsq the smallest full
subcategory of Funf. ((B¥)°P, A) closed under small colimits and extensions and spanned by bi(a)
for a € Sy and b € Sy. Regard it as a t-structure via Remark 3.1.4. Since fY(S4) ¢ Sp and since
the monoidal unit of A is connective, the equivalence B — Fun%. ((B“)°P, A) extends to a t-exact
equivalence. It follows that the t-structure generated by Fq inherits all the properties enjoyed by the
t-structure on B. Moreover, by is right t-exact and evy, is left t-exact for every b € Sp (and hence for
every b € Byg).

Let f*: A - B be a functor of tor-finite categories. The previous observation implies that the
A%-linear Yoneda restricts to equivalence

PCoh(B) - PCoh(Fun%. ((B“)°P,A)), Coh(B) — Coh(Funf. ((B“)°P,A))

between the pseudo-coherent and coherent objects. What is left now to show is that PCoh and Coh
can “enter into the second member of the functor category” There are three ingredients. The first
one is the following.

Lemma 4.3.5. Let f": A — B be a functor of tor-finite categories. Let a € PCoh(A) and b € B*.
Then by(a) defines an exact and A%-linear functor (B«)°P — A which is pseudo-coherent. If f is left
t-exact up to a shift, the same holds if a € Coh(.A) is coherent.

Proof. By definition by(a) ~ a ® 4 B(~,b) =~ B(~, f¥(a) ®3 b) since (-) € B* is compact (hence dual-
izable). Since a € PCoh(A) and b € B¥ it follows that f“(a) ®p b is in PCoh(B) by Lemma 4.2.1.
The equivalence PCoh(B) ~ PCoh(Funf. ((B“)°P,A)) of Remark 4.3.4 implies then that bi(a) is
pseudo-coherent. The coherent case is analogus. O

The second ingredient is a particular comonad on the functor category.

Remark 4.3.6. Let f“: A — B be a functor of tor-finite categories and let Sz € B be generating.
Then there exists an adjunction

L: A% 2 Fun%s ((BY)°P,A) : R
where the left adjoint L is given by L((as)ses) = @ses, S1(as) and the right adjoint is given by

R(F) = (evs(F))sesy- Let T be the induced comonad and let T : A°? — Fun$. ((B“)°P, A) denote
the associated simplicial object.

The next result explains our interest in the comonad T

Lemma 4.3.7. Let f': A — B be a functor of tor-finite categories and let Sp € B be generating.
Let F € Fun$. ((B¥)°P, A). Then F ~ |[T**1F)|.

Proof. By the Barr-Beck theorem it is sufficient to check that R is conservative and that it preserves
geometric realization of R-split simplicial objects. Since colimits in Fun. ((B“)°P, A) are computed
pointwise, each evaluation evg preserves colimits, so that R does that too. For conservativity, let
«a: G - G be natural transformations and let U denote the full subcategory of B“ spanned by those
x such that a, : G(x) » G'(z) is an equivalence. Since G and G’ are exact functors, U is closed under
shifts, cofibers, and retracts. If a, is an equivalence for all s € Si, then S € U, and the thickness of
Sp explained in Remark 4.1.7 implies B = U. That is, R is conservative. O
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The final ingredient needed for the main result of this section are projective classes.

Remark 4.3.8. Let Ce¢ P1r£‘t be a presentable stable category. Recall that a projective class (P,J) on
C consists of a class of objects P of € and an ideal of morphisms J of € such that:

(1) The ideal J is orthogonal to P, in the sense that (z — y) € J if and only if 7o Hom(p,z) —
mo Hom(p, y) is zero for all p € P.

(2) There are enough projectives, in the sense that for every z € € there exists a cofibre sequence
p—x—>y where pe P and (r > y) €.

Projective classes are “over-determined”. Indeed, given a class of objects P of €, let P-null denote
the class of morphisms x — y in C such that for every p € P the induced map moHome(p,z) —
mo Home(p,y) is the zero homomorphism. Then P-null is an ideal and the pair (P, P-null) is a
projective class if and only if there are enough projectives.

The next result shows how to construct projective classes.

Proposition 4.3.9. Let C¢ Plri.“t be a presentable stable category, and let S ¢ € be an essentially small
collection of objects. Choose a small skeleton {s;};c; in S and let P be the smallest thick subcategory
of € closed under small coproducts and shifts that contains S. Then the pair (P, P-null) is a projective
class on C.

Proof. To show that there are enough projectives, fix z € €. Since I is small and since C is locally
small, the disjoint union .J; = 1i¢; »)erxzmo Home (X" s;, ) is a set. Define p, := 11(; 1, ayes, X"s; € P and
let € : p, - x be the morphism whose component on the summand indexed by (i,n,«) is the chosen
map a: X"s; > x. Let y, be the cofibre of €. Applying Home (X"s;,—) yields an exact sequence on
0,
mo Hom(X"s;, py) = mo Hom(X"s;, ) - mo Hom (X" s;, vy )-

Since the first arrow is surjective by construction, the second map is zero for all (i,n). Since
Home(—,x) sends coproducts in the first variable to products, and retracts to retracts, vanishing
(or surjectivity) for each X"s; implies the same for every object obtained from them by shifts, coprod-
ucts, and retracts. Therefore z — y, lies in P-null. Notice that the subcategory P depends only on
the thick closure of S. O

Remark 4.3.10. Let C ¢ Prlﬁt be a presentable stable category and let 51,55 € C be two essentially
small collections of objects. Let P1,P, be the projective classes determined by Proposition 4.3.9.
Then:

(1) If S; €Sy then P; € Py and Py-null € Py-null.
(2) If Sp € S and Ss € Thicke(S1), then Py = Py and Po-null = Py-null.

The proof of these claims are immediate.

Remark 4.3.11. Let Ce Pr; be a presentable stable category. Let (P,J) be a projective class on C.
Let P; = P and inductively define P, to be the class of all retracts of objects y that sit in a cofibre
sequence x — y — p with x € P,,_1 and p € P. Define also J* by the n-fold composites of J. Then
[ , Theorem 1.1] implies that (P,,J") is a projective class.

In the setting of tor-finite categories there is a natural projective class.

Notation 4.3.12. Let fY: A — B be a functor of tor-finite categories and let S, € A and Sg € B¥
be generating. We will denote by Sy the full subcategory of Fun%. ((B¥)°P, A) spanned by si(a) for
s € Spg and a € Sy. We also denote by Py the smallest thick full subcategory closed under small
coproducts and shifts containg Sy. Then, by regarding S as a subcategory of the functor category,
since 1.4 € Syg, it follows that Si € .S1 and hence Sg ¢ Pi.
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Corollary 4.3.13. Let f“: A - B be a functor of tor-finite categories and let Sg € B be generating.
Then (P, Pi-null) is a projective class on Fun. ((B“)°P, A).

Proof. Since 84 and 85 are small, the collection S| is essentially small. Since Py is the smallest thick full
subcategory closed under small coproducts and shifts containg Sj, an application of Proposition 4.3.9
proves the claim. O

The following observation is the crucial ingredient in the proof of the main result of this section,
since it allows us to move from infinite data to finite data.

Remark 4.3.14. Let f“: A — B be a functor of tor-finite categories and let S4 € A¥ and Sz € B¥
be generating. Assume now that there exists a finite subcategory Sg, € S consisting of compact
generators of B. Let Pg, be the smallest thick full subcategory closed under small coproducts and
shifts containg si(a) for s € Sg, and a € Sy. Then Pg, € P,. Furthermore, since Sg, consists of
compact generators, it follows that Sg € Thicks (Sg,) = B and Remark 4.3.10 implies that Pgy, = Py.

Lemma 4.3.15. Let f*: A —» B be a functor of tor-finite categories and let F : (B¥)°P — A be an
exact A%-linear functor. Then the cofibre of the counit TF — F' is Py-null.

Proof. Consider the cofibre sequence TF — F' — D of the counit TF — F'. Then for every a € S4 and
s € Sy there is a fibre sequence

Hompuniicw((gw)op7ﬁ)(s! (CL)7 TF) - HOInFuniicw (('Bw)op7A)(S[(a)7 F) - HomFuni{‘w (Bw)or,A) (Sy(a), D)

in Sp which, by adjunction, is equivalent to
Homy (a, (T'F)(s)) > Homu(a, F(s)) > Hompunex, (B)or,4) (s1(a), D).

By Remark 4.3.3 the component of the counit has a section, so that the first map has a section too.
In particular, the second map must be zero (as it follows by the universal property of pullbacks in a
stable category), and hence zero on my. Closure under small coproducts, summands and shifts extends
this from generators s1(a) to all of P. O

Lemma 4.3.16. Let f“: A — B be a functor of tor-finite categories and assume that Sg, € Sg
is a finite generating set. Let F : (B“)°® — PCoh(A) be an exact A“-linear functor. Then for
every integer n € N there exists a cofibre sequence F,, - F — D,, where F,, is pseudo-coherent and
(F - D) € (Pr-null)™.

Proof. Since Sg, € BY is a finite generating set, Remark 4.3.14 implies that Pg, = P, and Pg,-null =
Pr-null. Let Ty = Bsesy, 51 ©€vs be the comonad of Remark 4.3.6 restricted to Sgn.

The proof now goes by induction. For the base step, consider the cofibre sequence T, F — F — D;.
Since for every s € Sg the object evs(F) belongs to PCoh(A), Lemma 4.3.5 implies that si(evy(F))
is pseudo-coherent. Since Sy is finite, the object Thn F' = @yeg,,,, 51(evs(F)) is again pseudo-coherent.
To check that the map F' — D; is Py-null it suffices to check that it is Pg,-null, but this follows by
adapting proof of Lemma 4.3.15: the cofibre of the unit T, F — F' is Pgy-null, hence P-null. This
proves the base case. Assume therefore that there exists a cofibre sequence F,, - F — D, where
F, is pseudo-coherent and (F — D,) € (Pi-null)”. Since F,, and F factor through PCoh(A), the
same happens for D,,. In particular, the cofibre sequence T, D,, - D,, - D,1 is such that T, D,
is pseudo-coherent and D,, » D, .1 is in P;-null. Consider then the composite F' - D,, —» D, 1,
which lies in (P-null)™*!, and compute its fibre F,,;; = F — D,,,1. The octahedral axiom produces
then a cofibre sequence F,, - F,.1 = TxnD,,, which shows that F),,1 is pseudo-coherent, proving the
claim. O

We can finally prove the main result.
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Theorem 4.3.17 (Functors out of (B¥)°P). Let f“: A — B be a quasi-proper functor and assume
that Sg, € Sp is a finite generating set. Assume furthermore that the family (evy)ses, detects
coconnective objects. Then there are equivalences of categories

PCoh(B) —» Funy. ((B“)°P,PCoh(A)), Coh(B) —» Fun. ((B“)°P, Coh(A))
induced by the A“-linear Yoneda embedding.

Proof. By construction there are equivalences of categories
PCoh(B) —» PCoh(Fun$y. ((B“)P,A)), Coh(B) — Coh(Funf. ((B“)°P,A))
induced by the A“-linear Yoneda embedding. In particular, the claim will be proved if
PCoh(Fun%. ((B¥)°P,A)) ~ Funf. ((B“)°P, PCoh(A))

are equivalent subcategories of Fun%. ((B“)°P,A). The inclusion (<) follows by Lemma 4.3.1 since
fY is quasi-proper. For (2), let F': (B¥)°? - A be an exact A“-linear functor and assume that it
factors through PCoh(A). By Lemma 4.3.16 for every integer n € N there exists a cofibre sequence
F, - F - D,, where F, is pseudo-coherent and F — D,, is in (P;-null)™. In particular, there are
integers i,, € Z such that each ¥ F, is connective. Thus Lemma 3.3.11 implies that every Yi»F),
may be written as a sequential colimit X" F,, ~ colim;qy B"(i) where each B"(i) is in Sg. Hence
every F, can be written as a sequential colimit of objects in Py, thus showing that F, € ()2, being
it realized as the cofibre of two terms in Py. Similarly, since F' is the geometric realization of T**1 F,
it follows that F € (Py)4. Since in the cofibre sequence Fy — F — Dy the last map is in (P-null)?,
it follows that F' must be a direct summand of Fj, and since pseudo-coherent objects are thick,
F ¢ PCoh(Funy. ((B¥)°P,.A)) is pseudo-coherent. In particular, the restricted Yoneda

PCoh(B) — Funjw ((B“)°P,PCoh(A))

is an equivalence. For the coherent version, it suffices to show that an exact A%“-linear functor F :
(B“)°P —» A factors through Coh(A) if and only if it factors through PCoh(A) and it is eventually
coconnective. Since the family (evy)ses, detects coconnective objects, the second equivalence follows.

O

Remark 4.3.18. It seems unlikely to be able to choose inside S5 a finite generating set. Fortu-
nately, this happens in applications: in the notation of Example 3.1.10, one generally picks Sg to be
“Perf(X) n QCoh(X)s0” and then picks a finite set of generators Sg,. Indeed, in this case the thick
closure of Sgy, consists of Perf(X) and clearly Perf(X) n QCoh(X)so € Perf(X).

We conclude with an observation that already appeared in | , Lemma 3.0.7].

Remark 4.3.19. Let f: A — B be a functor of tor-finite categories and let Ay € A be a small
idempotent-complete stable A“-module. Recall that the compact pullback of Ay along f* is defined
as the pullback

f#(Ag) —— FunfL ((B)°P, Ag)

[ [

B —— Funf. ((B¥)°P, A)
in Cat®. Since the bottom horizontal map is an equivalence, it follows that the linear Yoneda pro-
vides an equivalence & 4o : f#(Ag) - Fun$. ((B*)°P, Ag) of small idempotent-complete stable A*-
modules. In particular, the A“-linear Yoneda induces equivalences
f#(PCoh(A)) - Fun%s ((B*)°P,PCoh(A)), f#(Coh(A)) » FunZ. ((B¥)°P, Coh(A)).

These equivalences may be regarded as a generalization of Theorem 4.3.17 for “properly supported
(pseudo-)coherent complexes”. Moreover, the proof of Theorem 4.3.17 shows that there are always
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inclusions f#(PCoh(A)) ¢ PCoh(B) and f#(Coh(A)) ¢ Coh(B) (the second one if there exists a
finite family of generators detecting coconnectivity) and that the opposite inclusions are provided by
the quasi-properness of f“.

4.4. Morphism of universal descent. We now introduce the theory of universal descent associated
to a functor of tor-finite categories.

Notation 4.4.1. We will denote by A the simplex category and by A, the full subcategory of A
spanned by those objects [m] € A such that m < n. We will also denote by A* the augmented simplex
category, and we will denote by [-1] the augmented object. Let D be a category. An augmented
cosimplicial object in D is a functor C*: A* - D.

Notation 4.4.2. Let A" : B - € be a functor in CAlgrig(Pr;"‘J). We define the following augmented
cosimplicial objects.
(1) First of all, we can regard € as B-module in Pr;’w. In particular, we can form the Cech
nerve of A" inside Modg (Pr;’“). Objectwise, this augmented cosimplicial object is given by
[n]— C®p - ®p C, where the tensor product is taken (n + 1)-times if n > 0. If n = -1 we set
[-1] = B. The augmentation map is given by h": B - €. We will generally regard it as a
cosimplicial object in Pr* and we will denote it by B®: A* - Pri®.
(2) Since A" is rigid, it restricts to a functor h : B — €. Since € is a B¥-module in Cat"*, the
same construction as before produces an augmented cosimplicial object (B“)®: A" — CatPrt,

Since the Ind-completion furnishes a symmetric monoidal equivalence Ind : CatPe! Prlﬁ{w which ex-

tends to modules, the two augmented cosimplicial objects contain the same amount of data. However,
it is easier to impose assumptions on the second augmented cosimplicial object.

Definition 4.4.3. Let (B¥)*: A* - Cat®® be an augmented cosimplicial object. We will say that
(B“)* satisfies the Beck—Chevalley condition if for any morphism o : [m] — [n] in A* the square

(Bw)m L (an)m+1

al |e

(:Bw)n = (Bw)n+1

is horizontally right adjointable, that is, the horizontal maps admit right adjoints and the canonical
morphism a o d? - d% o o is an equivalence.

The following result is an instance of the claim made above.

Lemma 4.4.4. Let h* : B - € be a functor in CAlg"8(Pry*), and (B“)* : A* > Cat®™' the
associated augmented cosimplicial object. If (B¥)* satisfies the Beck—Chevalley condition, then the
right adjoint restricts to a functor h® : ¥ - B«.

Proof. Apply the definition to a = id[_;; and use d® = h" to deduce the existence of a right adjoint
r:C¥ - B¥. By Ind-completing it follows that r must be equivalent to h® restricted to the compact
objects. O

Remark 4.4.5. Let b : B - C be a functor in CAlgrig(Pri‘t’w). Let H : B — B be the induced monad.
Then there exists a filtration -+ - ¢, = -+ > @1 = o of small colimit (and finite limit) preserving
functors B — B constructed as follows. For every integer n > 0 let ¢, : B - B be the n-th partial
totalization Tot, (H*®) of the cosimplicial object determined by H. In other terms,

O = gm(thL = hRRERRRY 3.
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The natural transformations ¢, - @,-1 are induced by restricting the limit along the inclusion
A1 = Ag, and, intuitively, they forget the top degree n.

In particular, a careful analysis of the natural transformations involved, together with the triangle
identities, shows the following result.

Lemma 4.4.6. Let h* : B — € be a functor in CAlg"8(Pr*) and let I =~ cofib(idg — H) be
augmentation ideal. For every integer n > 1 the cofibre of ,, - ¢,_1 is equivalent to H™(I).

Proof. This is standard Dold-Kan correspondence business. Indeed, for a cosimplicial object z* the
cofibre of Tot,, (z*) - Tot,_1(z*) is equivalent to the n-suspension of the normalized piece of z*. If the
cosimplicial object comes from a monad, then this normalized piece is equivalent to X™"H™(I). O

Morphisms of universal descent are defined to be those for which the filtration becomes uninteresting
for larger indexes.

Definition 4.4.7. Let h": B - € be a functor in CAlg"#(Prk). We will say that h" is of universal
descent if:

(1) The associated augmented cosimplicial object (B“)* satisfies the Beck—Chevalley condition.
(2) There exists an integer e > 0 such that the identity on B is a retract of ..
We will call e the exponent of h*.

Remark 4.4.8. Let h™: B — € be of universal descent. Since the associated augmented cosimplicial
object (B¥)® : A* —» CatP™ satisfies the Beck—Chevalley condition, it follows that h® preserves
compact objects. In particular, the filtration --- - ¢,, > -+ = @1 = g restricts to a filtration of exact
functors B¥ — B“. Furthermore, the identity on B is a retract of p.|p~ for some exponent e > 0.

Our next goal is to show that for a morphism of universal descent h*: B — € the category B can
be reconstructed from the augmented cosimplicial object (B<)* : A* - Cat’™. By Ind-completing,
the same result holds for B®: A* — Prlﬁt’w.

In order to prove our main result we need first a technical lemma.

Lemma 4.4.9. Let A : B > @ be of universal descent. Then A" is conservative.

Proof. Let o : x — 2’ in B be a morphism such that h*(«) is an equivalence in €. By assumption
there exists some integer e > 0 such that the identity idg is a retract of .. Since equivalences are
stable under retracts, to show that « is an equivalence it suffices to show that ¢ («) is an equivalence.
This follows by the explicit definition of the ¢,,’s. O

We then deduce the following.
Proposition 4.4.10. Let hY: B - @ be of universal descent. Then B* is a limit diagram.

Proof. Since h is conservative by Lemma 4.4.9, by the Barr-Beck theorem it suffices to show that
the category B* admits geometric realizations of hU-split simplicial objects, and those geometric
realizations are preserved by hY. Let U ¢ Fun(A,B“) be the full subcategory spanned by those
cosimplicial objects which admit limit in B% and which is preserved by h". Notice that U is a thick
subcategory (since B is idempotent-complete). Moreover, it contains those cosimplicial objects which
admit splittings (since they admit a limit, and since applying A" furnishes cosimplicial objects which
admit splittings, hence that have a limit). Let now z® : A - B be an h-split cosimplicial object.
Since z* € B by construction, the claim is proved. O

Remark 4.4.11. Let h": B — @ be of universal descent. It follows from the previous result that the
canonical map
30.) _)hin(ew)@)rgwo

is an equivalence of categories.
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We can also add the input of a ¢-structure.

Definition 4.4.12. Let A" : B — € be a functor of tor-finite categories. We will say that A" is of
universal descent if:

(1) It is of universal descent in the sense of Definition 4.4.7.
(2) Tt is left t-exact up to a shift.

Remark 4.4.13. Let A" : B - € be a functor tor-finite categories of universal descent. Since
Lemma 4.4.4 implies that h® : R - € preserves compact objects, it follows that A is quasi-perfect. In
particular, it is quasi-proper.

We conclude this section with one last observation regarding t-geometric functors of universal
descent.

Lemma 4.4.14. Let h"": B - € be a functor tor-finite categories of universal descent. Then:
(1) An object z € B¥ is compact if and only if h¥(z) € €% is compact.
(2) An object z € B is eventually connective if and only if h"(x) € €~ is eventually connective.
(3) An object x € PCoh(B) is pseudo-coherent if and only if h(x) € PCoh(€) is pseudo-coherent.
(4) An object z e PCoh(B) is coherent if and only if h¥(z) e PCoh(€) is coherent.

Proof. First of all, since h¥ : @ - R is of universal descent, there exists an exponent e > 0 such that
the identity on C is a retract of ¢ = p. : € — € defined as above. With that being said, point (1) is
exactly Proposition 4.4.10 and the remark that follows it. Consider (2). Since h is right t-exact the
implication (=) is always true. For (<), assume that = € B is such that h™(x) € Cs,, for some integer
n € Z. Since x is retract of ¢(x), it suffices to prove that this object is connective. However, () is
obtained as a finite limit

o(x) = lAim(thL(:z:) = hRRERRRE () 3 .))

so it suffices to show that each term is connective. This follows since h is right t-exact and h® is
right t-exact up to a shift.

Consider (3). Since every functor of tor-finite categories preserves pseudo-coherent objects the
implication (=) is always true, so that it suffices to prove («<). Let x € B such that h"(z) e PCoh(@).
Since PCoh(B) is stable under retracts, it suffices to show that ¢(x) is pseudo-coherent. This is
obvious, since op(z) is a finite limit involving powers of R®hY and both h® and h® preserve pseudo-
coherent objects.

For (4), the implication (<) follows since h" is left ¢-exact up to a shift. For (=), if z € B is such
that h(x) € Coh(€) is coherent then the same argument above shows that z is a retract of ¢(z),
which is a finite limit of coherent objects. O

4.5. Functors out of Coh(B). To prove the second duality result, we will deduce it from a class of
tor-finite categories for which it is automatically satisfied.

Definition 4.5.1. Let R be a tor-finite category. We will say that R is regular if the compact objects
coincide with the coherent ones, that is R = Coh(R).

Example 4.5.2. Let A be a connective [E-ring and consider the category of modules Mod 4. In gen-
eral, every perfect objects of Mod 4, that is, every compact object, is pseudo-coherent, thus providing
an inclusion Perf(A) c PCoh(A). If A is also coconnective, then every perfect object is coconnective,
thus proving refining the previous inclusion to Perf(A) ¢ Coh(A). If Mod 4 is regular then the other
inclusion holds, and by | , Lemma 11.3.3.3] it follows that A must be discrete.

For this reason, regular Ee-rings are defined by just asking Coh(A) ¢ Perf(A).
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This implies that our definition of regular categories is not optimal, and therefore that all the
arguments which we now propose suffer of the same problem. Anyway, the our next goal is to show
that for regular categories the second abstract Neeman duality is a consequence of the first one.

Lemma 4.5.3. Let f* : B - R be a quasi-proper functor to a regular category. Assume that
Shn € S« is a finite generating set such that (ev, )res, detects coconnective objects. Then there exists
an equivalence of categories

(R*¥)°P > Fung. (Coh(R), Coh(B))
induced by the dual B“-Yoneda embedding.

Proof. Since R“ = Coh(R), the duality Ag : (R¥)°P — R¥ provides a commutative square

(R@)op L Fun$. (Coh(R), Coh(B))

A:Rl l*OAR

R — Fungi ((R¥)°P, Coh(B))

Since the horizontal bottom map is an equivalence by Functors out of (B“)°? and the vertical maps

are equivalence, the horizontal top map is an equivalence. O
In order to prove the main result of this section we need some preliminary results.

Lemma 4.5.4. Let f*: A - B be a quasi-proper functor. Then the dual A“-Yoneda embedding
restricts to a functor

X : (B¥)°P - Fun<, (PCoh(B), PCoh(A)).
The same is true with Coh(-) in place of PCoh(-) in the first argument of the functor category.

Proof. Let = € B“ be a compact object and let y € B be (pseudo-)coherent. We wish to show
that & (x)(y) = B(x,y) is (pseudo-)coherent. Since z is compact, this object can be identified with
B(z,y) = fRHomy (7,y) ~ fR(2¥ ®5 y). Since Lemma 3.3.18 implies that the tensor product z” ®g y
is (pseudo-)coherent, the quasi-properness of f= concludes. O

Lemma 4.5.5. Let h" : B - R be a functor of universal descent of tor-finite categories and assume
that R is regular. Then B“ ¢ Coh(B).

Proof. Since B is tor-finite, BY ¢ PCoh(B). Let z € B¥. Since h"(x) € R is coherent by the regularity
of R, Lemma 4.4.14 implies that x € Coh(B) is coherent. Thus B“ ¢ Coh(B). O

Lemma 4.5.6. Let A € CAlg(Cat”™) and let By, By € Mod 4 (CatP™") with € ¢ B a full subcategory.
Let o : B°? - A be an exact and A-linear functor. Assume that « is a retract of B(—,z) for z € C.
Then « is represented by an object of C.

Proof. Let « AN B(-,x) 5« be the given retract of functors B°® — A. Since the composition
ior:B(-,z) > B(z,-) is idempotent, there exists an idempotent morphism f:x — x in € such that

B(f,-) ~ior. Since € is idempotent-complete, there exists a retract y ERPARR y, that is f ~ j oq and
goj=~id, with y € C. By Yoneda this retract is sent to the one of «, thus showing o ~ B(-,y) for
yel. (]

We can now prove the main result of this section.

Theorem 4.5.7 (Functors out of Coh(B)). Let f“: A — B be quasi-proper and assume that B
admits a morphism of universal descent A" : B — R to a regular category such that there exists a finite
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generating set Sgn € Sk for which (ev,)es, detects coconnective objects on A. Then there exists an
equivalence of categories

(B“)°P - Funyw (Coh(B),Coh(A))
induced by the dual A“-linear Yoneda embedding.

Proof. Since h*: B — R is of universal descent, there exists an exponent e > 0 such that the identity
on B is a retract of ¢ = ¢, : B - B, defined as in the previous section. Notice that ¢ restricts to a
functor Coh(B) — Coh(B) since h" is left t-exact up to a shift. Consider now the A-linear Yoneda
embedding

X : Coh(B)°P - Fun<. (Coh(B), A)
Restricting X to (B“)°P and using Lemma 4.5.4 produces a fully faithful functor
X : (B¥)°P > FunSs (Coh(B), Coh(A)).

In particular, to prove the claim it suffices to show that this functor is essentially surjective. Notice
first of all that a computation with adjoints shows that the diagram

(B~)°P —% 5 Funfy, (Coh(B), Coh(A))
iy [
(Rw)op f;) Fun. (Coh(R), Coh(A))

commutes. Since A" : B - R is a morphism of universal descent such that there exists a finite
generating set Si € R for which (ev, ),cs, detects coconnective objects on A, the horizontal bottom
map is an equivalence by Lemma 4.5.3. Let now « : Coh(B) - Coh(A) be an exact and A%-linear
functor. The above diagram shows that the composition o o A is represented by a compact object
y € (R¥)°P and the same happens for aoy. Indeed, since k% is quasi-perfect, the abstract Grothendieck-
Neeman duality (Theorem 2.3.7 and Example 2.3.9) implies the existence of adjunctions h(1y hY ~
h® where the functor h(1y preserves compact objects (having a right adjoint that preserves filtered
colimits), so that the equivalences

ao (hhM)" = a0 o Bt o (h o B!
~ JN: (y) o ) (hR o hL)n_l
~ fRhRHomy, (y, A* o (A% 0 B¥)"71(<))

valid for every integer 1 < n < e, imply that a o (h®h™)™ is represented by (h"h(1))"(y). It follows
from the explicit definition of ¢ = ¢, that a0y is a finite limit of representable functors with compact
representing object, and hence it must be representable (since the enriched Yoneda is exact, being the
domain and codomain stable) by a compact object.

Now, since « is a retract of aco, that is, of a functor represented by a compact object, an application
of the dual of Lemma 4.5.6 implies that « is represented by a compact object, thus proving essential
surjectivity. O

5. EXAMPLES

We now present some applications, ranging from modules to quasi-compact quasi-separated spectral
algebraic spaces, passing through schemes.
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5.1. Modules. We start by discussing a broad class of examples given by module categories.

Remark 5.1.1. Let € ¢ CAlg(PrY) be a symmetric monoidal category and let x ¢ CAlg(€) be
a commutative algebra. Let Mod,(C) denote the category of z-modules in € and regard it as a
symmetric monoidal category under the relative tensor product ®,. Tensoring with x determines a
functor z ® —: € > Mod,(€) which admits a conservative right adjoint res : Mod, (€) — C.

We now show that module objects are stable under many constructions introduced so far. Let us
first analyze compact generation.

Lemma 5.1.2. Let @ ¢ CAlg"#(Prk) be a rigid algebra and let z € € be a commutative algebra.

Then the category Mod,(€) € CAlg"#(Prly*) of z-module objects in € is a rigid algebra. Moreover,
x®—:C - Mod,(C) is rigid.

Proof. Since C is presentable stable and the forgetful functor res : Mod, (€) — € preserves and detects
all limits and colimits, it follows that Mod,(€) is presentable stble. It also follows that the relative
tensor product commutes with small colimits in each variable, making Mod, (€) € CAlg(Pr%). Re-
garding compact generation, it suffices to notice that the essential image of the compact generators of
C compactly generates Mod, (€). Finally, since tensoring with x is a symmetric monoidal functor, we
deduce that dualizable and compact objects in Mod, (€) coincide. Thus Mod,(C) € CAlg"#(Prly*).
The statement about rigidity of x ® — is then trivial. O

Let us now analyze the t-structure.

Remark 5.1.3. Let C ¢ CAIg(Pri‘t’w) be a compactly generated stable category with a compatible
symmetric monoidal structure. Assume that the monoidal unit of € is a compact generator. Then
Remark 3.1.9 implies that the monoidal unit defines a right-complete presentable compactly gener-
ated t-structure on € which is compatible with ®. Furthermore, every compact object is eventually
connective C¥ ¢ C~. Left completeness of this ¢-structure is not automatic.

The previous observation propagates to module categories.

Lemma 5.1.4. Let C € CAlg(Pr;’w) be a compactly generated stable category with a compatible
symmetric monoidal structure and assume that the monoidal unit of € is a compact generator. Regard
C with the induced t-structure. Let x € € be a commutative algebra object. Then:

(1) The category Mod,(C) can be equipped with a right-complete presentable compactly gener-
ated ¢-structure compatible with ® such that z ® —: € - Mod,(C) is right t-exact.

(2) If €¥ c Tor(C), then the same happens for Mod,(€).
Assume that x is connective in €. Then:

(3) The restriction res : Mod;(€) — € is t-exact. In particular, it detects connective and cocon-
nective objects.

(4) If the t-structure on C is left complete, then the t-structure on Mod, (€) is left complete.

Proof. Let 1¢ be the monoidal unit of C. since 1¢ is a generator, the adjunction x ® — - res, coupled
with fact that res is conservative, implies that = is a compact generator of Mod,(€). The previous
remark implies then point (1). Consider (2). By thickness it suffices to show that the monoidal unit =
of Mod, (@) is of finite tor-dimension. Since it is connective in the ¢-structure on the module category,
it suffices to show that for every y € (Mod,(C))<o the object x ®, y is eventually coconnective. But
TQ®p Y Y.

Assume now that x is connective in €. Assertion (3) regarding the t-exactness of the restriction
functor is clear and the detection statement follows from conservativity. Consider (4) and assume
therefore that the t-structure on € is left complete. Since Mod,(€) is presentable and the t-structure
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compatible with filtered colimits, for the ¢-structure being left complete coincides with being weakly
left complete. Now since res : Mod,(€) — € is t-exact, it follows that res;(7<, M) =~ 7<pres, (M),
and the conservativity of res, allows to conclude that the canonical map M — lim,cz 7<, M is an
equivalence for every xz-module M, being it an equivalence because of the left completeness of €. [

Corollary 5.1.5. Let Ce CAlgrig(Pr;"’J) be a rigid algebra and assume that the monoidal unit of € is
a compact generator such that the pair (C,{1}) determines a tor-finite category. If x € CAlg(€C) n Cyo
is a connective commutative algebra, then the pair (Mod,(C),{z}) determines a tor-finite category
for which z ® —: € > Mod,(C) is a functor of tor-finite categories.

Notation 5.1.6. In the same setup of the previous corollary, we will denote by Perf(z), PCoh(x)
and Coh(z) the full subcategories of compact, pseudo-coherent and coherent objects of Mod,(C).

Let us explicitly note that coherence is not preserved by taking module objects.

Remark 5.1.7. Assume that C is coherent and let = € C be a commutative algebra object. Then it is
not always true that Mod,(C) is coherent. Indeed, if R is a connective commutative ring spectrum,
then Modr = Modg(Sp) is coherent if and only if R is a coherent ring in the sense of | , Definition
7.2.4.16], whereas Sp ~ Modg(Sp) is coherent.

To avoid awkward terminology, let us give the following.

Definition 5.1.8. Let C ¢ CAIg(Pr;’“’) be a compactly generated stable category and assume that the
monoidal unit is a compact generator. We will say that a commutative algebra object x € CAlg(C) in
C is coherent if the module category Mod, (€) is coherent when equipped with the ¢-structure induced
by the monoidal unit.

We can also adopt a relative point of view.

Remark 5.1.9. Let C ¢ CAlgrig(Pr;’w) be a rigid algebra. Let f:x — y be a map of commutative
algebra objects in € and regard y as an z-module. Then there exists a commutative diagram

Mod, (€) — 2=~ Mod, (€)

T®— Y-

where the functor f* ~ y ®, — is called the extension of scalars. The right adjoint f® = resy of
fY is given by the forgetful functor, and is called the restriction along f. Since the functor f¥ is
clearly symmetric monoidal and colimit preserving, it is rigid (since the module categories are rigid
by Lemma 5.1.2). Assume now that the monoidal unit is a compact generator and equip all the
categories with the induced t-structure. Then fY is also right ¢-exact. Moreover, if y € (Mod,(€))so
is connective, then resy is also t-exact. In particular, f¥ is a functor of tor-finite categories.

Definition 5.1.10. Let € ¢ CAlg"8(Prk*) be a rigid algebra and assume that the monoidal unit of
C is a compact generator such that the pair (€,{1}) determines a tor-finite category. Let f:x -y
be a map of connective commutative algebra objects. We will say that f is quasi-proper if res;(y) is
a pseudo-coherent object of Mod,.(C).

Lemma 5.1.11. Let Ce¢ CAIgrig(Pr;’w) be a rigid algebra and assume that the monoidal unit of € is
a compact generator such that the pair (C,{1}) determines a tor-finite category. Let f:x — y be a
quasi-proper map between coherent objects. Then y ®, — is quasi-proper.

Proof. Let S, denote the smallest full subcategory of Mod,(C)so closed under finite colimits and
extensions and containing y. Since resy(y) is a pseudo-coherent in Mod,(€), thickness implies that
every object of S, is sent to a pseudo-coherent object of . Let now ¢ € PCoh(y) be pseudo-coherent,
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and assume, without loss of generality, that it is connective. Then Lemma 3.3.11 implies that ¢ can
be written as a geometric realization of objects ¢, € Sy. It follows from above that each ress(cy,)
is pseudo-coherent in x. The t-exactness of the restriction implies furthermore that each ress(cy)
is connective. In particular, resy(c) can be written as a geometric realization of pseudo-coherent
conenctive obejcts. Apply then Lemma 3.3.8 to deduce resy(c) € PCoh(z). O

We deduce the following consequence of Theorem 4.3.17.

Corollary 5.1.12. Let C ¢ CAlgrig(Pr;’w) be a rigid algebra and assume that the monoidal unit of
C is a compact generator such that the pair (C,{1}) determines a tor-finite category. Let f: 2z -y
be quasi-proper. Then the restricted Yoneda embedding induces equivalences

PCoh(y) — Fung,g, (Perf(y)°?, PCoh(z)), Coh(y) — Funpg,g(, (Perf(y)°”, Coh(z))
of categories.

Proof. 1t follows from Theorem 4.3.17 after having identified the evaluation at the compact generator
y with the restriction along f. O

We deduce the following.

Example 5.1.13. The above theorem is particularly useful when applied to the category of spectra
Sp with the standard t-structure. If f: A - B is a quasi-proper map between connective [E.-rings,
then it provides equivalences

PCoh(B) - Funpy,¢4)(Perf(B)°?, PCoh(A)), Coh(B) — Funpy,g4)(Perf(B)°?, Coh(A))

of categories. Furthermore, when A and B are classical, the map f is quasi-proper if and only if the
derived pushforward is quasi-proper in the sense of Lipman-Neeman [ , Page 3].

5.2. Schemes. We now study the case of schemes. Let X be a quasi-compact quasi-separated scheme
and let us denote by QCoh(X) the derived category of quasi-coherent sheaves on X. Then
Coh(X)= i Mod
Q © ( ) Specl(II?)gX o4HR
where the limit is taken over the poset of open affine subsets of X. Here Modyp is the category of
modules over the Eilenberg-MacLane spectrum H R, or equivalently the (unbounded) derived category
of R-modules.

Remark 5.2.1. Let X be a quasi-compact quasi-separated scheme. It follows formally that QCoh(X) €
CAlg(Prk) under the (derived) tensor product. Furthermore, the monoidal unit Ox of QCoh(X) is
compact. In particular, every dualizable object is compact. Since dualizable objects coincide with
the perfect objects Perf(X), that is with those complexes which, locally, are quasi-isomorphic to
bounded chain complexes of finitely generated projective modules (see | , Lemma 08JJ] and
[ , Lemma OFPV]) then [ , Proposition 09M1] implies that any perfect object is compact,
so that dualizable and compact objects coincide. Thus QCoh(X) e CAlg"#(Pr).

The compact generation of QCoh(X) is well understood.

Remark 5.2.2. A beautiful result of Bondal and van den Bergh | , Theorem 3.1.1] shows that
QCoh(X) is generated by a single compact object.

We can continue the ideas of Example 3.1.10.

Remark 5.2.3. Let X be a quasi-compact quasi-separated scheme and equip QCoh(X) with the
standard t-structure. Every quasi-compact quasi-separated scheme X satisfies connective perfect
generation by | , Proposition 9.6.1.2]. This means that the connective half QCoh(X ), is com-
pactly generated by connective perfect complexes Perf(X)so = Perf(X) n QCoh(X ). Furthermore,
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since QCoh(X)sg = QCoh(X) is symmetric monoidal, it follows that Perf(X )so inherits a symmet-
ric monoidal structure. An application of Lemma 3.1.6 and Remark 3.1.4 shows that the standard
t-structure on QCoh(X) is accessible, compatible with filtered colimits and right complete, as well as
being compatible with ®. It is also left complete®. Finally, the compact generator can be choosen to
be connective.

Remark 5.2.4. Let X be a quasi-compact quasi-separated scheme. Since the monoidal unit is
coconnective, an application of Lemma 3.3.15 shows that being of finite tor-dimension in the sense of
Definition 3.3.13 reduces to the classical notion of being of finite tor-dimension. In particular, every
perfect object on X is of finite tor-dimension.

We deduce the following.

Corollary 5.2.5. Let X be a quasi-compact quasi-separated scheme. The pair (QCoh(X), Perf(X)so)
determines a tor-finite category. Moreover, if G € Perf(X )sq is a single compact connective generator,
then {G} ¢ Perf(X),q is a finite generating family.

We wish now to compute our (pseudo)-coherent objects (which we will denote by Coh(X) ¢
PCoh(X)) for the standard t-structure on QCoh(X).

Remark 5.2.6. Let X be a quasi-compact quasi-separated scheme. Let G be the single compact
generator of QCoh(X). Then one can show that G satisfies the assumptions of Proposition 3.5.11. It
follows that the pseudo-coherent objects coincide with the bounded pseudo-compact objects. Fur-
thermore, if X is coherent, then the standard t-structure on QCoh(X) is coherent in the sense
of Definition 3.4.1. See, for example, [ , Proposition 8.7]. Hence Theorem 3.4.7 allows us to
compute explicitly Coh(X) ¢ PCoh(X) for a coherent scheme X: they turn out to be the classical
Dgoh(X) < Dc_oh(X)'

Let us now consider a map f: X — Y between quasi-compact quasi-separated schemes. Consider
the pullback functor f*: QCoh(Y") » QCoh(X). This functor is rigid and right ¢-exact with respect to
the standard ¢-structure. Since the pushforward f, : QCoh(X) — QCoh(Y") is of finite cohomological
dimension, it follows that f* may be identified as a functor of tor-finite categories.

Remark 5.2.7. In general the pushforward f, does not preserve compact objects, nor does it send
pseudo-coherent objects to pseudo-coherent objects. It does when it is quasi-perfect or quasi-proper,
respectively, in the schematic sense.

We need the following result (see | , Theorem 1.10]).

Lemma 5.2.8. Let f: X - Y be a morphism of quasi-compact quasi-separated schemes, and let G
be a compact generator for QCoh(X). Then QCoh(X)(G,-) : QCoh(X) - QCoh(Y') detects and
preserves eventually being connective and coconnective objects.

Proof. Let M € QCoh(X) and assume that it is connective (respectively, coconnective). Since
QCoh(X)(G,-) ~ fuHomqcon(x) (G, —) = f4(GY®) is t-exact up to a shift (since f. is and since G¥
is of finite tor-dimension), it follows that QCoh(X)(G, M) is connective (respectively, coconnective)
up to a shift. Assume conversely that QCoh(X)(G, M) is connective (respectively, coconnective) up
to a shift. An argument by thickness implies the same claim with G replaced by any perfect complex,
which implies the claim. O

We can now apply Theorem 4.3.17 to deduce the following result.

1A proof may be given via Remark 3.5.6.
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Corollary 5.2.9. Let f: X - Y be a quasi-proper map of quasi-compact quasi-separated schemes.
Assume that Y is coherent. Then there are equivalences of categories

PCoh(X) - Fungy, gy (Perf(X)°?,PCoh(Y)),  Coh(X) — Fung sy (Perf(X)°?, Coh(Y)).
induced by the Perf(Y)-Yoneda embedding.
Proof. Since f*:QCoh(Y) - QCoh(X) is a functor of tor-finite categories and since QCoh(X) may

be generated by a singe connective object, an application of Remark 4.3.18 and Lemma 5.2.8 (after
having identified the evaluation at the compact generator with the linear Yoneda) concludes. O

We can obtain a more classical result by means of Kiehl’s Finiteness Theorem | , Theorem
2.9’]. Tt shows that every proper pseudo-coherent map is quasi-proper, and, in particular, it implies
that every finite-type separated map f: X — Y over a noetherian base is quasi-proper if and only if
it is proper. This observation, coupled with the previous result, proves the following generalization of
[ , Corollary 0.5].

Corollary 5.2.10. Let f: X — Y be a proper map and assume that Y is noetherian. Then there are
equivalences of categories
Digon(X) = Fungl gy (Perf(X)*P, Doy (V) Degp(X) = Funiyyy (Perf(X)°P, Doy (V).
induced by the Perf(Y)-Yoneda embedding.
We now turn our attention to the second duality result.
Remark 5.2.11. Let X be a noetherian scheme. Recall that a reqular alteration of X is a proper
surjective morphism h: R — X such that:
(1) R is regular and finite dimensional.
(2) There is a dense open set U € X over which A is finite.

A great number of examples of regular alterations were provided by de Jong in | ] and | ]:
every separated of finite type scheme over an excellent scheme of dimension < 2 admits a regular
alteration.

Lemma 5.2.12. Let X be a noetherian scheme and let h : R - X be a regular alteration. Then
h* : QCoh(X) » QCoh(R) is of universal descent in the sense of Definition 4.4.12.

Proof. First of all, since h is a proper and surjective morphism from a finite dimensional scheme, the

scheme X is finite dimensional. Since any proper morphism between finite dimensional noetherian

schemes is quasi-perfect, it follows that h* is quasi-perfect (and hence of left ¢-exact up to a shift).
Since X is noetherian and every morphism of finite type over a locally noetherian base is of finite

presentation, | , Lemma OETW] implies that every regular alteration h: R — X is an h-cover
in the sense of Voevodsky | , Definition 0ETS]. Now by | , Proposition 11.25] every h-cover
h: R — X of noetherian schemes is descendable in the sense of | , Definition 3.18]. In particular,

the derived pullback h* : QCoh(X) — QCoh(R) is of universal descent in the sense of Definition 4.4.7.
Indeed, point (1) follows by the quasi-perfection of h, whereas point (2) follows from Bhatt and
Scholze’s result. By regarding h* as a functor between tor-finite categories, it immediately follows
that it is also of universal descent in the sense of Definition 4.4.12. O

We deduce the following consequence of Theorem 4.5.7.

Corollary 5.2.13. Let f: X — Y be a proper map and assume that Y is noetherian. Assume that
X admits a regular alteration. Then there is an equivalence of categories

Perf(X) - Fun%);rf(Y) (Dgoh (X), Dgoh(y))
induced by the dual Perf(Y)-Yoneda embedding.
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5.3. Spectral algebraic spaces. We can generalize the previous example by considering spectral
Deligne-Mumford stacks. Let us denote by Spc the very large category of large spaces. Denote also
by CAlg®™ (Sp) the category of connective Eq-rings.

Definition 5.3.1 (| , Definition 9.1.0.1]). Let X : CAlg™(Sp) — Spc be a functor. We will say
that X is quasi-geometric stack if:

(1) The functor X satisfies descent with respect to the fpge topology.
(2) The diagonal map §: X x X - X is quasi-affine
(3) There exists a connective Eq-ring A and a faithfully flat morphism Spec(A) - X.

The class of quasi-geometric stacks contains many algebro-geometric objects that arise in practice.
In | , Section 6.2], Lurie assigns to every quasi-geometric stack X a category of quasi-coherent
sheaves QCoh(X). This category defines an algebra QCoh(X) € CAlg(PrY) and admits a t-structure
which is right-complete presentable t-structure, left complete and compatible with ®. However, in
general, QCoh(X) is not compactly generated for two reasons. The first obstruction happens since
the monoidal unit Ox is not a compact object of QCoh(X). The second obstruction is in the compact
generation, since QCoh(X) does not have enough perfect complexes in general. Restricting to perfect
stacks fixes this issue, since, roughly speaking, a quasi-geometric stack X is perfect if the canonical
map Ind(Perf(X)) - QCoh(X) is an equivalence of categories (see | , Proposition 9.4.4.5]).

Definition 5.3.2 (| , Definition 9.4.4.1]). Let X : CAlg™(Sp) — Spc be a functor. We will say
that X is a perfect stack if it satisfies the following conditions:

(1) The functor X is a quasi-geometric stack.
(2) The structure sheaf Ox is a compact object of QCoh(X).

(3) Every quasi-coherent sheaf F € QCoh(X) can be obtained as the colimit of a filtered diagram
{F;}ier, where each F; is a perfect object of QCoh(X).

Remark 5.3.3. Since for a perfect stack X the compact objects coincide with the perfect ones, it
follows that QCoh(X) € CAlg"8(Prk) is rigidly-compactly generated.

Compact generation by a single object is more subtle and needs some restriction.

Remark 5.3.4. Recall that a spectral algebraic space is a spectral Deligne-Mumford stack X such that
the mapping space Hom(Spét(R), X) is discrete for every commutative ring R. See | , Definition
1.6.8.1]. Now | , Proposition 9.6.1.1] shows that if X is a quasi-compact, quasi-separated spectral
algebraic space then its functor of points defines a perfect stack, allowing us to deduce that QCoh(X)
is geometric. Its compact generation by a single object follows then by [ , Corollary 9.6.3.2].

To sum up, we have the following.

Corollary 5.3.5. Let X be a quasi-compact and quasi-separated spectral algebraic space. Then the
category of quasi-coherent sheaves QCoh(X) on X, equipped with the standard t¢-structure, is tor-
finite. Moreover, X comes equipped with a compact connecitve generator G such that {G} ¢ Perf(X)so
determines a finite generating family. Finally, if X is noetherian, then QCoh(X) is coherent.

Proof. 1t suffices to understand the objects of finite tor dimension, which, by construction, are designed
to be the objects of finite tor dimension in the geometric sense. Since every perfect complex is such,
the claim follows. O

We now study morphisms of quasi-compact quasi-separated spectral algebraic spaces.

Remark 5.3.6. Let f : X - Y be a morphism of quasi-compact quasi-separated spectral alge-
braic spaces. In this case f determines a symmetric monoidal and colimit preserving functor f* :
QCoh(Y) - QCoh(X) which is also right t-exact. Furthermore:
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(1) The pushforward f, is right ¢-exact up to a shift precisely when f is of finite cohomological
dimension. In this case, f* defines a functor of tor-finite categories.

(2) Thanks to the direct image theorem, | , Theorem 5.6.02], any proper and locally almost of
finite presentation of spectral Deligne-Mumford stacks f : X — Y is such that f, : QCoh(X) —
QCoh(Y) carries almost perfect objects to almost perfect objects.

The definitions of proper and locally almost of finite presentation morphisms are in | , Definition
5.1.2.1 and Definition 4.2.0.1].

Since pseudo-coherent objects are defined to coincide with Lurie’s almost perfect objects on a
quasi-compact spectral Deligne-Mumford stack, we deduce the following.

Corollary 5.3.7. Let f: X - Y be a morphism of finite cohomological dimension of quasi-compact
quasi-separated spectral algebraic spaces which is proper and locally almost of finite presentation.
Then f*: QCoh(Y) » QCoh(X) is quasi-proper.

We now deduce the following consequence of Theorem 4.3.17.

Corollary 5.3.8. Let f: X - Y be a morphism of finite cohomological dimension of quasi-compact
quasi-separated spectral algebraic spaces which is proper and locally almost of finite presentation.
Assume also that Y is noetherian. Then there are equivalences of categories

PCoh(X') —» Funpy, gy (Perf(X)°?, PCoh(Y")), Coh(X) — Funpy, gy (Perf(X)?, Coh(Y)).
induced by the Perf(Y)-Yoneda embedding.

Proof. Let G be a compact generator of QCoh(X). It suffices to show that, for a perfect complex G,
generating QCoh(X) then the Yoneda embedding QCoh(X)(G,-) : QCoh(X) - QCoh(Y') detects
eventually coconnective objects. By reducing to Y affine, the proof follows by [ , Proposition
7.0.2 and Remark 7.0.3]. Their argument, which is for algebraic spaces, can be carried without
any modification also for spectral algebraic spaces and works for morphisms of quasi-compact quasi-
separated spectral algebraic spaces. O

Unfortunately, we do not know any application of Theorem 4.5.7 in the realm of spectral alge-
braic geometry. Actually, Example 4.5.2 shows that we are far from proving an honest converse to
Theorem 4.3.17.
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