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Abstract
These are the notes I have written to prepare my talk for the Workshop on Six-Functor Formalisms. The
last talks of the workshop were based on the paper of Cnossen, Lenz, and Linskens [ ]. Although my
talk focused on the construction of an (oo, 2)-enhancement of the span (oo, 1)-category Span(C, E), these

notes collect the surrounding material needed to explain its universal property.

1 Constructing 6-functor formalisms is hard (but still possible!)

As we have seen in the previous talks, 3-functor formalisms encode a wealth of structure in a highly coher-

ent fashion, making them a powerful tool in algebra and geometry. However, constructing such formalisms

is often a rather tedious process, if possible. In practice, it is usually much easier to construct a functor

Dy : C°? — CMon(Cat) that encodes the pullback functors f* and the tensor products ®, and it is therefore

natural to look for conditions ensuring Dy extends in some preferred way to Span(C, E). Let us have a look

on what are the available options.

@

@

One proposal for such an extension is due to Mann [ , Proposition A.5.10], building on the
work of Liu—Zheng [ , ]. The construction requires specifying a suitable decomposition of
E, that is, two classes of morphisms I (thought of as “local isomorphisms”) and P (thought of as
“proper maps”), satisfying certain axioms (see Definition 1.1). In particular, every morphism in E
must factor as a composite poiwithi € Iand p € P. Assuming moreover that each functor i* fori € I
admits a left adjoint ij, and that each p* for p € P admits a right adjoint p., and that these adjoints
satisfy suitable base-change equivalences (including a mixed condition iyp; =~ p.i;) together with the
expected projection formulee, Mann shows that one can extend Dy to a 3-functor

D : Span(C, E) — Cat,

such that the exceptional pushforward f, is given by the left adjoint to f* when f € I, and by the right
adjoint when f € P. Despite all of that, the Mann-Liu-Zheng approach has an enormous drawback:
it relies on some heavy (oo, 1)-categorical machinery, deeply rooted in Lurie’s language of quasi-

categories.

There second approach is due to Gaitsgory and Rozenblyum, and it focuses on the universal proper-
ties of certain (oo, 2)-categories built from spans. Instead of working with Cat, Gaitsgory and Rozen-
blyum work with an arbitrary symmetric monoidal (o0, 2)-category D and 2-functors F : C°? — D.
This is possible since the conditions on Dy considered previously may be formulated in this gen-
erality; for example, we say that F is left I-adjointable if the pullback functor i* := F(i) for i € I
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admits a left adjoint iy satisfying the Beck-Chevalley condition, and dually we say that F is right
P-adjointable if the functor p* for p € P admits a right adjoint p, satisfying the Beck-Chevalley condi-
tion. Gaitsgory and Rozenblyum conjectured that the universal target for left I-adjointable functors is
a certain (oo, 1)-categorical enhancement of Span(C, I) whose 2-morphisms are spans between spans,
and similarly for P. Rigorous proofs of this universal property were later provided independently
by Macpherson [ ] and Stefanich [ ]. Gaitsgory and Rozenblyum also outlined two further
conjectures that would allow the construction of suitable (oo, 2)-functors more generally in the pres-
ence of a decomposition E = P o I satisfying similar, but more restrictive assumptions than in Mann'’s
result [ ].

The contribution of Cnossen, Lenz and Linskens, the topic of these notes, is the proof of a (o0, 2)-
categorical universal property of span (oo, 2)-categories which work in Mann’s assumptions. In order to

state their result, we need to introduce some basic language. Let’s start with Mann’s assumptions.

Definition 1.1. Let C be an (oo, 1)-category and let E C C be a wide subcategory. A suitable decomposition of
(C,E) is a pair I, P C E of wide subcategories such that:

(1) The subcategories I and P are closed under base change and are left cancellable'.
(2) Every morphism in E factors as p o ifor somei e Iand p € P.
(3) Every map in I N P is truncated.

In the following, we will equivalently say that E admits a suitable decomposition (I, P). We will also denote
by »— maps in [ and by — maps in P.

To formalize (I, P)-biadjointable functors we need some nomenclature. Let D be an (oo, 2)-category

and let o :i*l be a commutative square. We say that o is horizontally left adjointable if its horizontal

morphisms admit left adjoints and the resulting Beck—Chevalley map is an equivalence. Similarly, we say
that o is vertically right adjointable if its vertical morphisms admit right adjoints and the resulting Beck-
Chevalley map is an equivalence. Finally, we say that o is biadjointable if it is horizontally left adjointable

and the resulting square of left adjoints is vertically right adjointable.
Definition 1.2. Let C be an (o0, 1)-category with two wide subcategories I, P C C closed under pullbacks
along arbitrary morphisms of C. Let D be an (o0, 2)-category and let F : C°P — D be a functor.
(1) We will say that F is left I-adjointable if every pullback square l>—>l in C is sent to an horizontally left
adjointable square in D. T
(2) We will say that F is right P-adjointable if every pullback square LHL in C is sent to an vertically right
adjointable square in D. T

(38) We will say that F is (I, P)-biadjointable if it is both left I-adjointable and right P-adjointable, every
—

pullback square i ! in C is sent to a biadjointable square.

Many names for very simple things...In order to remember all these definitions, it is useful to always
depict maps in I as horizontal arrows and maps in P as vertical ones. Since maps in I are required to have

left adjoints and maps in P are required to have right adjoints, Definition 1.2 then becomes straightforward.

IThat is, if gf, g € I, then f € I, and similarly for P.



In this picture we are also assuming that F, being contravariant, exchanges vertical arrows with vertical
arrows and horizontal arrows with horizontal arrows.

In any case, we also need to restrict the natural transformations that we allow between such functors.
Indeed, given two functors F, G : C°? — D of one of the types above and a natural transformation « : F = G
between them, we will say that « is of the same type if the obvious naturality squares are horizontally left
adjointable, and vertically right adjointable respectively. For a being (I, P)-biadjointable will be the same of
asking that it is both left I-adjointable and right P-adjointable. In particular, we can consider the locally full
sub-(o0, 2)-category

FUN(1,p)-biaqj(C°F, D) € FUN(C?, D)
of (I, P)-biadjointable functors and (I, P)-biadjointable natural transformations between them. This allows
us to make the result of Cnossen, Lenz, and Linskens more precise.

Theorem 1.3. Let C be an (oo, 1)-category and E a class of maps admitting a suitable decomposition (I, P).
Then there exists a universal (I, P)-biadjointable functor h : C°? — SPAN(C, E)p,1, where SPAN(C, E)p 1 is
an (oo, 2)-enhancement of the (oo, 1)-category Span(C, E) of spans in C [ , Theorem Al].

That is, for every (oo, 2)-category ID restriction along h induces an equivalence
h* : FUN(SPAN(C, E)p,1,D) — FUN(1 p)pagj(C°F, D)
of (o0, 2)-categories. Moreover, the underlying (oo, 1)-category satisfies
11SPAN(C, E)p,1 ~ Span(C, E).

From this description, it is clear that this result has an extremely practical consequence and addresses the
difficulties discussed at the beginning of this section.

Remark 1.4. When constructing a six functor formalism, we usually start with an (I, P)-biadjointable func-

tor Dy : C°P — D. The universal property of the span (oo, 2)-category gives a unique extension
D SPAN(C, E)P,I — D.

This 2-functor is fairly explicit. On objects, it is simply given by D(x) = Do (x).
A span
xu Sy
is sent to the composite

e f* : F(x) — Fly),

where f* := Dy(f). The exceptional pushforward e, is obtained by choosing a decomposition e = p o iinto a
map i € I followed by a map p € P and setting

e = Piiy,

where 1i; is a left adjoint to i* and p, is a right adjoint to p*. The effect of D on 2-morphisms is constructed
using the units and counits for the adjunctions iy 41i* and p* - p..



Remark 1.5 (Our program). The remaining goal of these pages is to understand how to prove Theorem 1.3.
It’s clear that there are many things that we have to do. Indeed:

(1) First of all, we have to construct the (o0, 2)-category of spans SPAN(C, E)p 1 in such a way that there
exists a functor h : C°? — SPAN(C, E)p,; which is (I, P)-biadjointable. Moreover, taking the underlying
(00, 1)-category of this (oo, 2)-category should give us the usual category of spans. This will be done

in section 2.

(2) Secondly, it will be useful to prove a recognition principle that allows us to deduce when a certain (I, P)-
biadjointable functor h : C°? — By p(C) satisfies the conclusion of Theorem 1.3. This will be achieved
with Theorem 3.3, which, essentially, tells us that a functor an (I, P)-biadjointable functor F: C°° — D
is universal if and only if it is essentially surjective and for every object a € C the composite

cop T, g HOM: (F(a),-)

Cat
is a free (1, P)-biadjointable functor on id q).

(3) We will then try to apply this result in the case where B is our (oo, 2)-category of spans and F is our h.
This will bring us two problems: firstly, we have to identify the HOM-categories in this span (oo, 2)-
category and, secondly, we have to understand when a functor is “freely generated”. This last step
will require the use of parametrized category theory; section 4 will help us understand what to do.

And with all of that we will prove Theorem 1.3.

2 The (00,2)-enhancement of Span

We start our program by constructing the (oo, 2)-categorical enhancement of the span (oo, 1)-category. Let
us first recall how it is constructed.

Remark 2.1. Let C an (oo, 1)-category. An adequate triple on C is a pair of two wide subcategories (Cr,Cr) of
C such that morphisms of C; admit pullbacks along morphisms of Cr and the resulting maps are again in C;
and Cg. Similarly, a functor between adequate triples is a functor at the level of categories, which sends left
(respectively, right) morphisms to left (respectively, right) morphisms and preserves the relevant pullback
square. These data can be organized into an (oo, 1)-category AdTrip. The span category is then a functor

Span; (—): AdTrip — Cat

whose value at a triple is constructed as a complete Segal space, which we now explain.

Let Tw[n] — [nJ°P x [n] be the cartesian unstraightening of the Hom-functor Hom,;(—, —) : [n]°P x

[n] — Spc C Cat. In these notes we refer to Tw*'[n] as the twisted arrow category. For example, Tw[2] is the

poset
(0<2)
N
o<1 (1<2)
SN TN
(0<0) (1< (2<2)

and Tw®[n] is the evident generalization. Every square is a pullback square. By defining left and right maps
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of Tw[n] as those pointing left and right, respectively, one obtains an adequate triple and hence the usual
span construction [ 1.

To construct the (oo, 2)-categorical enhancement of span categories, we proceed in a similar fashion. The
main difference is at the start: instead of working with simplicial spaces, we work we simplicial simplicial
spaces.

Definition 2.2. A double category is a complete Segal object in complete Segal spaces.

In other terms, a double category is a functor C : AP x A°? — Spc such that C(n,—), C(—,n) : A%’ — Spc
are complete Segal spaces for every [n] € A. The intuition is that C(0,0) is the space of objects, C(1,0) is
the space of horizontal arrows, C(0, 1) is the space of vertical arrows, and C(1, 1) is the space of squares.
The two Segal conditions encode horizontal and vertical composition, while completeness ensures that
equivalences are detected correctly. In particular, it is clear that an (oo, 2)-category should be a double
category C such that the functor C(0, —) : A°° — Spc is constant.

Remark 2.3. We can now proceed with the construction. First of all, we define A, to be the full subcategory
of Tw®[n] spanned by those objects (i < j) such that j < i+ 1. Then, if C is any (oo, 1)-category with
pullbacks, we define

SPANgp1(C) € Homcq(Tw (=) x Tw(—),C)

to be the subobject given in degree (m,n) by those functors Tw[m] x Tw[n] — C that are right Kan
extended from A, x A;,. In particular, the resulting squares in C are pullbacks. Haugseng proves that this
is a double category [ , Proposition 5.14].

Definition 2.4. Let C be an (o0, 1)-category with pullbacks. We define SPAN(C) as the horizontal fragment
of the double category SPANy, (C).

Remark 2.5. In particular, by unravelling the definitions, we see that:
(1) The groupoid SPAN(C)(0, 0) of objects of SPAN(C) agrees with the underlying groupoid of C.
(2) The hom space between two objects x, y is given by the space of diagrams x « z — y.

(3) The space of 2-morphisms between two spans x «+ z — y and x « z’ — y is given by the space of
diagrams
Y

1
L

X

Thus a 2-morphism is a span of spans, as expected.

In the following we will of course need a more elaborate version of the span (oo, 2)-category.

Remark 2.6. Assume we are given pullback-preserving embedding C — C’ into a category with all pull-
backs. We then define SPANgy(C, E)p,1 as the sub-double category of SPANy,(C’) where the subspace at



(1,1) is given by the subspace of diagrams
[ D]
EJ{ I-pb J{E J{E

where all objects are in C, various maps belong to the subcategory E as indicated, the notation P-pb means
that the induced map into the pullback belongs to P, and similarly for I-pb.

A direct diagram chase shows that these diagrams are closed under horizontal and vertical pasting, so
this is a sub-double category. We define SPAN(C, E)p 1 as its horizontal fragment. In other words, its objects
are the objects of C, its 1-morphisms are spans x « z < y with e € E, and its 2-cells are diagrams of the

form
z

I8

E
X +—— 2z —— vy,
/|
r\ %

Z/

Finally, this definition is independent of the choice of the embedding C — C’: equivalently, it can be written
as a subfunctor of Hom(Tw®(—) x Tw'(—),C) [ , Section 4.1].

The following result summarizes the properties of SPAN(C, E)p 1.

Lemma 2.7. Let C be an (oo, 1)-category and E a class of maps admitting suitable decomposition (I, P).
Then:

(1) The underlying (oo, 1)-category of SPAN(C, E)p 1 is Span(C, E).
(2) The inclusion h: C°? — SPAN(C, E)p 1 is (I, P)-biadjointable.

Proof. Restricting the defining bisimplicial space to A% x {[0]} gives precisely the complete Segal space
defining Span(C, E), proving the first claim.

For the second claim, a map i: x — y in [ is represented by the spany & x X Tts left adjoint is the re-
versed span x Axd y; the diagonal x — x x, x and the evident identity span provide the unit and counit.
Dually, the span associated to a map in P admits a right adjoint. For a pullback square, the corresponding
Beck-Chevalley transformation is represented by the canonical comparison with the pullback and is there-
fore an equivalence. The same calculation in a square with horizontal maps in I and vertical maps in P
gives the double Beck—Chevalley equivalence. Hence h is (I, P)-biadjointable. See [ , Section 4.1] for
the complete diagrammatic calculation. O



3 A recognition principle

Definition 3.1. Let C be an (oo, 1)-category and let I, P C C be wide subcategories closed under base change.
Let h:C° — By p(C) be an (I, P)-biadjointable functor. We will say that h is universal if the restriction

h* : FUN(B;,p(C), D) — FUN(1,p)paqj(C?, D)

is an equivalence of (oo, 2)-categories for every (oo, 2)-category D.

Definition 3.2. Let a € C be an object and let F : C°® — Cat be an (I, P)-biadjointable functor. We will say
that F is free on a class 14 € F(a) if for every other (I, P)-biadjointable functor G : C°? — Cat evaluation at 14

induces an equivalence of categories
HOMFUN ;5 yiags (co?,Cat) (F, G) = G(a).

Theorem 3.3 (Recognition principle for biadjointable functors). Let F : C°P — B be an (I, P)-biadjointable
functor. Then F is universal if and only if it is essentially surjective and for every object a € C the composite

HOM; (F(a),—
cop Iy p B ), oy

is a free (I, P)-biadjointable functor on idf (4.

Proof. If F is universal, the 2-categorical Yoneda lemma shows that each displayed Hom functor is free on
the identity; universality also implies that F is essentially surjective.

Conversely, let h : C°? — By p(C) be a universal (I, P)-biadjointable functor. Universality of h extends F

uniquely to a 2-functor
F: BI‘P(C) — B.

Essential surjectivity of F = Fh implies essential surjectivity of F. To prove full faithfulness, essential surjec-
tivity of h reduces the problem to the maps

HOMg, , (¢)(h(a),h(=)) — HOMg(F(a), F(—)).

Both sides are free (I, P)-biadjointable functors on their identity classes, and the displayed map preserves
those classes. Their universal properties therefore make it an equivalence. Thus F is an equivalence and F

is universal [ , Theorem 2.21]. O

4 Free completion of a parametrized (oo, 1)-category

We are now in point (3) of Remark 1.5: we need to understand what it means for a functor to be “freely
generated”.

Let C be an (oo, 1)-category. Suppose we are given a functor F : C°° — D. What we have to do is to
understand when, given an object a € C, the composite

HOM (F(a),—)
—_—

cr LB Cat



is a free (I, P)-biadjointable functor on idg(q) in the sense of Definition 3.2. Since this composite is a con-
travariant functor from C into Cat, we are naturally lead to apply the methods of parametrized category theory.

Remark 4.1. Here it is a short dictionary.

(1) Functors X : C°°® — Cat are called C-categories, and natural transformations X — ) between C-
categories are called C-functors.

(2) We will say that &’ is I-cocomplete if it is left I-adjointable, and dually that it is P-complete if it is right
P-adjointable. We wish to think of the left adjoints to maps in I and right adjoints to maps in P as
certain parametrized (co)limits; accordingly, we will refer to I-left adjointable natural transformations
as I-cocontinuous C-functors, while P-right adjointable transformations will be called P-continuous C-
functors.

(38) We say that X is (I, P)-semiadditive if it is (I, P)-biadjointable; this may be interpreted as asking I-
colimits to commute with P-limits. We will call (I, P)-biadjointable natural transformations (I, P)-
bicontinuous.

(4) We denote by
FuniM(X,)), Fung"'(X,)), FungbP(x,)),

the categories of I-cocontinuous, P-continuous, and (I, P)-bicontinuous functors. These are the Hom-
categories in the corresponding 2-categories of adjointable functors: left I-adjointable in the first case,
right P-adjointable in the second, and (I, P)-biadjointable in the third.

In this new language, our question is: given a C-category X, what is the free (I, P)-semiadditive C-
category generated by X? Taking X = Home¢(—,a) : C°? — Spc C Cat will then identify the free (I, P)-
biadjointable functor generated by an object a € C. Here it is the answer:

Theorem 4.2 (Free semiadditive cocompletion). Let C be an (oo, 1)-category and let E C C be a class of
arrows with a suitable decomposition (I, P). Let X be a C-category. Then there exists a universal (I, P)-

semiadditive C-category Span (XED , Theorem 3.6].

P-fold, I

In other words, we can construct a functor i : X — Span (XE) such that precomposition with 1

P-fold, 1
induces equivalence

1" FunéH’P”(‘SpanP_fold I()CEH), V) — Fune (X, ))

of (o0, 1)-categories for every (I, P)-semiadditive C-category ). The proof of this theorem is in two steps.
(1) In the first one we construct the free E-cocomplete C-category associated to X. That is, a C-category X!
together with a functor j : X — X which is universal among all functors from X’ to a E-cocomplete
C-category.
(2) In the second one we construct the C-parametrized category Span appearing in the statement. This is
the hard part of Theorem 4.2, and is also the one that we will treat as a black box.

Before jumping directly into computations, proofs and examples, let us motivate why we should believe in
such statement.

Example 4.3. Recall first that a category with finite products and coproducts is called semiadditive if it is
pointed and finite product and finite coproducts coincide. Suppose that we have a 1-category X. How do
we construct the free semiadditive category on X'?



First of all, we add finite sums to X. This is achieved by considering the free completion X of X under
finite coproducts. Then we force finite coproducts to be finite products. To do that, we consider the full
subcategory (AX1)s1q of X! spanned by the fold maps, that is by the codiagonal maps

V:XO---OIX—=X

and by X II Y — X. Then one checks (by hand) that this 1-category is semiadditive and that the natural
functor i: X — Spang (X I is fully-faithful and it induces an equivalence

i Fun@(Spanfold/aH(XH),y) — Fun(X,))

of 1-categories for semiadditive 1-category ). Here Fun®(—, —) is the category of additive functors.

So let us start with point (1).

Definition 4.4. Let X' : C°? — Cat be a C-parametrized (oo, 1)-category. The free E-cocompletion of X is
an E-cocomplete C-parametrized (oo, 1)-category X! : C°P — Cat together with a C-functor j : X — X!
such that, for every C-parametrized E-cocomplete (oo, 1)-category ), precomposition with j induces an
equivalence

i* : Fung™ (X EL Y) — Fune (X, )

of (oo, 1)-categories.

That is, the free E-cocompletion of X is the analogue of the free cocompletion of a category under a
chosen class of morphisms. In particular, such a C-category exists and is unique up to equivalence by
[ , Theorem 7.1.13]; the inverse to j* is given by parametrized left Kan extension along j in the sense
of [ , Definition 6.3.1].

Since believing it’s not enough for us (we want to compute!), let us discuss another model provided by

Macpherson.

Remark 4.5. Let Arg (C) C Ar(C) be the full subcategory of arrows in E. Given a C-category & : C°? — Cat,
we can consider its cartesian unstraightening Un“'(X') — C and therefore the pullback square

Arg (C) x¢ Un®(X¥) —— Un(X)
| |
ArE (C) T C
where q is cartesian. Since ev is cartesian, the composite

eviq: Arg(C) xe Un(X) = C

is a cartesian fibration. Macpherson proved in [ , Proposition 3.5.2] that the cartesian straightening of
this cartesian fibration gives exactly the free E-cocompletion of X. More precisely, there exists an equiva-
lence of cartesian fibrations over C

Un“ (X)) ~ Arg (C) xe Un®t(X)
such that the cartesian straightening of j : X — XF! is induced by the identity section C — Arg (C),x + idy.
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This is extremely useful, since it allows to deduce the value of XE! at an object a € C. Indeed, X*!(a) is
exactly the fiber of ev; q at a, hence its objects are

Xt (@) = {(f:b—>a)€E,xe X(b)}

which we may think as a “formal E-colimit” f4(j(x)) of the “generator” j(x) € X*(b). We can also describe

morphisms in X®!(a). These are pairs

X =-m-mmmmmmmo » X
[ » b’
(1/

of a morphism b — b’ in E /, and a morphism x — x’ in Un“(X’) that mapstob — b’

Perfect! We can now proceed with the second step. Since we will construct Span, ... (XEM) as a functor

o — AdTrip 2, Cat

it will suffice to associate, in a functorial way, to every object of C an adequate triple. Let a € C be an object.
Since Remark 4.5 provided us an explicit description of the morphism in X®(a),

(1) We say that a morphism is P-fold map if the morphism b — b’ is in P and the morphism x — x’ is a
cartesian lift of b — b’. We will denote by X]E_Iff)ld(a) =Un"(X)g xc E /a Xt P the wide subcategory
of X*!(a) spanned by the P-fold morphisms.

(2) We say that a morphism lies over I if the map b — b’ is in I. We will denote by XF!(a) = Un®(X) x¢
E /. xe I the wide subcategory of X*!(a) spanned by the morphisms that lie over 1.

In order to get a functor C°? — AdTrip there are many things that one should check. First of all, one should
use the description of the cartesian edges for Un®(XE!) — C to check that these wide subcategories are
closed under cartesian transport (so that resulting in wide C-subcategories). Secondly, for fixed a € C, one
should check that (X®"(a), X5 (a), X (a)) is adequate. This follows since (E, P,I) is adequate plus the
fact that AdTrip has pullbacks preserved by the inclusion into Cat. ..

We will stop here with our discussion of Theorem 4.2, so let us have a look at its consequences.

Corollary 4.6. Let a € C be an object. Then the functor
Span, [ (E/— x¢ C/q) : CP — Cat
is the free (I, P)-biadjointable functor C°? — Cat on the class (a = a = a) in F(a).

Proof. Let X(a) : C°? — Spc C Cat be the presheaf represented by a € C. By applying Theorem 4.2 to
X = X(a) we construct the free (I, P)-semiadditive C-category

i:x(a) = Span_ . (x(a)*)

P-fold, I
on Xx(a). Translated in the language of category theory, we have constructed a functor C°? — Cat which is

(I, P)-biadjointable. We now claim that this functor is free on the class 1, € Span (x(a)FM)(a). Indeed,

P-fold, I
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the parametrized Yoneda lemma identifies the element 1,, and the universal property gives the required

equivalence
HOMFUN(I‘P)-biadj(copvcat) (SpanP—fold I(J:(G)EH), G) ~ G((l)
for every (I, P)-biadjointable functor G : C°°? — Cat.
It remains to identify the functor in the statement with Span (x(a)ET). Recall that X(a)®™ is the

7 pfold, 1
cartesian straightening of evyq : Arg(C) x¢ Un“(x(a)) — C. But the cartesian straightening Un“(x(a)) — C

of x(a) is given by the source functor C,, — C. So we compute

k(@)™ ~ St (Arg (C) x¢ Un®(x(a)) — C)
~ St (Arg (C) x¢ Crq — C)
~ E/_ Xc C/a

as functors C°? — Cat. Similarly, one computes the morphisms that lie over I and the p-fold maps, thus
proving the claim. O

Since in the proof of Theorem 1.3 we wish to apply Theorem 3.3, we must compare the HOM-categories
with free (I, P)-biadjointable functors on the identity. We do this by comparing their cocartesian unstraight-

enings.

. . . EH .
Example 4.7. The cocartesian unstraightening of Spanp_fold’I (k(a)*") is the target map

Span(ev) : Span; 1 g (Arg(C) x¢ Crq) — CP,

where the pullback is taken over the source map evy : Arg (C) — C. This follows from the explicit cartesian

unstraightening of J(a) and the description of parametrized span categories in [ , Example 3.26].

5 Universality of span (oo, 2)-categories

Once again, we fix an (oo, 1)-category C and wide subcategories I, P C E C C such that (I,P) is a suit-
able decomposition of (C,E). The final ingredient needed to prove Theorem 1.3 is identifying the HOM-
categories of SPAN(C, E)p 1. This requires some knowledge on how the unstraightening of the functor of
(00, 1)-categories

HOM¢(—,—) : (11C)°P x (1;C) — Cat

associated to an (oo, 2)-category C works. We only need the case where C is a span (oo, 2)-category, but the
following general observation is useful.

Remark 5.1. Let X denote the Gray tensor product. For an (oo, 2)-category C we define the (oo, 1)-category
ArP™(C) = HOMca, ,, ([11 & —,C) : A% — Spc

as a complete Segal space. The source and target maps exhibit Ar°'*(C) as the orthofibration straightening
the restricted HOM functor [ , Theorem 7.21].

Remark 5.2. Let C be an (oo, 1)-category and let I, P C E be closed under base change. Then there exists a
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natural equivalence
Ar°P™SPAN(C, E)p,1 =~ SPANg (C, E)p,1(1, )

of categories over Span(C, E) x Span(C, E). In other terms, the unstraightening of the Hom functor
HOMspan(c,e)p.; (— —) : (L1SPAN(C, E)p 1) x (1SPAN(C, E)p;1) — Cat

is given by SPANg1(C, E)p,1(1, —) with its two canonical maps to Span(C, E) [ , Section 4.2].

Theorem 5.3. Let C be an (oo, 1)-category and let E admit a suitable decomposition (I, P). Then the com-
position h : C°? — Span(C, E) — SPAN(C, E)p 1 is the initial (I, P)-biadjointable functor. That is, for every
(00, 2)-category D restriction along h induces an equivalence

h* : FUN(SPAN(C, E)p 1, D) — FUN(1,p)paqi(CF, D)
of (00, 2)-categories.

Proof. Since point (2) of Lemma 2.7 implies that h is (I, P)-biadjointable, we can apply Theorem 3.3. This
leaves us to prove that h is essentially surjective (which is trivial, given the explicit description of the space
of objects of Remark 2.5) and that for every x € C the composite

HOM (x,—)
—_—

¢ <& SPAN(C, E)p,s Cat

is the free (I, P)-biadjointable functor generated by the class id,. We now put everything together.

(1) Let us forget for a moment about h. Remark 5.2 tells us that the cocartesian unstraightening of the
1-functor HOM(x, —) is given by SPANgy, (C, E)p,1(1,—) with its projection to Span(C, E) x Span(C, E).
Now Remark 2.3 tells us that

SPANGi (C, E)p,1(1,—) € Homea (Tw[1] x Tw(—),C)

and identifies it with the category of spans in a subcategory of Fun(Tw[1],C) whose morphisms are
of the form

This is obtained by currying a functor Tw*[1] x Tw"'[n] — C and translating the defining right Kan
extension conditions into the indicated I- and P-pullback conditions.

In this description, the structure maps to Span(C, E) x Span(C, E) are given by projecting to the top
and bottom row. In particular, restricting to {x} x Span(C, E) we arrive at the category of spans of the

12



form

X X X
— — 1>
|
EJ{ P-pb E J{E
+
. : .

in C/ x¢ Arg(C). If we now precompose with h, then we recover the description of the unstraighten-
ing of the free (I, P)-biadjointable functor generated by x = x = x from Example 4.7.

(2) Until now we have shown that the free (I, P)-biadjointable functor generated by x = x = x and the
restricted HOM(x, h(—)) are equivalent. To conclude, we only need to show that the class x = x = x
is sent to id,.

In the cocartesian unstraightening of i;HOM(x, —), namely the slice Span(C, E)/, the identity of x
corresponds to the initial object. Equivalences preserve initial objects, so it suffices to identify the
initial object in the subfibration above spanned by the cocartesian edges. For a span x « z < y, the

unique map from x = x = x is represented by

X X
X2z

X(*ZT>

e

—N— X

«

The relevant pullback condition forces the middle vertical map to be an equivalence, so this map is

unique. Hence x = x = x is initial and corresponds to id.

O
We conclude these notes with a monoidal version of the main theorem.
Theorem 5.4. Let C be an (0o, 1)-category with pullbacks and E a class of maps admitting a suitable decom-
position (I, P). Assume also that C has finite products. Then the restriction

h* : FUN™® (SPAN(C, E) |, D¥) — FUN™®((C*)°P, D)

is a locally full inclusion for any symmetric monoidal (oo, 2)-category D®. Moreover, the objects in its image
are precisely the lax symmetric monoidal (I, P)-biadjointable functors, and its 1-morphisms are precisely
those natural transformations of lax symmetric monoidal 2-functors whose underlying natural transforma-
tions of functors C°? = D are (I, P)-biadjointable.
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